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PREFACE  BY  THE  AMERICAN  EDITOR. 


The  want  of  a  good  standard  work  on  those  branches  of  Mechanics 
which  pertain  to  Machinery  and  Engineering,  has  long  been  felt  as  a 
deficiency  in  our  means  of  instruction  in  the  higher  institutions,  as 
well  as  in  the  office  of  the  practical  engineer.  Any  one  who  has  had 
occasion  to  direct  the  study  of  young  men  preparing  for  the  duties  of 
the  profession,  must,  in  the  course  of  his  practice,  have  encountered 
the  difficulty,  on  the  one  hand,  of  inducing  students  to  extend  their 
researches  after  the  principles  of  their  profession  into  the  intricacies 
of  the  higher  calculus,  and,  on  the  other  hand,  of  contenting  himself 
with  the  very  limited  discussion  of  principles,  found  in  many  works 
which  have  been  hitherto  employed  to  give  the  desired  basis  for  pro- 
fessional knowledge.  The  difficulty  has,  of  necessity,  been  met  by  the 
expedient  of  recommending  detached  parts  of  several  distinct  works. 

The  treatises  on  Natural  Philosophy  were  a  very  inadequate  substi- 
tute for  a  practical  work  on  the  Mechanics  of  Engineering.  Many  of 
the  topics  requisite  to  be  handled  in  a  work  of  this  nature,  are,  in  the 
books  now  in  use,  either  wholly  omitted,  or  so  slightly  passed  over, 
as  to  be  of  little  service  beyond  the  general  statement  of  certain  laws, 
and  perhaps  a  few  illustrations,  indifferently  applied,  and  furnishing 
but  feeble  helps  to  the  exact  understanding  of  the  laws  applicable  to 
the  subject. 

In  presenting  the  claims  of  Prof.  Weisbach's  treatise  to  the  con- 
sideration of  Engineers  and  Machinists  of  the  United  States,  we  can- 
not do  better  than  adopt  the  remarks  of  the  English  translator. 

*^From  the  well  earned  reputation  of  Professor  Weisbach  as  a 
teacher  and  original  investigator,  from  the  interest  which  attaches 
itself,  especially  at  the  present  moment,  to  all  that  pertains  to  Me- 
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cbanics  or  Engineering,  from  the  able  manner  in  which  he  has  treated 
both  the  theoretical  and  practical  portion  of  his  subject,  and  from  the 
variety  and  abundance  of  examples  which  illustrate  the  principles  and 
formula,  it  is  presumed  that  a  translation  of  his  excellent  work  may 
not  be  unacceptable  to  the  English  reader.  *The  Mechanics  of  Ma- 
chinery and  Engineering'  has  met  with  deserved  favor  in  Germany, 
and  is  not  unknown  to  many  of  the  profession  in  our  own  country.  ■ 
The  aim  and  objects  of  the  undertaking  are  fully  explained  by  the 
Author  in  his  Preface;  and  it  is  hoped  that  the  same  end  may  be  ob- 
tained here,  by  affording,  through  the  medium  of  a  translation,  valua-  ^ 
ble  aid  To  the  acquirement  of  professional  knowledge/'*  ■ 

In  the  course  of  this  volume,  six  great  divisions  of  the  science  will 
be  found  to  be  embraced.     Of  these,  the  pwn  matkematical  science 
o/*mo&>7i,  including  simple  and  compound^  rectilinear  and  curvilinear 
raotionSj  and  the  laws  and  expressions  relating  to  the  free  descent  of  m 
bodies,  have,  of  course,  claimed  the  first  attention,  fl 

The  Physical  Science  of  Motion  has  next  been  treated  j  then  the 
division  o/Jhrces^  and  their  measure^ — the  density  and  the  state  of  fl 
uggTigation  of  bodies  have  been  duly  presented.  In  the  third  section, 
the  statics  of  rigid  bodks  claim  a  careful  investigation,  and  are  fol- 
lowed, in  the  fourth,  by  the  dynamics  of  the  same  class  of  bodies; 
while,  in  the  fifth,  the  statics ^  and  in  the  sixth,  the  dynamics  of  fiutd 
bodies  are  treated  with  marked  ability;  and  in  several  parts  with  an 
originality  and  freshness  which  indicate  that  the  author  is  here  in  his 
peculiar  domain^ — the  scene  of  his  chosen  labors,  and  that  on  which 
his  energies,  as  an  original  inquirer,  have  been  very  suceessfuUy 
employed.  In  this  branch  of  his  subject,  Prof*  Weisbach  has  included 
the  discussion  of  the  mechanics  of  ela^c  as  well  as  of  non-elastic  I 
fluids.  We  are  indebted  to  him  for  several  new  formulae  and  valuable 
tables  of  constants.  M 

As  students  of  this  work  are,  from  the  wide  diffusion  of  French  and 
German  science,  likely  to  meet,  in  other  treatises,  frequent  references 
to  French  and  German  weights  and  measures,  it  has  been  deemed 
useful  not  only  to  present,  as  in  the  English  edition,  the  annexed  com^  ^ 
parative  table  of  weights  and  measures,  but  also  to  retain  from  the 


J 


FREPACE    BY   THE   AMERICAK   EDITOR, 


lie 


I 


I 


I 


ciiginai  a  few  examples  completely  worked  out  as  exercises  in  com* 
putation  under  the  diflerent  systems.  The  same  has  been  done  in 
respect  to  temperatures  measured  by  the  Centigrade  thermometer. 
The  facility  aflbrded  by  the  decimal  divisions  of  all  the  French 
weights  and  measures  strongly  recommend  them  both  for  scientific 
and  practical  purposes* 

The  additions  of  the  American  Editor  are  generally  thrown  into 
notes  suitably  designated,  or^  when  embraced  in  the  text,  are  usually 
enclosed  in  brackets.  A  number  of  new  illustrations  have  been  added^ 
pBiticularly  such  as  relate  to  the  principles  of  the  "  toggle  joint,*' 
of  rolling  and  dragging  friction,  of  carriage  wheels,  and  of  float- 
ing docks,  A  table  of  co-efficients  for  the  flow  of  water  through 
wiers,  the  result  of  some  recent  experiments,  not  heretofore  published, 
wOl  be  found  in  the  sixth  section. 

It  has  been  found  necessary  to  make  a  very  considerable  number 
of  corrections  of  the  English  copy,  especially  in  the  working  of 
examples  by  the  translator,  where  a  departure  from  the  original 
had  been  made,  on  account  of  a  change  of  weights  and  measures. 
Should  some  few  errors  still  have  escaped  noticet  it  will  be  no  matter 
qfsttrpTise,  and  of  the  less  importance,  perhaps,  since  the  pjincipje  of 
computation  is  in  all  cases  pointed  out,  the  steps  severally  indicated, 
and  the  general  law,  therefore,  readily  applied  to  each  particular 
illustration*  ^^ 

A  comparison  with  the  original  work  in  German  has  been  made, 
and  the  great  care  exercised  by  the  learned  author  in  its  preparation 
and  publication  has  been  rendered  abundantly  evident. 

Justice  to  the  artisans  engaged  in  getting  out  the  present  edition 
requires  us  to  say,  that  the  illustrations  here  presented  will  not  suffer 
in  comparison  with  those  of  either  the  German  or  the  English  edition- 
In  some  instances  they  are  decidedly  superior  to  either. 

Note, — In  regard  to  a  matter  of  minor  importance,  that  of  the 
notation  used  in  this  work,  a  few  words  may  be  proper,  in  order  to 
apprize  the  reader,  in  advance,  that  the  use  of  the  simple  point  ( , ) 
as  the  sign  of  multiplication  has  required  the  adoption  of  the  comma 
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( , )  to  mark  the  decimal  division  of  numbers.    Should  any  departures^ 
from  this  application  be  observed,  they  will  be  such  as  are  readily 
understood. 

In  using  the  Italian  ( a ),  and  the  Greek  alpha  ( a ),  the  latter  is  most 
commonly  applied  to  arcs  and  angles,  and  the  former  to  lines  or  other 
quantities.  This  distinction,  which  is  important  to  avoid  confusion, 
and  which  is  strictly  observed  in  the  original,  has  been  sometimes  lost 
sight  of  in  the  English  edition. 


AUTHOR^S    PREFACE. 


Ix  giving  to  the  public  the  First  Volyme  of  my  Elementary  Treatise 
OQ  Mechanics^  for  Engineers  aad  Machinists,  I  feel  some  degree  of 
diffidence*  Although  I  am  conscious  that,  in  composing  the  book,  I 
have  proceeded  with  the  greatest  care  and  circumspection;  I  anit 
nevertbeTess,  apprehensive  that  it  cannot  satisfy  all,  since  the  views, 
wishes  and  requirements  of  different  individuals  differ  so  widely. 
One  reader  may  probably  consider  this  or  that  chapter  too  long  and 
too  minutely  treated,  which  another  may  find  too  short-  Some  will 
miss  higher  science  in  the  treatment  of  certain  subjects^  which  others 
would  have  wished  to  see  treated  in  a  still  more  popular  manner. 
But  many  years  of  study,  much  experience  in  teaching,  and  con- 
tiAued  observation,  have  led  me  to  the  method,  according  to  which  I 
have  cxjmposed  the  present  work,  and  I  consider  it  the  most  appro- 
priate for  the  intended  purpose. 

My  chief  aim  in  writing  this  work  was  the  attainment  of  the  greatest 
simplicity  in  enunciation  and  proof;  and  with  this  to  give  the  demon- 
stration of  all  problems,  important  in  their  practical  application,  by 
the  lower  mathematics  only.  If  we  consider  the  great  variety  of 
knowledge  which  the  Engineer  and  Machinist  have  to  acquire,  who 
wish  to  do  credit  to  their  profession,  we,  their  instructors,  should 
make  it  our  duty  to  render  well-grounded  study  of  science  easy  by 
simplicity  of  explanation,  by  the  use  of  only  the  best  known  and 
easiest  auxiliary  sciences,  and  by  eschewing  everything  that  is  un- 
necessary, 

I  have  therefore  avoided,  in  the  present  work,  the  use  of  the  dif- 
ferential and  integral  calculus;  for  although  there  exist  now  more 
frequent  opportunities,  than  formerly,  for  learning  these  methods,  it  is 
still  unquestionable,  that  without  constant  practice,  the  readiness  of 
using  ihem  is  very  soon  lost;  and  that  there  are,  consequently,  many 
excellent  practical  men  who  have  entirely  forgotten  how  to  apply 
them.  Some  popular  authors  give  the  results  of  the  more  difficult 
problems  without  proofs.     I  cannot  approve  of  this,  and  have  pre^ 
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ferred  to  give  the  proofs  of  practically  important  problems  in 
elementary  way,  although  this  may  sometimes  appear  rather  long  and 
tedious.  There  are,  therefore,  but  few  formulae  in  the  work  unac- 
companied by  their  derivation.  A  general  acquaintance  with  some 
doctrines  of  natural  philosophy,  but  especially  an  intimate  knowledge 
of  pure  elementary  mathematicSj  are  of  course  necessary  for  the 
understanding  of  the  present  work. 

I  have  taken  especial  pains  to  preserve  the  right  medium  between 
generalizing  and  individualizing;  for,  although  I  am  fully  aware  of 
the  advantages  of  generalization,  I  must  still  adhere  to  the  opinion, 
that  in  an  elementary  work,  too  much  generalizing  is  to  be  avoided. 
Simple  cases  are,  in  practice,  of  more  frequent  occurrence  than  com- 
plicated* It  is  also  undeniable,  that  in  treating  a  general  case,  the 
knowledge  which  might  be  gained  by  the  treatment  of  a  specific 
case,  is  frequently  lost,  and  that  it  is  not  unfrequently  easier  to  deduce 
the  compound  from  the  simple,  than  to  eliminate  the  special  from  the  J 
general. 

The  "Mechanics  of  Engineering  and  Machinery"  must  not  he 
mistaken  for  a  work  on  the  construction  of  machineSj  but  it  is  to  he 
considered  merely  as  an  introduction  to  or  preparatory  science  for  this. 
This  Treatise  of  Mechanics  is  to  stand  in  the  same  relation  to  the 
construction  of  machines,  as  descriptive  geometry  stands  to  the 
drawing  of  machines.  After  mechanics  and  descriptive  geometry 
have  been  learned,  the  instructions  on  the  construction  and  the  draw* 
fngof  machines  may  with  advantage  be  united  in  one  course. 

The  propriety  of  dividing  the  Mechanics  of  Engineering  into  a' 
theoretical  and  practical  part,  may  perhaps  be  doubted.  If  it  be 
borne  in  mind,  that  this  work  is  to  fnrnish  instructions  on  all  me- 
chanical relations,  in  architecture  and  the  science  of  machines,  the 
utility,  or  rather  necessity  of  this  division  must  be  apparent.  In 
order  to  form  a  complete  opinion  of  a  building  or  machine,  the  most 
various  doctrines  of  mechanics  (t.  e,  the  doctrines  of  friction,  strength 
of  materials,  inertia,  impact,  efflux,  &c.),  must  be  taken  into  con- 
sideration; the  material  for  the  study  of  the  mechanics  of  a  building 
or  machine  must,  therefore,  be  collected  from  all  parts  of  mechanics. 
Now,  as  it  is  much  more  useful  practically  to  be  able  to  study  the 
doctrines  relative  to  every  individual  machine  in  connection,  than  to 
have  to  collect  them  from  all  departments  of  mechanical  science,  the 
utility  of  the  adopted  division  seems  to  be  beyond  all  doubt* 

Having  practical  application  always  in  view,  I  have  endeavored 
to  illustrate  each  doctrine,  as  much  as  possible,  with    appropriate 
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examples,  talceo  ttom  practice  ;  and  I  can  truly  assert,  that  this  book 
excels  most  works  of  a  similar  nature,  ic  the  great  number  and 
appropriate  choice  of  worked  out  examples.  The  large  tiumber  of 
carefully  executed  figures  will,  no  doubt,  likewise  assist  the  attain* 
ment  of  the  above-mentioned  object;  and  I  cannot  omit  here  to 
express  how  greatly  satisfied  I  feel  with  the  manner  in  which  the 
publishers  have  performed  their  part  in  the  getting  up  of  the  book. 

Finally^  it  is  necessary  to  point  out  to  the  reader  of  the  work,  that 
he  will  find  much  that  is  new  and  peculiar  to  the  author*  Passing 
over  smaller  matters,  which  occur  in  almost  every  chapter,  I  will 
mention  only  the  following  more  comprehensive  subjects,  A  genmH- 
and  easy  method  of  determining  the  centre  of  gravity  of  plane  sur- 
faces and  even-sided  polyhedra,  will  be  found  in  the  paragraphs, 
107,  112,  and  113 ;  an  approximaje  formula  for  the  catenary  in  the 
paragraphs  147  and  148;  supplements  to  the  theory  of  the  friction  of 
axes  in  the  paragraphs  167,  168,  169,  172,  and  173*  The  doctrine 
of  impact  especially  has  received  essential  additions  by  the  para- 
graphs 262  and  263,  since  the  impact  of  imperfectly  elastic  bodies 
has  been  hitherto  insufficiently  treated  ;  and  the  case,  where  a  per- 
fectly elastic  body  comes  in  contact  with  a  partially  elastic  body,  has 
been  passed  over  entirely*  The  largest  number  of  additions,  and 
aome  entirely  new  laws  will  be  found  in  the  hydraulics,  the  author 
having  made  this  branch  of  the  sciences  his  particular  study  during 
a  number  of  years.  The  laws  of  the  incomplete  contraction  of  the 
fluid  vein,  discovered  by  the  author,  appear  here  for  the  first  time  in 
a  course  of  mechanics*  The  chief  results  of  the  author's  experiments 
on  the  flow  of  water  through  slides,  cocks,  clacks  and  valves,  are 
likewise  given,  as  well  as  his  principal  observations  made  during  his 
latest  experiments  on  the  flow  of  water  through  prolonged  oblique 
tubes,  and  through  angular,  curved,  and  long  straight  tubes,  though 
he  has  not  yet  been  able  to  publish  the  third  number  of  his  "Unter- 
suchungen  im  Gebiete  der  Mechanik  und  Hydraulik,**  which  is  to 
contain  the  results  of  these  experiments.  The  chapters  on  flowing 
water  and  the  gauging  and  impulse  of  water  have  likewise  received 
additional  matter  from  the  author* 

But  now,  after  completion  of  the  first  volume,  I  cannot  refrain  from 
wishing  that  several  subjects  had  been  treated  in  a  different  manneri 
although  I  have  not  been  able  to  discover  any  essential  errors  or  im- 
perfections in  it.  Should  the  reader  here  and  there  find  omissions,  I 
must  refer  him  to  the  second  volumci  which  will  contain  supplements, 
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most  of  which  have  been  intentionally  reserved  for  that  volume,  ai 
has  been  mentioned  in  several  passages  of  that  now  published. 

It  will  give  me  great  satisfaction  and  pleasure,  if  the  purpose  whici 
I  had  in  view  in  writing  this  work  has  been  attained  in  some  measure 
I  wished  to  supply  the  practical  man  with  useful  advice,  the  in 
structor  in  mechanics  vnth  a  guide  for  teaching,  and  the  younj 
engineer  and  machinist  with  a  welcome  auxiliary  for  the  acquiremen 
of  the  science  of  mechanics. 

JULIUS  WEISBACH. 

Fbubbm,  Marehf  1846. 


COMPARATIVE  TABLES. 


XT 


GO 

c 


i 


I 


It. 

"if 


d  o  o 
00  00  <o  , 
0»  CO  5  ' 


a»  o» 

CO  t* 


-a 


.8? 

00  <o 


r^  CO  ^ 

a»  o  ^ 

O   vH   «-4 

•^O  t*  CO 

c»oo 


I 


.sfi  = 


o  o  o 

r^  CO  ^  ^ 
00  5  o 

o  ^  O) 


^  t^ 


CO 


00  00      o 
r*  CM  --  -H 

CO  ^  "^lO 

CO      q 


CO         00  ^ 

a»      «n  CI 

CI         O  00 

o  _  »o  '^ 
00  '^  o  -^ 

d     d  d 


S  CO  o 


o  o>  o 


t*  00 

a»  CO 
r^  CO  ^ 

«0  CO  '^ 

"2 


00        ^ 
«d         CO 

S^8 

3     2 


C9  CI 


-8 


pi 


8S^ 

»^  ^  •^ 
CO  00 


©■     d 


§2 

c*  »-* 


€ 


i 

c 
o 

I 


.9  «i 


II 


<o  o>  o 

CO  ^  Q 
^8  CO  ^ 

t*  ^  o 
^'Jco-H* 


_j  r*  •-«  «D 
coo       g 

d 


<»co- 


Sd  CO 
CO  ^ 

r*       00  00 

»-•  •*  CO 
CO  c^ 


I 


^O  CI 
^  CD  C9 

00  r*  r* 
Oio  o> 


.g* 


a> 

6 


to  00  Cd 
0--  CI 

^  wo  —  ^ 

CO  ^  t*  "^ 

o 


CO  r* 


CO  00  _,^ 
o  <0  CO 
00  t*  CO 
00  ^        0> 

d  d      d 


si 


CO  00  c 


O   «H  *H 


5 


I 


I 

6 

I 


I 


SK^  00 
00  CI 

00  o  t^ 
00  •*  00  , 

o  CO  o 

^^  ei  ^^ 


coo         S 
CO  00         O 

cot*  "^  S 
o «       ^ 


-H  t*  CI 

CO  d  31 
o  r*  CO 
-« _^  t*  o> 
co*^  w  -• 

SCO  S 
Pd 


!S 


CI 


CO  O  00 

^  »-i  o  »-< 


■■'^■. 


PRINCIPLES 


OF 


THE   MECHANICS 


OF 
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SECTION  I. 

PHORONOMY;  OR,  THE  PURE  MATHEMATICAL  SCIENCE  OF  MOTION. 


CHAPTER  I, 


SIMPLE   MOTIOir. 


§  1.  Best  and  Motion, — Every  body  occupies  a  certain  position 
in  space ;  a  body  is  at  rest  when  it  does  not  change  its  position ;  and 
18  in  motion,  on  the  other  hand,  when  it  successively  passes  from  one 
position  into  others.  The  rest  and  motion  of  a  body  are  either  abso- 
lute or  relative,  according  as  we  refer  its  position  to  a  space  which 
itself  is  at  rest  or  in  motion,  or  considered  to  be  in  either  state. 

Upon  the  earth  there  is  no  rest,  for  all  bodies  upon  the  earth  share 
in  its  motion  about  the  sun,  and  about  its  own  axis;  but  if  we  suppose 
the  earth  to  be  at  rest,  then  all  those  terrestrial  bodies  are  at  rest  which, 
with  reference  to  the  earth,  do  not  change  their  position. 

§  2.  Kinds  of  Motion. — The  continuafsuccession  of  positions  which 
a  body  in  its  motion  gradually  occupies,  forms  a  space  which  is  called 
the  trajectory,  or  path  of  the  moving  body.  The  path  of  a  moving 
point  is  a  line ;  that  of  a  geometrical  body,  is  another  body ;  but  by 
this  latter  is  generally  understood  that  line  which  a  certain  point  of 
the  body,  viz.  the  centre,,  describes  in  its  motion. 

When  the  path  is  a  straight  line,  the  motion  is  rectilinear;  when  a 
curved  line,  the  motion  is  curvilinear. 

With  reference  to  time,  motion  is  uniform  or  variable. 
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§  3*  A  motion  is  imiformj  when  equal  spaces  are  described  by  it 
in  equal  and  arbitrmly  small  times;  and  variable^  when  this  equality 
does  not  take  place.     When  the  spaces,  described  in  equal  times, 
increase  continuously  with  the  time,  a  yariable  motion  is  called-^J 
accelerated;  and  when  the  spaces  decrease, — retarded,    , '. ;  f^^/^'^^^l 

Periodic  differs  from  uniform  motion  in  this>  that  equal  spaces  "are 
described  within  certain  intervals  only,  which  are  called  periods. 

The  apparent  diurnal  revolution  of  the  fixed  stars,  and  the  progres- 
sive motion  of  the  hands  of  a  watch  are  instances  of  uniform  motion. 
Falling  and  upwardly  projected  bodies,  the  sinking  of  the  surface  of 
water  oy  its  flow  from  vessels  are  instances  of  variable  motion.  The 
oscillations  of  a  pendulum,  the  play  of  the  piston  of  a  steam  enginei. 
&c*,  are  illustrations  of  periodic  motion,     j^^r  i 

§  4.  Uniform  Motion, — Velocity  is  the  r^p^^iiy  or  magnitude  of  a" 
motion.  The  greater  the  space  is  .which  a  body  describes  in  a  given 
time,  the  more  rapid  is  its  motion,  and  the  greater  is  its  velocity. 
In  uniform  motion,  the  velocity  is  invariable;  and  in  a  variable  one, 
it  changes  at  every  instant.  The  measure  of  the  velocity  at  any  de- 
terminate point  of  time,  is  the  path  which  a  body  actually  describes^ 
or  would  describe  in  a  unit  of  time  or  second,  if  from  that  moment  the 
motion  were  to  become  uniform,  and  the  velocity  to  remain  invariable. 
In  general  this  measure  is  called  simply — velocity, 

§  5.  When  a  body  describes  the  path  o  at  each  particle  of  time^ 
and  a  second  consists  of  very  many  (n)  such  particles;  the  path  dur- 
ing one  second  is  the  velocity,  or  rather  the  measure  of  the  veloci^ : 

c  =  n*  <r. 

After  a  time,  t  (seconds)  n  .  i  particles  have  elapsed,  but  im  each 
a  space  <t  has  been  described ;  the  whole  space,  therefore,  which  coi^ 
responds  to  the  time  t  is: 

so  that  in  uniform  motion,  the  space  (s)  is  a  product  of  the  velocity 
(c)  and  the  time  {t). 
Inversely 


IL  c. 


IIL 


Exan^k  I .  A  lociOTii<>tive»  going  with  n  velocity  of  30  feet  per  seooniJf  pasvei  over  in  Z 

liours  =  120  niin-  =£  ^7200  seconds,  a  epftce  (i)  3u  X  7200  =  2100OO  feet.— 2.  U  v.  imi©^ 

2i  minutea  ^=  '^  10  seoondi^  be  requit^  to  mise  up  a  ton  weiglu  fmm  b  ahafl  IQOO  fbot 

1200        40  .H 

dte[>,  it4  mesQ  velocity  (r)  must  be  tak&a  =  ^  ^  ^=  ^f  es  5,714  . .  ^  foet^^^^B 

A  liora«,  moving  with  n  velocily  of  0  foot  per  se^xjud,  requires  (o  perfbrm  24|0D0  fee^  «  ^ 

24i)fJf>        ^.^„ 
time  —      -    5^  4U00  seconds* 

§  6*  If  twodiflercnt  uniform  motions  be  compared  with  each  otheii^ 
the  following  is  arrired  at:  H 

g  ^* 
The  spaces  me  s  ^  c  t  and  s^  ==  cj^^  therefore  their  ratio  is  — 
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c  i 


If  t  =  /,  then 


or  ] 


c.  then 


f  lastly 


The  spaces  described  in  different  uniform  motions  in  equal  times 
are  to  each  other  as  the  velocities ;  the  spaces  described  T^ith  equal 
velocities  are  as  the  times;  and  lastly^  the  velocities  corresponding  to 
equal  spaces  are  inversely  proportional  to  the  times* 

§  7-  Uniformly  tmriable  Motion, — ^A  motion  is  uniformly  variable 
when  its  velocity  either  increases  or  diminishes  by  a  6«ii4«»ii  amount 
in  equal  and  arbitrarily  small  times*  It  is  either  nniformly  accele- 
rated or  umforraly  retarded,  according  as  in  the  first  a  gradual  increase, 
or  in  the  second  a  gradual  diminution  of  velocity  takes  place. 

In  vacuo^  the  motion  of  a  falling  body  is  uniformly  accelerated; 
were  the  air  to  exert  no  influence  upon  it,  the  motion  of  a  body  verti- 
cally projected  would  be  uniformly  retarded* 

■  §  8-  Any  change  in  the  strength  or  magnitude  of  the  velocity  of  a 

■  hody  is  called  acceleration;  it  is  eilher  positive  or  negative,  accord- 
ing as  there  is  increase  or  diminution  of  the  velocity.  The  greater 
this  increase  or  diraiDution  within  a  given  time,  the  greater  is  the 
acceleration.  In  uniformly  variable  motion,  the  acceleration  is  inva- 
riable, and  may  be  measured  by  the  increase  or  diminution  of  velo- 
ettj  which  takes  place  in  a  geeon^  of  time.  In  every  other  motion, 
the  measure  of  the  acceleration  is  the  increase  or  diminution  which 
a  body  would  acquire  if,  from  the  moment  in  which  the  acceleration 
begins,  it  lose  its  variability  and  the  motion  pass  into  a  uniformly 
variable  one.    Diminution  of  velocity  is  termed  reiardaiion. 

m         The  measure  is  very  commonly  called  the  velocity. 

H       §  9.  If  the  velocity  of  a  uniformly  accelerated  motion  increase  (#) 

r   ii*  infinitely  small  particles  of  time,  and  a  second  of  time  is  made  up 

of  such  particles,  the  increment  of  velocity,  or  the  acceleration,  in 

one  second  is:  p  ^n  *, 

.       and  the  increment  after  /  seconds  =  n  t.  »  =  n  %,  t  ^  pL 

■  If  the  initial  velocity  (the  moment  from  which  the  time  is  counted) 
P    =  c,  the  terminal  velocity,  i,  e,  the  velocity  acquired  after  the  time 

{i)isi  t?  s=  c  +  pi. 

For  motion,  commencing  without  velocity,  c  =  0,  therefore  v  =  pi  ^ 
and  for  uniformly  retarded  motion,  having  a  negative  acceleration  (j»), 
V  ^  c  —  pi, 

EjtompU  1.  Tlie  iMwelemtion  of  a  body  falling  freeJy  io  vacuo  xs  32  ,  2  f^-ot ;  it  ao 
qtiires,  thcr<?foret  after  3  seconds,  u  vetodty  p  s=  j)f  ^  32  .  9  X  3  =  96  .  0  feet, — 2.  A 
vpbere  rolling  down  an  inclined  ptane,  with  an  initial  velocity  c  ^^  25  feet,  acquired  in 
Hi  csnire*?,  at  eacih  seeond,  5  feet  eidditional  relocity;  its  velocity,  therefore,  B-fter  2l 
itegods:  v  ==  25  4-  5  X  3,5  t==  25  +  12. &  »  37.5  fcei,  &c,j  praeemJing  from  tlio  liwi 
point  uiiifbrmlyT  it  will  pass  ovei  37,5  feet  in  every  second, — 3,  A  locomotive  going 
wilh  a  30  feet  velocity  U  90  reiartJed,  rbai  in  e«eh  second  it  loses  3  5  ft-et  of  velocity;  its 
KKjelefmtion  i»  -^  3.5 1  jl*  velocity,  therefore,  after  d  ietxjnda  »  H  ^30  —  3.5  X  6  ^ 
30  —  21  >=9feeL 

§  10,  Uniformly  accelerated  Motion, — The  velocity  of  every  motion 
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may  be  regarded  as  inyariable  within  a  small  particle  of  time  t.  We 
may,  therefore,  put  the  space  described  in  such  time  «  >b  r  .  < ,  and 
we  obtain  the  whole  space  in  the  finite  time  t^  by  the  measurement 
of  these  small  spaces.  Now  for  all  these  small  spaces,  the  time  <  is 
one  and  the  same ;  this  sum,  therefore,  may  be  put  equal  to  the  pro- 
duct of  these  particles  of  time,  and  the  sum  of  the  velocities  corre- 
sponding to  equal  intervals. 

In  uniformly  accelerated  motion,  the  sum  (0  +  t;)  of  the  velocities, 
in  the  first  and  last  moment,  is  as  great  as  the  sum  pt  +  {v  —  p  ^)  of 
the  velocities  in  the  second  and  last  but  one ;  also,  equal  to  the  sum 
2p  t  +  {v  —  2 p  r)  of  the  velocities  in  the  third  and  last  but  two; 
and  this  siun  is  equal  to  the  terminal  velocity  v.    Here,  therefore^ 

the  sum  of  all  the  velocities  is  equal  to  the  product  (v  .^  j  of  the 

terminal  velocity  r,  and  half  the  number  of  all  the  particles  of  time. 

The  space  described  is  the  product  ( t'  •  ^  •  <)  of  the  terminal  velocity 

Vy  and  half  the  number  and  magnitude  of  the  particles.  Now  Ae 
magnitude  (r)  of  such  a  particle,  multiplied  by  the  number,  gives  the 
time  t\  the  space,  therefore,  described  in  the  time  t  with  a  unifi^rmly 

accelerated  motion  is  *  =«  ^* 

The  space,  therefore,  described  in  uniformly  accelerated  motion  is 
as  in  uniform  motion  when,  in  the  latter  case,  its  velocity  is  half  as 
great  as  the  terminal  velocity  of  the  former. 

Example  1.  If  a  body  in  10  seconds  has  acquired  a  velocitj  v  by  uniformly  aooeleiBted 

motion  of  26  feet,  the  space  described  in  that  time  is  i^m       ^  tP^  130  feet — 3.  A 

3 
carriage  which,  in  its  accelerated  motion,  goes  over  25  feet  in  2^  seconds,  proceeds  at 

2  \t  25      SO  \t  4 
the  end  with  a  velocity  v  bb   /;      ^  — —^  ^22^. 

§  11.  The  two  fundamental  fi)rmul8e  of  uniformly  accelerated  mo- 
tion: 

I.    Vsx  pt  and  U.  S  mm  -^f 

which  express  that  the  velocity  is  a  product  of  the  acceleration  and 
the  time ;  and  the  space,  half  the  velocity  and  the  time ;  include  two 
other  principal  formulae  which  are  obtained,  if  from  both  equations  v 
be  eliminated  once,  and  t  twice.     It  follows  that: 

III.  *-^  and IV.  5  =  il^. 
2  2p 

From  this,  the  space  described  is  a  product  of  half  the  acceleration, 
and  the  square  of  the  time ;  and  it  is  also  the  quotient  of  the  square 
of  the  velocity  by  twice  the  acceleration. 

These  four  formulae  give,  by  inversion,  after  one  or  other  of  the 
magnitudes  contained  have  been  separated,  eight  other  formulae. 

ExampU  1.  A  body  moving  with  an  acceleration  of  15,625  feet,  describes  in  1^  second 
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^  ^^^^  l5^6a5j<^L5)«^  15.625  X  -?-  =  17.578  feet— 2.  A  body  transported  with 
in  BoceleratioQ  p  sss  4.5  into  a  velocity  v  ^  16.5  feet,  has  described  a  space  s  bb 
2.4,5 

^  12.  By  a  comparison  of  two  uniformly  accelerated  motions,  we 
amye  at  the  following: 
The  velocities  are  r  ■»  p  <  and  v^  «=«  pjt^y  the  spaces  on  the  other 

hand  are  5  »  ^  and  s.  a  2iJL ;  from  this  it  follows: 
2  *         2 

!L  .  ZLand*-  «^  «  £1  «  ^. 

If  we  put  /j  SB  t^  we  have  —  b  —  »  — ;  the  spacesdescribed  are 

'i    .  ^1     Pi 
to  each  other  aa  the  terminal  velocities;  or,  as  the  accelerations. 

If  further,  we  takep^  =  p,  it  gives  —  a.  —  and  A  „  _  ^^  __.  •   so 

that,  in  like  accelerations,  and  also  in  one  and  the  same  uniformly 
accelerated  motion,  the  terminal  velocities  are  proportional  to  the  times 
and  the  spaces  described  to  the  squares  of  the  times,  as  also  to  the 
squares  of  the  terminal  velocities. 

Further,  if  t^.  »  t'  gives  ^  a  -^,  and  —  «■  — ;  in  equal  velocities 
Pi        ^  h       h 

the  accelerations  are  inversely,  and  the  spaces  directly  proportional 
to  the  times. 

Lastly,  5|  s  5  gives  £.  a  -^  »  —- ;  with  equal  spaces,  the  ac- 
Pi       ^         ^i 
celerations  are  inversely  as  the  squares  of  the  times,  and  directly  as 
&e  squares  of  the  terminal  velocities. 

§  13.  For  a  uniformly  accelerated  motion  commencing  with  a  velo- 
city (c)  we  have  §  9 : 

I.  v^  c+  pi^ 
and  as  the  space  c  t  belongs  to  the  invariable  velocity  (c),  and  the 

space  ^  to  the  acceleration  pi 

n.  5-c<+^. 
If  we  eliminate  p  from  both  equations,  we  have : 

and  substituting  the  value  of  ^, 

IV.  sJ^. 

Exampk  1.  A  body  piopeUed  wjdi  an  initial  velocity  c sss  3  feeLand  with  an  accele- 
ration p as 5  tjikia^KmeBm  7  seconds,  a  space  ssb3.7-(-5 ^21-)-  122.6 h: 
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143.5  feet — 2,  Another  body  which  in  3  minutes  as  180  Beconds,  chnngw  its  velocity 

2  5-t  7  5 
from  2i  feet  into  7J  feet,  performs  in  this  time  a  distance       T        180^900  feet 

§  14.  For  a  uniformly  retarded  motion  with  an  initial  velocity  c, 
these  formula  are  applicable: 

L  V  —  c — ptf 

ra.  ,=!+£./, 


2p    ' 

they  are  derived  from  the  former  §,  when  p  is  made  negative.  Whilst 
in  uniformly  accelerated  motion,  die  velocity  increases  without  limit, 
in  a  uniformly  retarded  one,  the  velocity  at  a  certain  point  of  time 
becomes  null,  and  afterwards  negative,  t.  e.  it  goes  on  in  an  inverse 
direction. 
If  in  the  first  formula  we  put  v  »>  0,pt  =»£,  the  lime  at  which  the 

velocity  becomes  null  is,  f=s~;  if  we  substitute  this  value  of  ^  in 

P 
the  second  equation,  we  have  the  space  which  the  body  has  described 

at  the  point  of  time  s=  :r-. 
If  the  time  be  greater  than  ~,  the  space  is  less  than  — ;  if  it  be 

ss — ,  the  space  becomes  null,  and  the  body  returns  to  the  point 

2c 

from  which  it  set  out.   If  the  time  be  greater  than  — ,  then  s  becomes 

negative,  and  the  body  is  on  the  opposite  side  of  its  initial  point. 

ExampU,  A  body  which  rolls  up  an  inclined  plane  with  an  initial  velocity  of  40  it,  fay 

40  40* 

which  it  suffors  a  retardation  of  8  feet  per  second,  ascends  only  —.  «■  5  seconds  and  — - 

^  100  feet  in  height,  then  rolls  back  and  returns  aAer  10  seconds  with  a  velocity  of  40 
feet  to  its  initial  point;  and  after  12  seconds,  arrives  at  a  distance  40  X  12  — 4  X  (12)* 
as  96  feet  below  this  point  if  the  plane  extend  itself  backwards. 

J  16.  Free  Descent  of  Bodies. — The  free  or  vertical  descent  of 
ies  in  vacuo,  offers  the  most  important  example  of  uniformly  ac- 
celerated motion.  The  acceleration  of  this  motion  brou^t  about  by 
gravity  is  designated  by  the  letter  gf  and  has  the  mean  value  of: 

9,81  metres 
30,20  Paris  feet. 
32,22  English  feet. 
31,03  Vienna  feet. 
31,25  Prussian  feet. 
K  either  of  these  values  of  g  be  substituted  in  the  formula: 

v^gt,s^g^fmd  s^^^  -  %/2^, 
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lU  qnestioiis,  with  reference  to  the  finee  descent  of  bodies,  may  be 
answered.     For  the  ISnglish  measure : 

V  »  32,2 .  t  »  8,02  %/s;sm»  16,1 .  e  »  .0155  v^ 
and  <  »  0,031  v  »  0,249  ^  s. 


^  1.  A  hodj  acquires  in  its  free  descent  of  4  seconds  a  yekxaty  v  ss  32.2  X  4 
1 128u8  feet,  and  describes  in  this  time  a  space  »  aa  15.625  X  4<  as  250  feet — 2.  A 
bodf  fidlmg  finom  a  height  $^9  feet,  has  a  Telocity  v  is  8.02  ^9^  24.06  feet — 3.  A 
body  projected  rerticaUy  with  a  velocity  of  10  feet  ascends  lo  a  height  t  ms  0X)16  X  10*  • 
sU  leet,  and  requires  for  it  a  time  t  sbO.031  X  10  HBaSfOr  about  one-third  of  a  second. 

§  16.  The  following  table  will  show  the  relations  of  the  motion  to 
the  time  in  the  free  descent  of  bodies. 


r>Miii 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Tdoeity. 

0 

i«r 

^ 

% 

^ 

^ 

6g 

7^ 

% 

^ 

lo^r 

8{Moe. 

0 

'f 

Ag 

2 

f 

'«f 

2bM- 
2 

36f 

49  «^ 
2 

•^ 

H 

100^ 
2 

DiOennee. 

0 

•f 

^ 

^ 

'i 

^ 

nf 

.af 

'^ 

n| 

4 

The  last  horizontal  column  of  this  table  gives  the  spaces  which  the 
fieely  falling  body  describes  in  the  single  seconds.  We  see  that  these 
spaces  are  to  eadi  other  as  the  odd  numbers  1,  3,  5,  7,  &c.,  whilst 
the  times  and  velocities  are  as  the  natural  numbers  1,  2,  3,  4,  &c., 
and  the  spaces  fallen  through  as  their  squares  1,  4,  9,  16,  &c.  For 
example,  the  vdoci^  after  six  seconds,  is  6^  »  193,2  feet,  that  is, 
die  body  would,  if  it  proceeded  from  this  time  uniformly  upon  an 
kmzontal  plane,  ofiering  no  impediment,  pass  over  in  each  second  a 
space  6gmm  193,2  feet.  This  space  it  describes  in  the  course  of  the 
fcDowing  and  seventh  second,  but  not  in  reality,  for  according  to  the 

last  column  it  amounts  to  13  .^s 


13  X  16,1  »  209,3  feet,  in  the 


eighth  second  it  is  15.  ^ , 


15.16,1  »  241  feet,  &c. 


Pmark.  Many  writers  designate  the  atpaoe  of  16  feet,  which  a  body  freely  descend- 
ing will  describe  in  one  second,  by  g,  and  term  it  properly  the  acceleration  of  grarity. 
They  have  then  for  the  free  decent  of  bodies,  the  folfowing  formula : 

r««gt  — 2v/«r*, 

2«r       ^  g 

This  cnstom,  which  is  met  with  in  Germany  only,  is  disappearing  by  degrees,  and  in 
oonseqoBnoe  of  its  being  frequently  misonderstood,  and  the  many  mistakes  which  arise 
therefihom,  this  is  much  to  be  desired. 
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§  17.  If  the  free  desctrnt  of  a  body  go  on  with  a  certain  initial  Telo- 
city (c)  the  formula*  are  of  the  following  kind: 

u=  €  +  gt  ^  c  +  Z2^2t;  alsoi;=^v^c=  +^g««v^c*  +64,4,*; 
t^        t>'— c» 


i  ^  d  +  g-^ 


d  +  16,1  f ',  also  s 


0,0155  (t?'— c*). 


s/  c*  — 64,45 ; 


2  '        •      '  2g 

If,  on  the  other  hand,  the  body  be  projected  vertically  to  a  height 
with  the  velocity  c,  then : 
v^  €  — gt  ^  c —  32j2  t ;  also  «j=  %/  c^  —  2g  s 

s  =  d  —  g^^=  d—  16,1  e;  also  s  »-^^^  ==  0,0155  (c^— u*). 

If  we  consider  a  given  velocity  c  as  the  terminal  velocity  acquired 

by  a  free  descent,  then  the  corresponding  space  fallen  through  — 

=  0,0155  .  (r*is  called  the  height  due  to  the  velocity.    By  the  introduc- 
tion of  this  quantity,  some  of  the  foregoing  formulae  may  be  expressed 

more  simply.    If  the  height  / — j  due  to  the  initial  velocity  c  be  put 
=  A,  and  that  due  to  the  terminal  velocity  -_=  A^,  we  have  the 


lowing  for  falling  bodies : 


2ff 


A  +  5,  s 


A, -A; 

and  for  ascending :        A^  =  A  —  5,  s  =  A  —  h^. 

The  space  of  fall  or  ascent  is,  therefore,  equal  to  the  difference 
the  heights  due  to  velocity* 

Exiatf^k,  The  velodtie*  are  5  aud  11  feet,  the  heights  ilue  to  velocity  ==  0^0 155'  (S)*  sm 
04875  Ibei,  and  0^0155,  11<  ^1,673  feet  j  the  space  which  b  described  during  the  pas- 
sage fmm  one  velocilx  to  the  other:  t  =  1,8755  —  0,3875^=  1,4S80  feet 

§  18,  From  the  formula  s^^h  —  A^  it  also  follows  that  a  body  %*er* 
tically  projected  has  at  each  point  that  velocity  which  it  would  have, 
but  in  an  inverse  direction,  were  it  to  have  fallen  from  the  height  still 
remaining  to  that  point,  and  which  it  then  actually  possesses  in  its 
following  descent. 

Eiantipk.  A  body  i»  thrown  up  with  a  15  feet  velocity,  and  itrikea  in  it»  rise  agninst 
&J1  elastic  iinpediineTit,  which  for  the  moment  throws  it  bEick  w  lih  dio  same  veJocvty  with 
whkch  it  Biruok.  How  grent  then  ia  tliia  vebuitjj  and  the  Lime  of  nscendiog  luid  de- 
toending?  To  the  Telocity  (c  ^  15  ft)  oof responds  the  height  of  ascent  A  e=  3,40  (t; 
the  height  due  to  velocity  at  the  moment  of  impact  is  A ^  ^^  3,49  —  ^,00  ^t  J49»  and  con- 
sequently this  velotiity  =;  B,02  ^  1,49  ^  9,«a2  ft.  Tiie  ume  to  attain  the  whole  height 
{3,40  ft)  is  t  =  0,032.  V  ;=  0/J3a .  15  =  Q,iS(/\  for  the  height  1,4&  ft  r,  =  0,032  .  10 
=s  0^321/'  I  til  ere  remains  then  for  the  time  required  to  rise  to  the  height  of  2  ft^  or  Uie 


tint©  From  the  commeneement  to  impeict  :(*—!, 
whole  Ume  of  ruing  and  fuUiHf  b  2  .  0,1^ 


=  0,460  «  0,320  =  OjiaO^'t  »nd  the 


t  0,320".    Thti  i«  ft1«o  hxi  the 


o,gfto 


ss  3d  part  of  the  time,  which  would  bo  necessary  for  rising  and  fkUini;  if  the  body  wefo 
to  riM  and  fall  unimpeded.  Thi*  fail  finda  it»  applU^tion  in  die  forging  of  hoi  imn, 
because  in  the  gradual  cooling  of  that  melat  tt  is  desimble  dial  the  blows  of  the  hammer 
follow  as  quickly  a^^  poAsible  in  a  short  time.  When  the  hammer  is  thrown  bock  by  an 
elasii<:  arraiigement^  it  will  g^ve  in  tbe  ^me  time,  in  the  proportions  above  laid  down^ 
ihliOi  the  number  of  blows  to  what  it  would  give  were  its  rise  umimjwded* 

Jimnork  L  The  Uauaformaiiou  of  the  «^elociiy  into  height  due  to  velocity^  and  the  reverse 


i 
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is  Tenj  oAan  required  in  pnedcal  rmwhanict,  and  especiBUj  in  hjdiaiiUcs.  A  table 
where  dib  is  set  down  is  of  great  nse  to  the  pnctioal  man. 

Mamtkk  2.  The  foregoing  fbrmubs  are  only  strictly  correct  for  a  free  descent  in  Tacoo ; 
they  may  be  used  with  toleiable  aoooracjr  for  a  fldl  in  air,  if  the  foiling  bodies  have  a 
weight  great  in  proportion  to  their  volume,  and  if  the  relocities  do  not  come  oat  very 
great  For  the  rest,  they  are  also  used  under  other  circumstances  and  relations  in  many 
other  descents,  as  will  hereafter  be  shown. 

§  19.  Variable  Motions  in  Particular. — For  variable  motions  eqpe* 
ciallj,  in  which  the  periodic  are  also  included,  the  formulae 

1«  s  «a  p  «,  and 

bold  good: — ^the  increment  of  velocity  (m)  acquired  in  a  very  small 
time  t  (element  of  time),  is  a  product  of  the  acceleration  p  and  this 
time;  and  the  space  a  described  in  the  element  of  time  r  is  a  pro- 
duct of  the  velocity  {v)  and  the  time  t.    By  inversion : 

3.  »  as  —  and 

4.  ©■«  — 

* 

Acceleration  is  the  quotient  of  the  increment  of  velocity  by  the 
element  of  the  time  t  in  which  it  is  acquired.  Velocity  is  the  ratio 
of  the  element  of  space  to  that  of  the  time. 

The  two  last  formulse  may  be  used  for  the  measurement  of  the  ac- 
celeration and  velocity.  lix.  From  the  motion  given  by  the  formula 
siss  aJP  when  a  is  the  space  described  after  the  firat  second,  it  follows : 
if  t  increase  by  t  and  *  by  tf,  5  +  ^  =  a  (<  +  *)*.  Now  {t  +  r)*  =  ^ 
+  2  <  <  +  r*,  or  because  t  is  small  =s  ^  +  2  <  r,  it  therefore  follows 

5+  «f  —  al*  +  2a/*,  or<r  —  2a/r;  lastly,  v  ^  —  ^  2  at.     By 

t 
the  same  hypotheses,  we  learn  from  the  last  formula  v  +  «  «  2  a 
('  +  r)—2a<  +  2a*,  so  that  s  »  2  a  ^  and  the  acceleration  p  =» 

A  ss  2  a.    We  have,  therefore,  in  this  way  found  from  the  formulas 

for  the  spaces^  formulae  for  the  velocity  and  acceleration. 

§  20.  The  velocity  <?  —  4-  differs  from  the  velocity  t;  «  —  of  an 

element  of  time,  and  is  given  when  the  space,  which  in  a  certain  time 
or  period  of  a  periodic  motion  is  described,  is  divided  by  the  time 
itself.  This  is  called  the  mean  velocity,  and  may  be  also  regarded  as 
that  velocity  which  a  body  must  have  in  order  to  describe  uniformly 
in  a  given  time  {t)  a  given  space  («),  which,  in  reality,  is  described 
variably.    So,  for  example,  in  uniformly  variable  motion,  the  velocity 

is  equal  to  half  the  sum  /£-ZL-j  of  the  initial  and  terminal  velocities: 

for,  according  to  §  13,  the  space  is  equal  to  this  sum  I — - — \  multi- 
plied by  the  time  {t). 
While  a  handle  turns  uniformly  in  a  circle,  the  load  attached  to  it. 
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the  piston  of  an  air  or  water-pump,  for  instatieef  moves  variably  up 
and  down ;  the  velocity  of  this  at  its  lowest  and  highest  point  is  at  a 
minimum,  viz.,  null ;  at  half  the  height  a  maximum,  \iz,^  equal  to 
the  velocity  of  the  handle-  In  half  a  revolution,  the  mean  veloeityi 
equals  the  whole  height  of  ascent,  L  e».  The  diameter  of  the  circle^ 
which  the  handle  describes,  divided  by  the  time  of  half  a  revolution. 
The  diameter  =  2  r  and  the  time  :«  ij  then  the  mean  velocity  of  the 

2r 
load  ^  -7-"   ^^  handle  in  this  time  describes  the  semicircle  st  t]  its 


velocity^  therefore, 
load  =  - 


rtr 


j-j  and  consequently  the  mean  velocity  of  the 


0,6366  times  as  great  as  the  invariable  veto- 


Fig,  h 


3.141 

city  of  the  handle.  fl 

§  2L  Graphical  Representation, — The  laws  of  motion  found  above  ^ 
may  be  expressed  by  geometrical  figures,  or,  as  it  is  said,  graphically 
represented.     Graphical  representations  especially  facilitate  the  con- 
ception, sustain  the  thoughts,  prevent  mistakes,  and  serve  not  unfre* 
quently  for  the  discovery  of  a  quantity,  and  on  that  account  are  of  ^1 
great  use  in  mechanics.  ^ 

In  uniform  motion  the  spare  (s)  is  the  pro<luct  (d)  of  the  velocity 

and  the  time,  and  in  geometry  the  area  of  %  ^ 
rectangular   figure  is  the   product   of  the  ^| 
height  and  base.     Wecan,  therefore,  repre-  " 
sent  the  space  (s)  uniformly  described  by  a 
rectangle  ^BCD^  Fig.  1,  whose  base^^^ 
is  the  time  (/)  and  whose  height  {^D=i  B 
C)  is  the  velocity  (c),  provided  that  the  time 
be  expressed  in  the  same  unit  of  length  as 
the  velocity,  and  that  the  second  of  time 
and  the  foot  be  represented  by  one  and  the  same  line. 

§  22,  Whilst,  in  uniform  motion,  the  velocity  (MJf)  at  any  other 
time  {^  M)  of  the  motion  is  one  and  the  same,  it  differs  at  every  in- 
stant in  a  variable  one;  this  motion,  there- 
fore, can  only  be  represented  by  a  quadri- 
lateral figure  v^J3C  A  Fig.  2,  which  has 
•^^the  time  for  base,  and  for  the  other 
limits,  three  hues  A  D^B  C^CB^  of  which 
the  first  two  are  equal  to  the  initial  and  ter- 
minal velocities,  and  the  last  is  determined 
by  the  extremity  {Jf)  of  the  different  velo- 
^  cities  at  the  intervals  {M).     The  line  C  D 

is  either  straight  or  curved,  according  to  the  different  kinds  of  varia- 
ble motion  from  the  commencement,  ascending  or  descending,  or  lastly 
concave  or  convex  towards  the  base.  But  in  every  case  the  area  of 
this  figure  must  be  put  equal  to  the  variably  described  space  (s)\  for 
each  area  of  space  A  B  C  D^  Fig.  3,  may  be  considered  as  dec<>m* 


Fig.  t, 
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4L?. 


poeaUe  into  many  small  rectan^ar  strips, 
like  M  O  P  JfjA  which  each  is  a  product 
of  a  part  {M  O)  of  the  base,  and  its  corre* 
spoiiding  hei^  {M  Jf  ot  O  P),  and  the 
spaces  described  in  a  certain  time  com- 
posed of  particles  of  which  each  is  a  pro- 
duct of  that  particle  and  its  corresponding 
Telocity. 

§  23.  In  uniformly  variable  motion^  the 
increase  or  diminution  {v — c)  of  the  velocity  {^piy  §  13)  is  proper 


mS 


tional  to  the  time.    If  in  the  Figures  4  and  5,  the  line  D  £  be  drawn 


: 

L 

P 

B 

f           i 

tr 

Fig.  6. 


parallel  to  the  base  A  Bj  and  B  E  and  JK  0  b  to  the  initial  velocity 
jf  D  be  cut  off  from  the  lines  M  JV*  and  B  C,  there  remain  the  lines 
C  E  and  JV*  Ofor  the  increase  or  diminution  of  the  velocity,  for  which 
from  the  above  we  have  the  proportion 

J^Oi  CE^  DO.DE. 

Such  a  proportion  requires  that  Jf  as  well  as  each  point  of  the  line 
C  D  lie  in  the  straight  line  connecting  C  and  D,  and  also  that  the 
line  C  D  limiting  the  different  velocities  (JIf  JV^  be  a  right  line. 

In  consequence  of  this,  the  uniformly  accelerated  and  uniformly 
retarded  space  described  may  be  represented  by  the  area  of  a  trape- 
zium ABCDj  which  has  for  the  height  A  jB,  the  time  {t\  and  for 
the  parallel  bases  the  initial  and  terminal  velocities  A  D  and  B  C. 

The  formula  of  §  13,  «  ss  --^*  ^  ^^  in  perfect  accordance  with  this. 

In  uniformly  accelerated  motion,  the  fourth  side  D  C  ascends  from  its 
initial  point,  and  in  uniformly  retarded  motion  descends.  In  a  uni- 
formly accelerated  motion  beginning  with  a  velocity  null,  the  trape- 
zium becomes  a  triangle  whose  area  in\  B  C  X  A  Bm^\  cU 

§  24.  The  mean  v^ocUy  of  a  variable  motion  is  the  quotient  of  the 
space  divided  by  the  time;  multiplied,  there- 
fore by  the  time,  it  gives  as  a  product  the 
trajectory,  and  consequently  may  be  also 
considered  as  the  height  A  F  ^  £  £  of  the 
parallelogram  A  BE  F  Fig.  6,  which  has 
the  time  {t)  for  the  base  A  B,  and  an  area 

aual  to  the  four-sided  figure  A  B  C  Jf  D 
lich    measures    the  trajectory  or  space 
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passed  through.  The  mean  velocity  is,  therefiyre,  likewise  obtained 
by  traosforminj?  the  four-sided  figure  Jl  B  C  JfD  into  a  paralldo- 
gram  .^  £  £  jt  of  the  same  length.  Its  determination  is  of  import- 
ance, particularly  in  periodic  motions, which  occur  in  nearly  all 
machines.  The  law  for  these  motions  is  represented  by  a  cunred 
line   CDEF  G  HK,  Fig.  7.    If  the  line  L  M  running  parallel 


rif.7. 


K 


^=^ 


^ 


K 


with  A  B  cuts  off  the  same  space  as  the  cunred  line,  and  is,  as 
it  were,  the  axis  round  which  C  D  E  F .  .  .  .  coils  itself,  then  the 
distance  A  L  ^  B  ^between  the  two  parallel  lines  A  B  and  L  M 
is  the  mean  velocity  of  the  periodic  motion,  whilst  A  C^  0  E^  B  K, 
&c.,  is  the  maximumj  and  JSTD^P  F^  &c.,  the  miafiimium  velocity  of  a 
period  ^  0,  0  Q,  Q  JB,  &c. 

§  25.  The  acceleration  also,  or  the  increase  of  velocity  during  a 
second  of  time  may  be  easily  shown  in  the  figure.  In  the  case  of 
uniformly  variable  motion  it  remains  unchangeable ;  it  is  hence  the 
difference  P  Q,  Figs.  8  and  9,  between  two  velocities  0  P  and  ^JV, 


Fig.  8. 


Fig.  9. 


the  one  of  which  appertains  to  a  longer  time  by  one  second  (Jlf  0\  than 
the  other.  If  the  motion  is  not  uniformly  variable,  and  the  line  of 
velocity  C  D  therefore  a  curve,  then  for  each  second  of  time  {M)  the 
acceleration  varies,  and  is,  consequently,  not  the  real  difference  P  Q 
between  the  two  velocities  0  P  and  M  IT  ^  0  Q  Figs.  10  and  11 ; 
but  it  is  the  increase  A  Q  of  the  velocity  Jlf  JV*,  which  would  occur  if 
commencing  at  the  moment  M  the  motion  became  uniformly  accele- 
rated, and  the  curved  line  of  velocity  JV*  C  passed  into  the  straight 
line  J^  E.  Now  the  tangent  or  line  of  contact  JfE^  is  that  straight 
line  in  the  direction  of  which  a  curve  D  JV*  proceeds,  when  from  a 
certain  point  (JV*)  it  ceases  to  change  its  direction ;  hence  the  new 
line  of  velocity  coincides  with  the  tangent,  and  the  perpendicular  line 
0  R  which  cuts  it,  is  accordingly  the  velocity  which  would  take  place 
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after  the  lapse  of  a  second,  supposing  the  motion  to  have  become  uni- 
formly accelerated  from  the  commencement  of  that  period,  and  lastly, 


Fig.  10. 
Ci 


Fig.  11. 


J^ 

J 
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a 

B^ 

if 

0 

the  difference  jR  Q  between  this  velocity  and  the  primary  velocity 
(Jf  A*)  is  the  acceleration  for  that  moment  which  is  determined  by 
the  point  M  in  the  time  line  A  B. 
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§  26.  Compound  Motion, — One  and  the  same  body  may  at  the 
same  time  have  two  or  more  motions ;  every  (relative)  motion  con- 
sists of  the  motion  within  a  certain  space,  and  of  the  motion  of  this 
space  within,  or  in  relation  to,  a  second  space.  Each  point  upon  the 
surface  of  the  earth  has  thus  two  motions,  for  it  revolves  daily  once 
round  the  axis  of  the  earth,  and  simultaneously  with  the  earth  once 
yearly  round  the  sun.  A  person  walking  on  board  a  ship  has  two 
motions  in  relation  to  the  shore,  his  own  motion  and  that  of  the  water ; 
water  flowing  from  a  hole  in  the  bottom  or  side  of  a  vessel,  whilst 
the  latter  is  moving  along  in  a  carriage,  has  two  motions,  the  motion 
firom  the  vessel  and  the  motion  with  the  vessel,  &c. 

Hence  we  distinguish  simple  and  compound  motion.  Those  recti- 
linear motions  are  called  simple^  of  which  other  rectilinear  or  curvili- 
near motions,  consequently  called  compound,  are  made  up,  or  may  be 
imagined  to  be  made  up. 

The  combination  of  several  simple  motions  to  form  one  single  mo- 
tion, and  the  resolution  of  a  compound  motion  into  several  simple 
motions,  will  be  treated  of  in  the  sequel. 

§  27.  When  simple  motions  occur  in  the  direction  of  one  and  the 
4 
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same  straight  line,  their  sum  or  difference  gives  the  resulting  com- 
pound motion,  the  former,  when  the  motions  take  place  in  the  same 
direction  ;  the  latter,  when  their  directions  are  opposite.  The  truth 
of  this  axiom  becomes  directly  obvious,  when  the  contemporary  spaces 
of  the  simple  motions  are  united  into  one.  The  contemporary  spaces 
c^  t  and  c,  t  correspond  with  the  uniform  motions  and  their  velocities 
Cj  and  c, ;  if  these  motions  go  on  in  the  same  direction,  then  after  t 
seconds  the  space  becomes  *  =  c^  ^  +  c,  ^  =  (c^  +  c,)  ty  and  conse- 
quently the  resulting  velocity  with  which  the  compound  motion  pro- 
ceeds is  the  sum  of  the  velocities  of  the  simple  motions.  When  the 
directions  of  both  motions  are  opposite,  then  s^  Cj^t  —  c^t^m^c^  —  c,) 
ty  here,  therefore,  the  resulting  velocity  is  equal  to  the  difference  of 
the  simple  velocities. 

Examph  1.  To  a  person  moying  with  a  velocity  of  four  feet  upon  the  deck  of  a  ship, 
in  the  same  direction  with  the  motion  of  the  ship  itself,  which  has  a  velocity  of  six  feet, 
the  objects  on  the  shore  appear  to  pass  by  with  a  velocity  of  4  -f-  6  bb  10  feet— 2.  The 
water  which  flows  from  the  lateral  opening  of  a  vessel  with  a  velocity  of  25  feet,  whilst 
the  vessel  containing  it  is  moved  in  an  opposite  direction  with  a  velocity  of  10  feet,  has, 
in  relation  to  the  other  objects  at  rest,  only  a  velocity  of  25  —  10  =s  15  feet. 

§  28.  The  same  relations  obtain  with  variable  motions.  If  one 
and  the  same  body  have,  in  addition  to  the  primary  velocities,  c^  and 
c.  the  constant  accelerations  p^  and  j9,,  then  the  corresponding  spaces 

are  c^  ^  ^s  V  J)^  ^c*  P%  jj>  if  the  velocities  and  the  accelerations  are  in 
^  2        2 

the  same  direction,  the  whole  space  corresponding  to  these  simple 

motions,  will  be : 

If  Cj  +  c,  =  c  and  p^  +  p^=s  p^  we  then  obtain  s  =s  ct  +  p  — ,  and 

it  follows,  consequently,  that  not  only  the  velocity  of  the  resulting  or 
compound  motion  is  made  up  of  the  sum  of  the  simple  velocities,  bat 
that  also  the  sum  of  the  accelerations  of  the  simple  motions  gives  the 
resulting  acceleration. 

Example,  A  magnet  falls  more  quickly  to  the  earth  than  another  body,  when  a  mass 
of  iron  is  immediately  below  it.  The  acceleration  which  the  magnet  experiences,  in 
consequence  of  this  iron,  may  be  considered  invariable  when  the  height  iVom  which  it 
/",  •  .  &\\b  is  small  and  the  mass  of  iron  very  considerable,  'u^,  an  extensive  layer  of  raagi- 
^  ■  netic  iron  ore.  If  this  acceleration  were  5  feet,  then  uie  magnet  would  faU  with  an 
increased  velocity  of  31,25  +  5  =  36,25  feet  in  the  first  second,  therefore  it  would  fall 
18|  feet  instead  of  15|  feet 

§  29.  Parallelogram  of  the  Velocities. — If  a  body  has  at  the  same 
time  two  motions  differing  from  each  other  in  direction,  it  will  assume 
a  medium  direction  between  them ;  and  if  these  motions  are  of  differ- 
ent kinds,  viz.,  the  one,  uniform,  and  the  other  i»Hifonply4aereasiDg,-  /^^  r 
then  the  direction  will  vary  in  every  part  of  the  motion,  and  the  mo- 
tion itself  become  curvilinear. 

The  place  O,  Fig.  12,  which  a  body  moving  simultaneously  in  the 
directions  ^  X  and  ^  Y  will  occupy  after  a  certain  time  (Q,  is  found 
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when  !he  fourth  corner  of  the  parallelogram  A  M  0  Jf^  determined 
by  iht  €ontemporaneous  trajectories  A  M 
^  X  and  A  J\*  =  y^  as  well   as  by  the  *^*f-  ^^- 

aagle  X  A  F^  or  the  diiipwiit  by  which 
Ike  directions  of  motion  deviate  fi-om  each 
other,  is  known*  The  correctness  of  this 
mode  of  procedure  becomes  evident  w^hen 
the  trajectories  x  and  y  are  supposed  de- 
scribed one  after  the  other,  and  not  at  the 
same  time.  In  compliance  with  the  one 
motion,  the  body  describes  the  trajectory 
A  M^  x\  and  in  compliance  with  the  ^"^ 
other,  the  trajectory  proceeding  from  M  in 

the  direction  of  A  F,  therefore  in  a  line  Jtf  Z  parallel  to  A  F,  or  the 
trajectory  A  JiT  =  y.  li  M  0  =  A  JV",  then  0  is  the  position  of  the 
body  corresponding  to  both  motions  x  and  y  simultaneously,  which,  in 
accordance  with  the  construction,  is  the  fourth  corner  of  the  parallelo* 
gram  A  M  O  Jf.  We  may  likewise  imagine  that  the  space  A  M  ^  x 
is  passed  over  in  a  line  A  X,  which  with  all  its  points  proceeds  at 
the  same  time  in  the  direction  A  F,  and  therefore  carries  with  it  M 
in  a  parallel  direction  to  A  F,  and  causes  this  point  to  perform  the 
trajectory  M  0  =^  A  J^  ^  y. 

^  30,  If  both  the  motions  in  the  directions  A  X  and  A  Y  take  place 
uniform ly  and  with  the  velocities  c^  and  c^,  then  the  spaces  will  be- 
come ifter  a  certain  time  (t)  ix=^  c^t  and  y  =  c^  t;  their  relationship 

?  «=  -3.  is,  thereforej  the  same  at  all  times,  a  peculiarity  which  is  only 

proper  to  the  straight  line  A  0,  Fig.  13.     Hence  it  follows  that  the 

compound  motion  proceeds  in  a  straight 

line*     If,  with  the  velocities  A  B  ^  c^  and  *"%-  '3- 

A  C  ^  €^  the  parallelogram  A  B  C  D  is  y^ 

constructed,  its  fourth  corner  gives  the  po-  7 

sition  D,  in  which  the  body  will  be  placed  / 

af^er  the  lapse  of  one  s^otMJ.     But  as  the 

resulting  motion  is  rectilinear,  it  follows 

that  it  must  always  occur  in  the  direction 

of  the  diagonal  of  that  parallelogram  which 

is  constructed  by  the  velocities.     If  the 

trajectory  A  0  which  is  actually  passed 

through  in  the  time  (  be  =  s,  then,  on 

account  of  the  similarity  of  the  triangles  AM  0  zndABD^  w^e  have: 

*       AD        .  .  , , .        *    .  x.A  D 


AB' 
,t  ,A  D 


and  it  consequently  follows  that  this  trajectory  s  = 


AB: 
^  A  D  ,  t.     In  accordance  with  the  last  equation,  the 

trajectory  in  the  diagonal  is  proportional  to  the  time  (^),  the  motion 
itself  consequently  uniform,  and  the  diagonal  A  D  its  velocity* 

The  diagonal f  therefore,  of  a  parallelogram  formed  by  two  vehdHeM^ 
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UTS  -^i  they  nmke  mitk  each  other ^  git^^es  the  direr tion  and 

mr^  ;  iiduaUy  resultiitg  viotion.     This  parallelogram  \n 

cmlled  the  paralteiogtQm  of  velocities^  the  simple  velocities  are  called 
the  componmtSj  and  the  compouod  velocity  the  resultant, 

§  p31.  By  the  ust  of  trigoDometrical  formulie,  the  direction  and  mag- 
Ditude  ofthe  mmxi  xehmXjj^^^a^mag^m^*  '  ilculatioD.     The 

resoluliao  of  one  of  the  t^^^^^^^^fMy  fK  of  which  the 

parallelogram  of  relocities .  /  '   ''  ^"   '        '  d^^es  the 


_^_^^ ,25,19  cot.  130^  ^ 

^0.19  cm.  50«  =^S(i~050  col  50^  ^  ^86—010,7  s==  ^75,3  *= 


quel 
sequ 

^  *. I    ^*u»  «|    ^    *f  *44~fc  if»  -^^    gw 

Lastly,  if  the  %^elocities  enclose  a  right  angle,  then  likewise  wa  oh- 
more  simply: 

c  =  >/cj*+c/  and  (aw^.  ^  =*  ^, 

ExampU  1.  The  water  flowing  from  a  veMel  or  a  maohirie  has  a  velof  uy  r  j 
whilal  the  vessel  i*  nioveti  with  a  velocity  f^  =  10  f^et  in  a  direction  fijruimg  an  angle 
a^  ^  13U^  will)  tlie  clirection  of  the  ^wing  wnior.  What  i^  the  iUrectiun  anti  magm- 
tutle  of  the  restiltant,  or  as  it  b  also  callw!,  tJit*  absolute  vplof-ity? 

Tl*c    required    renultiog   velocity  h   t  ==  %/a&*  +  11B«^  2  ■ 
^mb-^  3(jl-^ 
19.37  feel. 

19  fin.  130** 

Moreover^  tm,  ^^ ^  0,9808  tin.  SiP  ^  0,7513,  and  VfmseqiMni\Y  Uio 

angle  by  which  the  lesuliani  differs  from  the  velocity  e^p^:i*i*^,W  and  the  tiftgle 
which  it  makes  with  the  direction  of  motton  of  tlie  vcsseh  k~^  ^31'°  18^, 

2.  If  ihe  former  veiocuies  were  acting  at  right  aifgle&  lo  eocL  other,  tlieit  €0t*  a  ^stot. 
Ite'^  ^  0^  thenoe  the  tnsati  velocity  c  =  v'^i  ^31,40  feetj  for  it»  tlireciion  we  should 

10 
haT©  lang,  ^^~cs  0.76^  and  oon«qaently,  its  dovifttiOA  ffom  the  flrst  velocity:  f 

11  37M4'. 

§  32,  Any  given  velocity  may  be  supposed  to  consist  of  two  com- 
ponents, and  can  consequently  be  resolved  into  them,  in  accordance 
with  certain  conditions*  If,  for  instance,  the  angles  D  .^  B  =  f  and 
D  A  C  =  ^^  Fig.  14,  are  given,  and  enclose  the  velocities  required 
together  with  the  raenn  velocity  *9  jD=  c,  then  draw  through  the  ter- 
minal point  D  other  lines  which  represent  the  degrees  corresponding 
to  c,  parallel  to  the  directions  M  X  and  ^3  F;  the  points  of  section 
will  then  cut  off  the  required  velocities  AB^c^  and  *4  C=  c^* 
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Trtgoiiometry   expresses  these   velocities   by  the   formula  c^  ^ 

In  the  usual  practical  cases,  the  two 


C  Alt.  4 


€  mn,  f 


m,  (f  +  4)  ^      nn,  (f +4) 

▼elocities  are  at  right  angles  to  each  other,  and  then  ^  +  4  ^  90°,  sin* 

(t  +  4)^lf  aad  it  follqjvs: 

Cj  =  €  COS.  t  and  c^  =  c  sin,  ^. 
Therefore,  with  one  component  (^^J  and  its  angle  of  direction  (^), 
the  directioo  and  magnitude  of  the  other  component  may  be  estimated. 
Lastly,  from  the  velocities  c,  c^  and  c,  alone  their  angles  of  direction 
may  be  determined,  as  the  three  angles  of  a  triangle  may  be  com- 
puted by  the  three  sides. 

Example.  Stippo«e  velocity  f  =  10  icet  is  to  be  r«»olveil  mto  iwo  oompcmcnts  which 
deTiMte  from  its  direciion  by  the  aiigle  f  ^  65**  and  4^  ^  70*.  Theso  velocities  will  be: 

10  tin.  70<*  9,397  10  tin.  65^         9,063 

'   -  13,29  feet  aiid  ci  =    _  10.0"  =77^77  =  ^^^^^  ^ 


ftft,  135^ 


.45'^ 


I3a<*    "0,7071 


Fi^.  15, 


_£i. 
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§  33.  Composiiion  and  Resolution  of  Velocities. — By  repeated  ap- 
plication  of  the  paraUelogram  of  velocities,  any  nnmber  of  velocities 
may  be  rediiced  lo  pne^  By  constrt^Qting  the  parallelogram  ABDC^ 
Fig,  15,  fhe  «9teftii  velocity  ^  D  ^c^  and  c^  is  obtained;  by  con* 
structing  the  parallelogram  A  D  F  E^ 
we  get  the  mean  velocity  Jl  F  Xo  Jl  D 
and  j}£=?  c^;  and  in  like  manner  by 
constructing  the  parallelogram  M  FII G, 
the  mean  velocity  A  H  ^  do  A  F  and 
J  G  ss  c^  is  obtained,  and  thus  the 
mean  of  c,,  c^,  c^,  and  c^. 

The  simplest  method  of  obtaining  the 
mean  velocity  in  question,  is  by  the  con- 
struction of  a  polygon  A  B  D  F  H^  the 
sides  of  which  ^^,  BD.DF,  and  FH, 
are  drawn  parallel  and  equal  to  the  given 
velocities  c^^  r^,  Cg,  and  c^;  the  last  side 
^His  then  always  the  resultant  velocity. 

In  the  case,  also,  in  which  the  velocities  are  not  in  the  same  plane," 
the  mean  velocity  may  be  ascertained  by  repeated  application  of  the 
parallelogram  of  velocities*     The  mean  velocity  ,4  2^=  c  (Fig,  16)  of 
three  velocities  A  B  =  c,,  .>?  C  ^  c^  and 
jf  £  =  c^,  which  are  not  in  the  same  plane, 
is  the  diagonal  of  a  parallelepipedon  B  C 
G  Hy  the  sides  of  which  are  equal  to  these 
velocities.     The  parallelepipedon  of  velo^ 
ciHes  isj  therefore,  also  a  terra  in  general 
use, 

§  Si-  Composiiion  qf  the  Accelerations. — 
Two  uniformly  accelerated  motions,  begin- 
ning with  null  velocity,  produce,  when 
combined,  a  uniformly  accelerated  motion 
in  a  straight  line.     If  the  accelerations  of  these  motions^  proceeding 

4» 
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in  the  directions  A  X  and  A  F(Fig.  17)  are  p^  and  j9,,  then,  at  the 

close  of  the  time  t^  the  spaces  will  be  ^  .Af 

^''^'  *^-  «a:=  :Pl?.,  and  AJf^y^  ^,  and  their 

relation  -=-  2l — ^^ml  is  in  no  way  depend- 

ent  upon  the  time ;  and,  consequently,  the 
trajectory  A  O  of  the  compound  motion  is 
rectilinear.  If  .^  £  is  made  =3/7^  and  BD 
i^A  C^p^y  we  obtain  a  parallelogram  A  B 
D  C,  which  is  similar  to  the  parallelogram 

jiJtfOJV,  and  from  which  ^^^"^^ 

AD     AB 

i^=i.  <*;  therefore,  jJ  0=1  ^  D  .  <'.     From  this  equation  it  ap- 

Pi       ^  .  '^ 

pears  that  the  trajectory  A  0  of  the  compound  motion  is  proportional 

to  the  square  of  the  time ;  the  motion  itself,  therefore,  uniformly  accele- 
rated, and  its  acceleration  is  the  diagonal  A  D  of  the  parallelogram 
constructed  by  the  simple  accelerations  p^^  and  p^. 

In  the  same  manner,  therefore,  as  velocities  can  be  composed  or 
resolved  by  the  parallelogram  of  velocities,  and,  according  to  pre- 
cisely the  same  rules,  accelerations  may  be  united  into  one,  or  broken 
up  into  several  others  by  a  parallelogram,  which  is  called  the  paraU 
lelogram  of  accelerations. 

§  35.  Combination  of  Velocity  and  Acceleration, — By  the  cpmbinO' 
tion  of  a  uniform  with  a  uniformly  accelerated  motion^  an  "entirely 
variable  motion  is  produced  when  the  directions  of  the  motions  do  not 
coincide.-'  In  a  certain  time  ty  with  the  velocity  c  in  the  direction 
A  F,  (Fig.  18,)  the  trajectory  .^  J\r=sysatc  t  will  be  described,  and  in 

the  same  time  with  an  unchange- 
^*K- 18'  able  acceleration,  and  a  direction 
X    AX  9X  right  angles  to  the  former, 

P  ^ 

the  trajectory.^  Jtf=xs=-^~— will 

be  described,  and  the  body  arrives 
at  the  terminal  point  O  of  the  pa- 

\rallelogram  composed  of  y=c^ 
anda:=A?l.  With  the  aid  of 
these  formulae,  the  position  of  the 
body  can  be  determined  for  any 
given  time,  but  it  is  not  always  in  one  and  the  same  straight  line,  for 

if  from  the  first  equation  we  take  ^=:^,  and  place  this  value  in  the 

second,  we  obtain  the  equation  x=.?^.  In  accordance  with  this, 
the  trajectories  {x)  in  the  direction  of  the  second  motion  do  not  cor- 
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Fig.  19. 


md  with  those  in  the  first,  but  with  the  squares  (^)  of  those  in 
be  first;  and^  consequeiitly,  the  trajectory  of  the  body  is  not  recliUit 
ear,  but  is  a  certain  curved  line,  known  in  geometry  by  the  name  of 

Bmttirk.  Let  Ji  BC,¥ig.  19,  be  o  mtw  with  a  circulai  bwe  A  BBF^ let  D E F  h& 
ymeskmot  it  [mraltel  to  ibe  side  B€  «nJ  at 
;.e  sseenion  J  B  Cj  amr  let  O  P 
(  acction  |>ara!lel  to  the  lwi*c, 
— u  y,  fil  s«  eifcu  (ar ,  The  n  bt  £  J* 
■  if  section  between  the  hase  and  tlie 
t,  atid  O  N  ihni  between  buth  sec- 
imn^tii^,  then,  in  the  trianguiar  seciw^jn 
l^BC^  the pamllel  ihfttn«lor»  Ji B and  P Q, a»d 
I  Id  the  ^^tkni  D  £  F,  ihc  tkXiB  DG.  Then,  lor 
Iflje  hair  ciiuJTii  of  tlie  drulii,  Jlf  i\^=  JIf  O,  the 
on  apptics  Jtf  A*'  =  P  Jf  X  ifcf  Q;  but 
^  BG  find  for  P  Jtf  we  hare  the  propoi- 
i  P  M.  M  D=JG  :V  G;hesux,n  follows 

Ijr  iPs^a  GX ^-^ ->    But,  in  like  Tfian- 

Itopr^  G  E^^B  GX  J  G;  if  one  equation   is 
Mivirled    by   the   other,   we    obialn,    there fore^ 

'  ir — ■^-— ^  ;  the  portiotia  cut  off  firom  die 

P  G      G  £* 

aii«  (a^idiitf)  bear,  ihererore,  the  same  pro- 

Burliun  to  eodi  other  as  the  JUiiiEU-ea  of  the  cor- 

j^rapotwlitig  petpendicularit    (mfdinata).      This 

liLW  Kgfeej  compleiejy  with  the  law  Cot  motion 

f£cmnd  al>ove ;  this  rnotiou^  there/bre^  lakea  place  in  a  cufved  ]me  D  N  E^  which  cati  be 

tinjwn  to  be  a  a^cikjci  of  the  oo lie  (Conic  Section), 

§  36-  Parabolic  Maiion, — In  order  thoroughly  to  comprehend  mo- 
tion produced  by  the  combinatioo  of  velocity  and  acceleration,  we 
must  be  able  also  to  indic^e  the  rftVedfo^i^  velodt^^nd  the  space  passed 
ihrdugk  SM^g  any  leng^  of  time  (i).  The  velocity  parallel  to  j^  Y 
is  invariable  and  =  c>  that  ^vhich 

is  parallel  tovi  X  is  variable  and  ^'^-  ^^* 

5=  pi.  U  with  these  velocities, 
O  Q=^  CBTid  0  P  =  p  t^  the 
parallelogratn  0  P  R  Qis  con- 
^Btnicted,  Fig.  20*  we  obtain  in 
its  diagonal  O  R  the  mean,  oi* 
that  velocity  with  which  the  body 
at  0  follows  the  parabolic  curve 
vi  0  U.     This  velocity  itself  is 

In  like  manner,  0  R  is  the 


-*<l 


tangent  or  direction  in  which  the 
body  at  0  proceeds  for  a  single 
instant,  and  we  obtain  for  the 
angle  P  O  R  =  XTO^^  which  it  makes  w  ith  the  second  direction 

(aEs)  ji  X^  the  formula  tang,    f  —  — -^  =  — . 

OP       pt 

In  order,  lastly,  to  find  the  space  passed  throughj  or  the  curve  A  0 
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sa  8  Vie  can  apply  the  equation  e^vt  (§  19) ;  according  to  which  we 
can  calculate  minute  portions  of  it,  which  may  be  considered  as  its 
elements.  The  higher  branches  of  geometry  supply  us  with  a  com- 
plicated formula  for  calculating  the  parabolic  curve. 

§  37.  As  yet  we  have  assumed  that  the  primary  directions  of  mo- 
tion formed  a  right  angle  with  each  other,  and  we  must  now  study 
more  closely  that  case  in  which  the  direction  of  the  acceleration  makes 
a  certain  angle  with  that  of  the  velocity.  If  the  body  (Fig.  21}  has 
in  the  direction  Jl  Y^  the  velocity  c,  and  in  the  divfi^xon,^  Xj^  wjiiqh 
makes  with  the  first  the  angle  X^^Y^r^  a  tM  VfiloMfy  fi^  then  A  is 
no  longer  the  vertex,  and  A  X^  no  longer  the  axis,  but  only  the  direc- 
tion of  the  axis  of  the  parabola.  The  vertex  C  is  nMwh  mmv  de- 
pendent upon  the  co-ordinates  ^  B^a  and  B  C^h^  the  latter  of 

which    coincides  with    the 
^v-^^-  axis,  and  the  former  is  at 

right  angles  to  it,  beginning 
at  the  commencing  point  of 
the  motion  A.  The  velocity 
•^  D  a  c  is  made  up  of  the 
components  A  F^c  sin.  a 
and  AE  =>  c.  cos.  a.  The  for- 
mer of  these  remains  always 
the  same,  but  the  latter  must 
be  made  equal  to  the  variable 
velocity  p  ^,  supposing  that 
the  body  has  required  the  time 
t  to  move  from  the  vertex  C  to 
the  real  commencing  point  A. 

We  have,  therefore,  c.  cos.a=^p  ^  consequently  t  =,£-^?fl-?,  and 


1.  A  B=sa=  c  sin.  a.  t^s 


(^sin.acos.a     c'nn.Sa 


2.  BC^b^IL^ 


(?  COSla* 


2p 


p 

and 


If  by  these  distances  we  have  found  the  vertex  of  the  parabola  C, 
then,  beginning  from  thence  we  can  find  for  any  required  time  the 
position  O  of  the  body.     Moreover  we  have:  making  C  M^x  and 

J(f  0  =  V  the  general  formula  x  -s  — ^J\      .,  also  y^c  sin.  a    |  ^  ^ 


JUmarkt,  The  theory  of  parabolic  motion  produced  by  an  invariable  velocity  and  a 
constant  acceleration,  which  we  have  just  been  considoringf  finds  its  application  in  tlie 
doctrine  of  Profediks,  The  bodies  projected  either  upwards  or  downwards  would 
describe  a  parabolic  curve  as  tlie  result  of  their  primary  velocity  (r)  and  the  acceleration 
of  gravity  Qf  =  32.2  feet),  if  the  resistance  of  the  air  could  bo  prevented,  or  the  motion 
oDuld  take  place  in  a  vacuum.  If  the  projectile  velocity  is  not  great,  and  the  body  is 
very  heavy  as  compared  with  its  volume,  then  the  deviation  from  the  parabola  is  small 
enough  to  be  altogether  neglected.  The  most  perfect  instance  of  the  parabolic  course  is 
witnessed  in  columns  of  water  flowing  from  vessels,  or  from  jets,  &c.  Bodies  sliot  ofi!*, 
viz.,  bullets,  describe  curves  which  deviate  considerably  from  the  parabola'  in  conse- 
quence of  the  great  resistance  of  the  air. 
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§  38.  A  body  projected  at  an  angle  of  elevation  Y A  D=^  a  (Fig. 
22),  rises  to  a  certain  height  B  C,  which  is  called  the  height  ofpTojec-^ 
tionj  and  it  attains  the  horizontal  plane,  from  which  it  departed  at  •^, 

Fig.  22. 


at  a  distance  ^D,  which  is  called  the  range  of  projection.  It  follows, 
according  to  §  37,  from  the  velocity  c,  the  acceleration  g,  and  the  angle 
of  elevation,  tiiat  when  j9  is  replaced  hyg  and  a^  by  90^  +  o^,  there- 
fore COS.  a  by  rin.  a: 

the  height  of  projection  i8BC=o=s  — ^ >  ^'^"» 

the  half  of  the  range  of  projection  •^  JB  =  a  =         '  ". 

On  the  contrary,  the  height  corresponding  to  any  horizontal  distance 
.4JV=j3B— JVB  =  a  — ybecomesJVO=BJtf=:CJB  — CJtf= 
gy'  c'sin.a^  gf  f 

4  h  cos.ar 


b — a:  =  6  — 


2(^C0S.a^ 


2g 


2c^C0S.a^ 


when  h  represents  the  height  due  to  velocity 


%■ 


It  is  evident  from  the  formula  for  the  range  of  projection,  that  this 
will  be  greatest  when  sin.  2  a  =»  1,  therefore  2a  =  90°,  i  c  a  =  45°. 
A  body  ascending,  therefore,  at  an  angle  of  elevation  of  45°  attains 
the  greatest  range  of  projection. 

Exampk  1.  A  jet  of  water  ascending  at  an  angle  of  elevation  of  66°  willi  a  velocity 
of  20  feet,  which  has  therefore  a  height  due  to  velocity  h  =  0,016.20'  =  6,4  feet,  attains 
the  height  6  ^  Jb  im.  «>  ss  6,4  {nn,  66°)'  =  5,34  feet,  and  has  a  range  of  projection 
a  =s  2.  6,4  fin.  132°  s  2.6,4  tin,  48°  s  9,51  feet.     The  time  which  each  particle  of 

water   requires  to   perfbnn   the  whole  parabolic   curve  A  C  D  is  ^s.  — '- := 

1. 17  seconds.    The  height  corresponding  to  the  horizontal  distance 


2.20.<m.66'' 
31,25 

Ji  N=s  3  feet,  is,  as  y 

0,73  b  4,61  feet 


9,51 


—  3=1,755,  i^O  =  5,34- 


1,7552 


4.0,4  (co«.  06°)2 


=  5,34  — 
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2.  The  jet  of  water  flowing  from  a  horizontal  tube  has  at  a  height  of  1}  feet  a  range 
(half  a  range  of  projection)  of  &i  feet,  what  is  the  velocity  of  the  water  ? 

From  the  formulax  i8  4^aB^itfoUoW8A^  1-,  if  x  in  this  ca8easl,75andyiB 


4.1,76 


2«»       4A  ~4x 

:  3,937  feet,  and  the  Telocity  corresponding  to  this  height  is  c  s 


5,25,  then  A  ass 
15,68  feet 

§  39.  Curved  Motions  in  General. — ^By  the  combination  of  several 
velocities  and  several  invariable  accelerations,  a  parabolic  motion  is 
likewise  produced,  for  not  only  the  velocities  but  the  accelerations 
also  may  be  united  into  a  single  one  ;  the  result  is,  therefore,  the 
same  as  if  there  were  only  one  velocity  and  one  acceleration,  t.  e.  only 
one  uniform  and  one  uniformly  accelerated  motion. 

If  the  accelerations  are  variable,  they  can  just  as  well  be  united 
into  a  mean  as  if  they  were  constant,  for  it  is  admissible  to  consider 
them  invariable  within  the  limits  of  an  infinitely  small  space  of  time 
(t) ;  and  the  corresponding  motions,  therefore,  during  that  space  of 
time,  as  uniformly  accelerated.  Of  course  the  resulting  acceleration 
is  variable,  as  are  its  components  themselves.  If  this  resulting  ac- 
celeration be  combined  with  the  given  velocity,  it  is  possible  to  deduce 
a  small  parabolic  curve,  according  to  which  the  motion  is  effected 
during  the  small  portion  of  time.  If  again  the  velocity  and  mean 
acceleration  are  determined  in  the  same  manner  for  the  next  small 
portion  of  time,  we  are  enabled  to  obtain  a  new  curve  belonging  to 
another  parabola;  and  if  this  be  farther  repeated,  we  at  last  obtain 
the  whole  course. 

§  40.  Any  minute  portion  of  any  curve  may  be  considered  as  the 
arc  of  a  circle.  The  circle  to  which  this  arc  belongs  is  called  the 
circle  of  curvature^  the  radius  pertaining  to  it  is  the  radius  of  curva* 
ture.  The  course  of  a  moving  body  may,  in  the  same  manner,  be 
composed  of  the  arcs  of  circles,  and  thus  a  formula  for  its  radius 
established. 

Let  ^JIf(Fig.  23)  be  a  very  small  trajectory  described  with  a 

uniformly   accelerated  motion*  x*^ 

Df*.  ^^ 

BB^in  the  direction  ^X.  and 
2 

let  .^  JV  be  a  very  small  uniform- 
ly described  trajectory  y  =  cr, 
and  Othe  fourth  terminating  point 
of  the  parallelogram  constructed 
from  X  and  y,  t.  e.  the  point  which 
a  body  proceeding  from  ^  would 
occupy  at  the  end  of  the  short 
time  (r).  Let  •^  C  be  drawn  at 
right  angles  to  Jl  F,  and  let  us 
observe  from  what  point  C  in  this  line,  a  small  arc  of  a  circle  throu^ 
Jl  and  0  can  be  drawn.  On  account  of  the  smallness  of  the  arc  ^  0, 
we  may  assume  that  not  only  C  ^,  but  also  C  O  P  is  at  right  angles 
to  j3  F;  that,  therefore,  in  the  small  triangle  JVO  P  the  angle  JVP  0 


Fig.  23. 


CURVED  MOTIONS   IN  GENERAL.  47 

is  a  right  angle.  The  solution  of  this  triangle  gives  us  0  Pa  0  JV* 
sin.  OJfP^AMsin.  XA  Y^ll^  sin.  a,  and  the  tangent  ^P  — 

j?JV*+JV*Pa=Cf4-^-^M.a=-:(c+^CM,o)t',maybe  made=  cr, 

because  ^  cos.  a,  on  account  of  the  infinitely  small  factor  r,  is  inap- 
preciable with  respect  to  c.  But  now  according  to  the  property  of  the 
circle  AI^=^POx(PO  +  2  C  O),  or,  as  P  0  vanishes  when  com- 
pared with  2  CO^AP^^PO  X  2  CO;  y^e  have,  therefore,  the  de- 
sired  radius  of  curvaturej        

2  P  O  p  t*  sin.  a  p  sin.  a 
By  the  aid  of  the  same  formula,  the  raidii  of  curvature  of  all  the  ele- 
ments of  curves  may  be  found,  when  the  respective  velocities  (c)  and 
the  acceleration  (p)  are  inserted,  and  also  the  angle  a  which  the  acce- 
leration makes  with  the  velocity,  or  with  the  direction  of  motion  indi- 
cated by  the  line  of  contact. 

Examftit,  For  the  parabolic  path  caused  by  the  acceleration  of  gravity,  we  have  r  ass 

0,031  — : ,  and  in  the  yertex  of  these  curves,  where  AaaOO^,  therefore,  m.  aaeil, 

ftfi.  a 

it  results  that  r  =s  0,031  e*.    With  a  velocity  of  20  feet,  it  would  therefore  be  found  that 

ras  12,4  feet;  the  fiirther,  however,  the  body  is  removed  from  the  vertex,  so  much  the 

smaller  «  beoomes,  and  so  much  the  greater,  therefore,  the  radius  of  curvature. 

§  41.  Proceeding  from  a  point  A  (Fig.  24),  where  the  acceleration 

is  effected  at  right  angles  to  the  direction  of  motion  A  F,  if,  therefore, 

c* 
a  SB  90^,  we  obtain  the  radius  of  curvature  CA^r»  — ,  and  the 

p 

velocity  at  the  following  point  0  is  composed  of  c  and  of  n  r,  hence 

rasv/c*  +  p*f*=aC4.  -il — ,  because  t  is  infinitely  small  compared 
with  c.  If  we  make  t?  =■  c  +  ^  r .  f ,  we  may  then  consider  ^2—  as 
the  acceleration,  and  JL —  ^  as  the  corresponding  increase  of  velo- 
city.    But  as  t  is  infinitely  small,  the  acceleration  £^  becomes 

also  infinitely  small,  and  in  one  SBimmt  of  time  we  have  an  infinitely 
small  increase  of  velocity,  and  may  therefore  consider  the  motion  uni- 
form, and  consequently  make  v  ^  c. 

If,  with  the  direction  of  motion,  the  direction  of  acceleration  also 
changes,  and  if  these  remain  constantly  at  right  angles  to  each  other, 
then  we  shall  always  have  v  ^  c;  the  velocity  of  motion,  therefore, 
remains  invariably  the  same  as  it  was  at  the  commencement,  namely 
«=  c.  An  acceleration  such  as  this,  which  is  always  at  right  angles 
to  the  motion,  or  causes  the  body  to  deviate  at  right  angles  from  the 
motional  direction,  is  called  normal  acceleratioHf  and  we  hence  know 
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Fig.  26. 


that  it  alone  never  causes  a  change  of  velocity,  but  only  a  deviation 
from  the  straight  direction.     According  to  the  formula  above,  r  =s 

—  we  must  make  the  normal  acceleration /»  »  —  ^the  square  of  the 

velocity  divided  by  the  iuff&^fi  radius 
of  curvature. 

In  the  circle  AOD  (Fig.  24)  the  ra- 
dius  of  curvature  (r)  is  the  radius  of  the 
circle  C^  =  CO  itself;  hence,  when 
motion  occurs  in  it,  the  acceleration  p 

SB  —  is  invariable.    An  invariable  ac- 

r 

celeration,  therefore,  which  constantly 
causes  the  body  to  deviate  at  right  an- 
gles from  its  motional  direction,  obliges 
it  to  revolve  in  a  circle. 

Example,  A  body  which  rotates  in  a  circle  of  5  feet  diameter,  in  siidi  a  manner,  that, 
for  each  reyolution,  it  requires  5  seconds  of  time,  has  a  velocity  c  s-s     *^  ss     *'     — 

2  .  vss 6,283  feet, and  a  normal  acceleration j9  a      '      ^     a  7,896  feet:  Tiz.,in  ererj 

5 
second  it  will  deviate  from  a  straight  line  by  §  j9  ass  §  x  7,896  ss  3,948  feet 

§  42.  In  the  simultaneous 
motions  of  two  bodies^  a  con- 
stant change  is. taking  place 
in  their  relative  position,  dis- 
tance, &c.,  but  with  the  aid 
of  the  foregoing  formulae  it 
may  be  found  for  any  given 
moment  of  time. 

In  Fig.  25,  let  A  be  the 
point  of  application  of  the  one 
body,  B  that  of  the  other;  the  first  advances  in  the  direction  A  Xin 
a  certain  time  {t)  to  JIf,  the  second  in  the  direction  £Fin  the  same 
time  to  JV;  we  then  have  in  this  line  the  relative  position  and  distance 
of  the  bodies  A  and  B  at  the  end  of  this  time.  If  we  draw  AO  pa- 
rallel with  JtfJV,  and  also  make  AO^  JtfJV,  then  will  the  line  AO 
likewise  give  the  opposite  position  of  the  bodies  A  and  B, 

If  further  we  draw  OJf^  we  obtain  a  parallelogram  in  which  OJf 
is  also  =  AM.  If  finally  we  make  BQ  parallel  and  equal  to  JfO^ 
and  draw  OQ^  we  have  then  another  parallelogram  BJfOQy  in  which 
one  side  BJV  is  the  absolute  path  {y)  of  the  second  body,  and  the 
other  side  BQ  the  path  {x)  of  the  first  body,  described  in  the  opposite 
direction.  The  fourth  corner  O  is  the  relative  position  of  the  second 
body,  in  so  far  as  it  is  referred  to  the  position  of  the  first  body,  which 
is  considered  as  invariable. 

The  relative  position  O  of  a  body  (jB)  in  motion  is  also  found  if 
we  add  to  the  body,  besides  its  own  proper  motion  (JBJV),  that  AM  of 
the  body  {A)  to  which  we  refer  its  position  J5Q,  but  in  an  inverse 
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direction,  and  then  resolve  these  motions  by  the  parallelogram  BJVOQ 
in  the  usual  manner. 

§  43.  If  the  motions  of  the  bodies  ^  and  B  are  uniform,  we  may 
substitute  for  ^M  and  £JV*the  velocities  c  and  c^  t.  e.  the  spaces  de- 
scribed in  one  second.  We  obtain,  therefore,  the  relative  velocitv  of 
the  one  body,  when  we  add  to  the  same  in  an  opposite  direction, 
besides  its  own  absolute  velocity,  that  of  the  body  to  which  the  first 
velocity  is  referred.  The  same  re- 
laticm  takes  place  with  the  accelera-  ^' 

tions.  ^  ^ 

EscmnpU,  A  looorootive  train  sets  oat 
upon  die  line  Ji  X,  Fig.  26,  from  Ji  with  a 
Telocity  of  35  feet;  another  simultaneously 
fiom  B  upon  the  line  B  F,  which  makes  with 
die  former  the  angle  B  D  X  ^  56^  with  a 
Telocity  of  20  feet  If  now  the  initial  dis- 
iBDoee  A  Cwsi  90,000  feet,  and  C  £  s  24,- 
000  feet,  how  great  is  the  distance  .^  0  of  the 
two  trains  at  the  end  of  a  quarter  of  an  hour? 
From  the  absohite  Telocity  B  £  ms  c,  as  20 
feet  of  the  second  train,  the  iuTerse  Telocity 
B  J*  ms CSS  35  feet  of  the  first,  and  the  in- 
cluded angle  E  B  F^a^lSO^  —  B  D  C 
3b180^ — 560sssl24^.  The  relatiTe  Telocity  of 

the  second  train  B  0^y/^ei+  c^*+2ee^cos.m  =  \/  35«  +  20«  —  2.35.20.  cot.  56^  as 
\/l225+  400  —  1400  cot.  56®  —  \/T625  —  782,9  =  %/842^  =  29,02  feet.   For  the 
angle  G  B  F^^  which  this  makes  with  the  first  direction  of  motion: 
.     ^       c,fm.56«      20.0,8290    ,       . 

2902  ^  2902  *  ^'  *****  ♦  ~  0,76690—1,  hence  f  ss  34®,  50'.  There- 
iore  in  ly  the  relatiTe  space  described  is  B  O  =29,02.900  s=s  26118  feet,  the  distance 
•^  ^  *»V(30000)«+  (24000)8=  38419  feet.    The  angle  B  A  C  z=z  A  B  F,  whose 

24000 
tangent  «  ^^^^  -s  0,8  =  38o,  40',  therefore  the  angle  A  B  0^  38®,  40'  +  4»  =  38® 

40'  +  34<>,  50'  =  73*',  30',  and  the  distance  of  the  two  trains  after  15': 

•^  ^^\^AB^+BO»  —  2AB.BOcot.ABO 

=  V'38419«+26118«  — 2.  38419. 26118  «».  73^,30' 
■=  V  158i}190000sB39852  feet 
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SECTION  II. 

MECHANICS,  OR  THE  PHYSICAL  SCIENCE  OF  MOTION  IN  GENERAL. 


CHAPTER  I. 

FUNDAMENTAL  PRINCIPLES  OF  BCECHANICS. 

§  44.  Mechanics. — Mechanics  is  the  science  which  treats  of  the 
laws  of  the  motion  of  material  bodies.  It  is  an  application  of  phoro- 
nomics  to  the  bodies  of  the  external  world,  in  so  far  as  the  latter  is 
concerned  with  the  motion  only  of  geometrical  bodies. 

Mechanics  is  a  part  of  natural  philosophy,  or  of  the  doctrine  of 
laws  according  to  which  changes  take  place  in  the  material  world, 
viz.,  that  part  which  considers  the  changes  in  bodies  resulting  from 
measureable  motions. 

§  45.  Force. — Force  is  the  cause  of  motion  or  change  of  motion  in 
material  bodies.  Every  change  of  motion,  viz.,  every  change  in  the 
velocity  of  a  body  must  be  regarded  as  the  effect  of  a  force.  For 
this  reason  we  measure  the  force  called  gravity  by  a  body  falling 
freely,  because  the  same  incessantly  changes  its  velocity.  On  the 
other  hand,  rest,  or  the  invariability  of  the  state  of  motion  of  a  body, 
must  not  be  attributed  to  the  absence  of  forces,  for  opposite  forces 
destroy  each  other  and  produce  no  effect.  The  gravity  with  which  a 
body  falls  to  the  ground  still  acts,  though  the  body  rest  upon  a  table; 
but  this  action  is  counteracted  by  the  solidity  of  the  table  or  of  the 
support. 

§  46.  A  body  is  in  equilibrium,  or  the  forces  acting  upon  a  body 
are  in  equilibrium,  when  there  is  no  residuary  effect,  no  motion  pro- 
duced or  changed,  or  when  each  neutralizes  the  other.  In  a  body 
suspended  by  a  thread,  the  strength  of  the  thread  is  in  equilibrium 
with  gravity.  In  forces,  equilibrium  is  destroyed,  and  motion  arises 
if  one  of  the  forces  be  removed,  or  in  any  way  counteracted ;  for  in- 
stance, a  steel  spring,  bent  by  a  weight,  enters  into  motion  when  the 
weight  is  taken  away,  because  the  force  of  the  spring,  called  elasti- 
city, then  comes  into  action. 

Statics  is  that  part  of  mechanics  which  treats  of  the  equilibrium  of 
forces.  Dynamics,  on  the  other  hand,  treats  of  forces  in  so  far  as 
they  produce  motion. 
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*  §  47,  JDimsion  of  Forces, — According  to  their  effects^  forces  are 
either  momTigJbrces  ot  resuiances ;  that  is,  as  motioais  brought  about 
or  impeded.  Gravity,  the  elasticity  of  a  steel  spring,  &c»,  belong  to 
modve  forces-  Friction,  the  solidity  of  bodies,  &c.,  are  resisting 
forces  or  resistances,  because  by  them  motion  is  either  diminished  or 
destroyed,  and  can  by  no  means  be  brought  about.  Moving  forces 
are  divided  into  accelerating  and  retarding ;  the  first  produces  a  posi- 
tive^ the  second  a  negative  acceleration;  by  the  one  an  accelerating, 
by  the  other  a  retarding  motion  is  produced.  Resistances  are  re- 
tarding forces,  but  a  retarding  force  is  not  always  a  resistance. 
Gravity,  for  example,  acts  upon  a  body  projected  vertically  upwards 
to  retard  it;  but  gravity,  on  this  account,  is  no  resisting  force;  for, 
by  the  consequent  falling  down  of  the  body,  it  then  again  becomes  a 
motive  one. 

There  is  a  distinction  between  constant  and  variable  forces.  While 
constant  forces  always  act  in  the  same  way,  and,  therefore,  produce 
like  effects  in  like  particles  of  time,  i.  e,  equal  increments  or  decre- 
ments of  velocity,  the  effects  of  variable  forces  are  different  at  different 
limes;  while  the  former  bring  about  a  uniformly  variable  motion,  to 
the  latter  corresponds  a  variably  accelerated  or  a  variably  retarded  one. 

§  48,  PrBsmre. — Pressure  and  traction  are  the  first  effects  of  forces 
upon  material  bodies,  ^y  means  of  them,  bodies  are  compressed  and 
eattended,  and  especially  changed  in  their  form.  The  pressure  in 
(raction  brought  about  by  gravity,  acting  vertically  downwards,  which 
the  support  of  a  heavy  body>  or  the  string  to  which  a  body  is  attached 
has  to  sustain,  is  called  the  weight  of  the  body. 

Pressure  and  traction,  and  weight  also,  are  magnitudes  of  a  parti- 
cular kind,  which  can  only  virtually  be  compared  with  each  other,  as 
the  action  of  forces  serves  for  their  measurement.  The  simplest,  and 
on  that  account  the  most  general,  means  of  measuring  forces  is  by 
weights. 

§  49,  EquaUiy  of  Forces, — Two  weights,  or  two  pressures,  or  trac- 
tionSi  and  also  the  forces  which  correspond  to  these  last,  are  equal, 
when  one  may  be  replaced  by  the  other,  without  producing  different 
effects-  If,  for  example,  a  steel  spring  be  bent  by  a  weight  G,  as  by 
another  Gj,  then  are  these  weights,  and  therefore  the  gravities  in  both 
bodies,  equal.  If  a  loaded  balance  be  made  to  vibrate  as  much  by  a 
weight  G  as  by  another  Gj,  substituted  for  G,  these  two  weights  G, 
Gj  are  equal ;  in  this  case,  the  arms  of  the  balance  may  be  equal  or 
unequal,  and  the  remaining  load  great  or  small. 

A  pressure  or  weight  (force)  is  2,  3,  4,  &c-,  times  as  great  as  ano- 
ther pressure,  &c*,  if  it  produces  the  same  effect  as  2,  3,  4  *  *  *  n  pres- 
sures together  of  the  second  kind.  If  a  balance,  otherwise  loaded  at 
will,  is  brought  into  the  same  vibration  by  a  weight  ( G)  as  by  the 
addition  of  2,  3,  4,  equal  weights  (GJ,  the  weight  (G)  is  2,  3,4^&c.» 
limes  as  great  as  the  weight  (GJ, 

§  50.  Mailer, — Matter  is  that  by  means  of  which  bodies  belonging 
to  the  external  world,  which  in  contradistinction  to  geometieal  bodies 
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we  term  material  or  physical,  act  upon  our  senses.    Mass  is  the  quan- 
tity of  matter  composing  a  body. 

BotHes  of  equal  volume,  or  equal  geometrical  contents,  have  gene- 
rally diflerent  weights  when  tbey  consist  of  different  kinds  of  matter. 
We  cannot,  therefore,  infer  the  weight  of  a  body  from  its  volume  until 
we  first  know  the  weight  of  a  unit  of  volume,  for  instance,  a  cubic 
foot  or  cubic  centimetre  of  the  matter  of  the  body- 

§  51>  Unit  of  Weight. — The  measurement  of  weights  and  forces 
consists  in  a  comparison  of  them  with  some  given  invariabte  weight, 
taken  as  unity.  The  choice  of  this  unit  of  weight  or  force  is  perfectly 
arbitrary;  it  is  nevertheless  advantageous  in  practicei  that  the  w^eight 
of  a  volume  of  some  universally  diffused  body,  equivalent  to  that  of 
the  unit,  should  be  chosen. 

The  units  of  weight  or  pressure  are  different  in  different  countries. 
In  England,  the  unit  of  pressure  from  which  all  the  rest  are  derived  Is 
the  weight  of  22,185  cubic  inches  of  distilled  water  (at  a  temp,  62^ 
Fahx.  taken  in  air,  and  the  height  of  barometer  at  30  inches).  This 
weight  is  equal  to  5760  grains;  which  again  is  equal  to  one  pound 
troy,  and  7000  such  grains  constitute  the  pound  avoirdupois.  The 
gramme  is  the  weight  of  a  cubic  centimetre  of  pure  water  in  a  state 
of  maximum  density  (at  a  temperature  of  4^  C).  The  Prussian  pound 
is  also  a  unit  referred  to  a  weight  of  water.  A  Prussian  cubic  foot  of 
distilled  water  in  vacuo,  and  at  a  temperature  15°  R,  weighs  66  Pms- 
sian  pounds.  Nowa'Prussian  foot  ^  139,13  Paris  lines  ^  0,3137946 
metres—  1,029722  English  feet:  hence  it  follows  that  a  Prussian 
pound  =  467,711  grammes  ^  1,031114  pounds  English.* 

§  52.  Inertia. — Inertia  is  that  property  of  matter,  in  consequence 
of  which  it  can  of  itself  alone  neither  acquire  nor  change  motion. 
Every  material  body  remains  at  rest  so  long  as  no  force  acts  upon  it, 
and  every  materia!  body  once  set  into  motion  maintains  a  unijomi^^ 
rectilinear  motion^  so  long  as  it  is  not  subjected  to  the  action  of  a  force/ 
Hence,  when  a  change  takes  place  in  the  condition  of  motion  of  a 
body,  when  it  changes  its  direction  of  motion,  or  when  it  acquires  a 
greater  or  less  velocity,  this  is  not  to  be  attributed  to  the  body  as  a 
certain  quantum  of  matter,  but  to  the  agency  of  some  foreign  cause 
or  force.  In  as  much  as  a  development  of  force  takes  place  at  every 
change  in  the  motion  of  a  material  body,  in  so  far  inertia  may  be 
ranked  amongst  forces. 

If  we  could  entirely  remove  the  forces  acting  upon  a  mass  in  mo- 
tion, it  would  move  on  uniformly  without  ceasing,  but  we  find  no- 
where such  a  uniform  motion,  because  it  is  not  possible  for  us  to  with- 
draw a  mass  from  the  action  of  everj^  force.  'Wlien  a  body  moves 
upon  an  horizontal  table,  gravity,  which  is  then  counteracted  by  the 
table,  exerts  upon  the  body  no  immediate  action,  except  that  from  the 
pressure  of  the  body  against  the  table  there  arises  a  resistance,  which 
we  shall  consider  more  closely  in  tlie  sequel  under  the  name  of  fric* 


•  In  the  United  States,  the  sinndard  weight  is  the  ijotind  troy,  tlie  original  of  wlilch  a  i 
ih&  mint  pouiut,  ooii£trucied  by  Capt.  Katei  at  the  fequeit  of  Mr.  GallatitL — Am.Eo. 
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tion,  which  incessantly  abstracts  velocity  from  the  moving  body,  im- 
parts to  it  a  retarded  motion,  and  brings  it  finally  to  rest. 

The  air  likewise  opposes  resistance  to  a  moving  body,  and  from 
this  resistance,  if  the  friction  of  the  body  were  entirely  put  aside,  a 
gradual  diminution  of  velocity  would  ensue.  But  we  find  that  the  loss 
of  velocity  becomes  the  less,  and  that  the  motion  also  approximates 
more  and  more  to  a  uniform  one,  the  more  we  diminish  the  number 
and  strength  of  these  resistances ;  and  hence  we  may  conclude,  that, 
by  the  removal  of  all  moving  forces  and  resistances,  an  entirely  uni- 
form motion  must  take  place. 

§  53.  Measure  of  Forces. — The  force  (P)  which  accelerates  an 
inert  mass  {M)  is  proportional  to  the  acceleration  (p),  and  to  the  mass 
itself  (JIf) :  it  increases  in  equal  masses  as  the  increment  of  velocity 
in  infinitely  small  times,  and  increases  by  equal  increments  of  velocity 
in  the  same  ratio  as  the  masses  become  greater.     The  mtuple  accele- 1 
ration  of  one  and  the  same  mass,  or  of  equal  masses  requires  an  mtu-j 
pie  force,  and  an  ntuple  mass  for  the  same  acceleration,  an  ntuple  | 
force. 

As  we  have  not  yet  chosen  a  measure  of  the  mass,  we  may,  there- 
fore, at  once,  put  P^Mpy  i,  e,  the  force  equal  to  the  product  of  the 
mass  and  the  acceleration,  and,  at  the  same  time,  in  place  of  the 
pmhfy  its  effect,  t.  e.  the  pressure  produced  by  it. 

The  correctness  of  this  general  law  of  motion  may  be  readily  proved 
by  direct  experiment :  for  example,  by  letting  equal  and  differently 
movable  masses  be  impelled  upon  an  horizontal  table  by  means  of 
bent  springs ;  and,  it  is  obvious,  from  this,  too,  that  all  the  conse- 
quences deduced,  and  all  the  laws  developed  from  them  for  com- 
pound motions,  fully  correspond  with  observation  and  the  phenomena 
of  nature. 

§  54.  Mass. — All  bodies  fall  at  one  and  the  same  place  of  the 
earth,  and  in  vacuo  equally  fast,  viz.,  with  an  invariable  acceleration 
g  =  9,81  metres  =  32,2  feet  (§  15) ;  if,  therefore,  the  mass  of  a  body 
=s  JIf,  and  the  weight  measuring  its  gravity  =  G,  we  have  from  the 
last  formula  G^Mg,  i,  e. 

the  weight  of  a  body  is  a  product  of  its  mass  and  the  acceleration  of 

gravity,  and  inversely:         Jlfs — ,  t.  e. 

the  mass  of  a  body  is  its  weight  divided  by  the  acceleration  of  gravity, 
or  the  mass  is  that  weight  which  a  body  would  otherwise  have  if  the 
acceleration  of  gravity  were  b  to  unity,  as  a  metre,  a  foot,  &c.  At 
a  point  upon,  or  in  the  vicinity  of  the  earth,  or  of  any  other  heavenly 
body,  where  bodies  do  not  fall  with  9,81  metres  =  32,2  feet,  but  widb 
a  velocity  (after  the  first  second)  of  one  metre  =  3|  ft.,  the  mass,  or 
rather  its  measure,  is  from  hence  immediately  given  by  the  weight  of 
the  body. 

'  According  as  we  express  the  acceleration  of  gravity  in  metres  or 
in  feet,  we  have,  therefore,  the  mass 

5* 
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Jtf«-S— 0,1019  G,  or 
9,81  ' 

Jtf=-^«0,031  G. 
32,2       ' 

The  mass  of  a  20  lb.  heavy  body,  Jlf»0,031  x  20=0,62  lb.,  and 
inversely  the  weight  of  a  mass  of  20  lbs.  Gb  32,2  x20xs  644  lbs. 

§  55.  In  so  far  as  we  assume  the  acceleration  {g)  of  gravity  as 
invariable,  it  follows  that  the  mass  of  a  body  is  exactly  proportional 
to  its  weight,  and  that  also  for  the  masses  M  and  Jlfj,  with  the  weights 

We  hence  obtain  the  weight  as  a  measure  of  the  mass  of  a  bod^ ; 
the  greater  the  mass  which  a  body  measures,  the  greater  is  its 
weight. 

The  acceleration  of  gravity  is,  in  fact,  somewhat  variable,  it  be- 
comes greater  the  nearer  we  approach  the  poles  of  the  earth,  and 
diminishes  the  more  we  advance  towards  the  earth's  equator;  it  is 
greatest  at  the  poles,  and  least  at  the  equator.  It  also  diminishes  the 
more  a  body  is  above  or  below  the  level  of  the  sea ;  and  attains  its 
greatest  value  at  the  level  of  the  sea.  But,  since  a  mass,  so  long  as 
nothing  is  added  to,  or  taken  from  it,  is  invariable,  so  that  at  all  points 
of  the  earth,  as  well  as  those  beyond  it,  at  the  moon,  for  instance,  it 
is  still  the  same ;  it  hence  follows  that  the  weights  also  of  bodies  are 
variable  and  dependent  upon  the  place  of  the  bodies,  and  must  be 

altogether  proportional  to  the  acceleration  of  gravity,  corresponding 

/^       _ 

with  the  place,  or  =  J-. 

^1     gi 
One  and  the  same  steel  spring  is  difierently  bent  by  one  and  the 

same  weight  at  different  places  of  the  earth;  it  is  least  at  the  equator, 
on  high  mountains,  and  in  deep  mines ;  greatest  in  the  vicinity  of  the 
poles,  and  at  the  level  of  the  sea. 

§  56.  Density  is  the  intensity  with  which  space  is  filled  by  matter. 
A  body  is  so  much  the  denser  the  more  matter  there  is  in  its  space. 
The  natural  measure  of  density  is  that  quantity  of  matter  (that  mass) 
which  fills  a  unit  of  volume,  because  matter  can  only  be  measured 
by  weight,  so  that  the  wight  of  a  unit  of  volume,  a  cubic  metre,  or 
cubic  foot  of  some  matter,  serves  as  a  measure  of  its  density. 

For  example:  the  density  of  a  cubic  foot  of  water  =  62,38  lb., 
and  that  of  cast  iron  =  452,13  lb.,  because  a  cubic  foot  of  water 
weighs  62,38  lb.  s  998,08  oz.  avd.,  and  a  cubic  foot  of  cast  iron 
weighs  452,13  lb. 

From  the  volume  F  of  a  body  and  its  density  y,  its  weight  G  = 
Vy.  The  volume  multiplied  by  the  density  gives  the  weight  of  a 
body. 

The  density  of  bodies  is  either  uniform  or  variable,  according  as 
equal  volumes  of  the  same  body  are  of  equal  or  of  unequal  weight. 
The  density  of  metals,  for  instance,  is  uniform,  or  they  are  homoge- 
neous, because  equal  and  very  small  parts  of  them  are  of  the  same 


SPECIFIC   GRAVITY.  65 

weight :  on  the  other  hand,  granite  is  a  body  of  variable  density,  be- 
cause made  up  of  parts  of  different  densities. 

Exttfnpk.^1,  If  the  density  of  lead  be  708  lbs.,  3,2  cubic  feet  of  lead  weigh  =s708X 
3,2=82266  lbs.— 2.  If  the  density  of  bar  iron  =  485,8  lbs. ;  a  mass  of  it  of  205  lbs.  has  a 

▼ohime  F=— =-— a=  0,4^^ cubic  a  =  0.4^^^  1728«:7g^^ubic  inches.— 3. 

10,4  cubic  feet  or  ^uf  perfectly  saturated  with  wafter,  weigh  5t7  lbs. :  the  density  of 

G         577 
diis  wood  is  therefore:  v  as—  =:.l--ss  55,5  lbs. 
^        V       10,4 

§  67.  Specific  Gravity. — Specific  gravity  or  specific  weight  is  the 
relation  of  the  density  of  a  body  to  that  of  the  density  of  some  other, 
generally  water,  taken  for  unity.  Now  the  density  is  equal  to  the 
: weight  of  a  unit  of  volume :  hence  the  specific  gravity  is  also  the 
relation  of  the  weight  of  one  body  to  that  of  another,  viz.  water, 
under  the  same  volume. 

In  order  not  to  confound  the  specific  weight  with  that  which  belongs 
to  a  body  of  a  certain  magnitude,  the  last  is  usually  called  the  abso- 
lute weight. 

If  y  be  the  density  of  matter  (of  water)  to  which  we  refer  the  den- 
sity of  other  matter,  and  y^  the  density  of  any  one  kind  of  matter, 
whose  specific  gravity  we  will  designate  by  i,  then  the  formula 

tas-^  and  yj  =  « .  y. 
y 
holds  good,  and  the  density  of  a  substance  is  equal  to  its  ^ecific 
gravity  into  the  density  of  water. 

The  absolute  weight  G  of  a  mass  of  volume  V  and  specific  gravity 
lis:  G  =  Fy,  =  Fiy. 
ExampU^ — 1.  The  density  of  pure  silver  is  653,368  lbs.  and  that  of  water  ss  62,38  lbs., 

consequently  the  specific  gravity  of  the  former ! — =  10,474;  ie.  each  mass  of 

62,38 

silver  is  lOj^  times  as  heavy  as  a  mass  of  water  filling  the  same  space. — 2,  The  specific 
gravity  of  quicksilver  ==  13,598;  its  density,  therefore,  is  as  13,598  X  62,38  =  848,24 
lbs. ;  a  mass  of  35  cubic  inches,  therefore,  weighs : 

848  V  35 
G=848,24 .  r=  -j^-  =  17,18  lbs. 

Banark,  In  these  calculations  the  use  of  the  French  measure  and  weight  has  this 
advantage,  that  in  order  to  efilect  the  multiplication  of  f  and  y^  it  is  merely  requisite  to 
advance  the  decimal  point ;  because  a  cubic  centimetre  of  water  weighs  one  gramme, 
and  a  cubic  metre  a  million,  or  one  thousand  kilogrammes.  The  density  of  quicksilver, 
according  to  the  French  measure  and  weight  ^  13,598  x  1^00  ^  13598  kilog. ;  i  e.  a 
cubic  metre  of  quicksilver  weighs  13598  kilogrammes. 

&  58.  The  following  table  contains  the  specific  gravities  of  certain 
bodies  constantly  coming  into  application  in  mechanics: 

Mean  specific  gravity  of  dry  laurel  wood  .            .  =«    0,659 

**                saturated  with  water  .             .  =     1,110 

Mean  specific  gravity  of  dry  pine  wood  .            .  =    0,453 

"                saturated  with  water  .            .  =    0,839* 

Quicksilver       .            .            .            .  .  =  13,598 

Lead    .            .             .            .            .  .            .  =    11,33 

♦  S«  «  On  the  Absorption  of  Water  by  Wood."— Po^c^iicAei  MUtheilungen,  Part  iv. 
1844. 
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Copper,  cast  and  compact            •            .            .  .  »    8,75 

"      forged     .             .             .            .            .  .  «    8,97 

Brass                  .            .            •            .            •  .a    8,55 

Iron,  cast,  white               .            .            .            .  .  b    7,50 

"       "     gray   .            .            .            .            .  .  =    7,10 

"       "     medium           .            .            .            .  .  =    7,06 

"     bar  iron                   .             .            .            .  .  =    7,60* 

Zinc,  fused          .            .            .            .            .  .  =    7,05 

"     rolled         .            .            .            .            .  .  =    7,54 

Granite                .....  2,50  to  3,05 

Gneiss                 .....  2,39  to  2,71 

Limestone           .....  2,40  to  2,86 

Sandstone            .....  1,90  to  2,70 

Brick      ......  1,40  to  2,22 

Masonry,  with  lime  mortar  of  quarry  stone :  fresh     .  .     =  2,46 

dry       .  .     =  2,40 

^            "            "          of  sandstone :  fresh     .  .     x=  2,12 

dry       .  .     a=  2,05 

»            "            "                 of  brick :  fresh      =  1,55  to  1,70 

dry        «  1,47  to  1,59 

Earth,  loamy,  hard  stamped,  fresh              .            .  .  »  2,06 

dry                .            .  .  =  1,93 

Garden  earth,  fresh            .            .            .            .  .  =»  2,05 

dry              .            .             .            .  .  =5  1,63 

Dry,  poor  earth      .            *.            .             .            .  .  =  1,34 

§  59.  State  of^gregaHon. — Bodies  appear  to  us,  according  to  the 
different  cohesion  of  their  parts,  under  three  principal  conditions, 
which  we  term  states  of  aggregation.  They  are  either  soUd  otfltdd^ 
and  in  the  latter  case,  either  liquid  or  gaseous.  Solid  bodies  are  those 
whose  parts  adhere  so  strongly  together  that  a  certain  force  is  required 
to  change  the  form  of  these  bodies,  or  to  effect  their  division.  Fluid 
bodies,  on  the  other  hand,  are  those  whose  parts  may  be  displaced 
about  each  other  by  the  smallest  force.  Elastic  fluid  bodies,  whose 
representant  is  atmospheric  air,  are  distinguished  from  the  liquid  re- 
presented by  water,  in  as  much  as  there  is  inherent  in  them  an  en- 
deavor to  dilate  themselves  more  and  more,  which  is  not  the  case  with 
water,  &c. 

While  solid  bodies  have  a  proper  form  and  determinate  volume, 
liquid  or  aqueous  bodies  possess  only  a  determinate  volume  without 
any  proper  form,  and  the  elastic  extensible  fluid  bodies  have  neither 
one  nor  the  other. 

§  60.  Division  of  Forces, — Forces  are  different  according  to  their 
nature ;  we  will  here  mention  the  principal : 

1 .  Gravity y  by  means  of  which  all  bodies  tend  to  approach  towards 
the  centre  of  the  earth. 

•  Rolled  bmkr  plate  iron  has  a  sp.  gr.  from  7,6013  to  7,7922,  or  a  mean  of  7.7344,  the 
amount  of  variation  being  ^^.^th  part  of  the  mean  density.  By  seventeen  trials  of  ham- 
mcred  6ar  iron,  its  mean  sp.  gr.  was  found  to  be  7,7254.  8te  ^'  Report  on  Strength  of  Ma- 
terialt  for  Steam  BoUen,"  p.  233.    Abo  Jsmmal  FrankHn  Intt.,  1837.— Ax.  £d. 
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2,  The  Jbrce  of  inertia^  which  manifests  itself  when  changes  in  the 
velocity  of  inert  masses  occur* 

3,  The  mmctdor  force  of  animated  beings^  the  force  exerted  by 
the  muscles  of  men  and  animals. 

4,  ElasHciit/  or  spring-force^  which  bodies  exhibit  in  a  change  of 
their  form  or  volume, 

5,  Hheforc^  of  heat  or  caloric^  in  consequence  of  which  bodies 
e3Cpand  or  contract  by  a  change  of  temperature* 

6,  The  Timgnetic  force,  or  the  atlraclioo  and  repulsion  of  magnets. 

7,  The  cohesive  force^  the  force  by  which  the  parts  of  a  body  are 
kept  together,  and  resist  separation. 

8,  Jlflkesio^iiy  the  force  with  which  bodies  brought  into  close  contact 
attract  each  other* 

The  resistances  of  friction,  rigidity,  solidity,  &.c.,  arise  mainly  from 
the  force  of  adhesion. 

§  61.  In  reference  to  forces  we  have  to  dutifiguish: 

1.  Its  point  of  application^  that  point  of  a  body  on  which  the  force 
immediately  acts, 

2.  Its  direction^  tiie  straight  tine  in  which  a  force  moves  forward 
its  point  of  application,  or  strives  to  move  it  forward,  or  to  impede 
its  motion*  The  direction  of  a  forces  like  every  direction  of  motion^ 
has  two  senses y  it  can  take  place  from  left  to  right,  or  from  right  to 
left,  from  above  to  below,  and  from  below  to  above.  The  one  is 
termed  positive^  the  other  negative.  As  w^  write  from  left  to  right, 
and  from  above  to  below,  it  would  be  most  convenient  were  we  to 
call  these  motions  positive,  and  those  in  the  opposite  direction,  nega- 
tive* 

3.  The  absolute  magnitude  or  intennty  of  a  force,  which,  as  above 
stated,  is  measured  by  weights,  as  pounds^  kilogrammes,  &c* 

§  62*  .Action  and  re-action, — The  first  effect  which  a  force  produces 
in  a  body,  is  a  change  of  form  or  volume  combined  with  extension  or 
contraction,  which  begins  at  the  point  of  application,  and  from  thence 
difTnses  itself  further  and  further.  By  this  inward  change  of  the  body, 
its  inherent  elasticity  is  called  into  action,  puts  itself  into  equilibrium 
with  the  force,  and,  therefore,  is  equal  and  opposed  to  the  force.  Ac* 
lion  and  re-action  are  equal  and  opposed  to  each  other.  This  law 
not  only  prevails  in  reference  to  forces  produced  by  contact,  but  also 
in  the  so-called  forces  of  attraction  and  repulsion  amongst  which  the 
magneiic  force  and  gravity  itself  may  be  ranked.  The  more  strongly 
a  magnet  attracts  a  bar  of  iron,  the  more  strongly  is  the  m  signet  itself 
attracted  by  the  iron*  The  force  with  which  the  moon  is  attracted 
towards  the  earth  (gravitation)  is  equal  to  that  with  which  the  moon 
reacts  upon  the  earth.  The  force  with  which  a  weight  presses  upon 
fU  support  is  given  back  in  an  opposite  direction ;  the  force  with 
which  a  workman  draws  or  pushes  at  a  machine,  &c.,  react*  upon 
the  workman  and  strives  to  move  him  in  the  opposite  direction. 
When  a  body  impinges  against  another,  the  pressures  are  reciprocally 
equal  on  each  of  the  bodies. 

§  63,  Division  of  Mechanics, — The  whole  subject  of  mechanics 
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may  be  included  under  two  principal  divisions,  according  to  the  state 
of  aggregation  of  bodies. 

1.  The  mechanics  of  solid  bodies^  which  is  also  well  named  geo- 
mechanics. 

2.  The  mechanics  of  fluid  bodies^  hydromechanics  or  hydraulics ; 
the  last  is  subdivided  into: 

1 .  Into  the  mechanics  of  water  and  liquid  bodies  especially,  %- 
dromechanics  or  hydraulics. 

2.  Into  the  mechanics  of  air,  and  other  aeriform  bodies,  especially, 
aeromechanics,  the  mechanics  of  elastic  fluids. 

If  we  now  have  regard  to  the  division  of  mechanics  into  statics  and 
dynamics,  we  have  the  following  parts: 

1.  Statics  of  solid  bodies^  or  geostatics. 

2.  Dynamics  of  solid  bodies^  or  geodynamics. 

3.  Statics  of  fluids^  or  hydrostatics. 

4.  Dynamics  offluids^  or  hydrodynamics. 

5.  Statics  of  aeriform  bodies^  or  aerostatics. 

6.  Dynamics  of  aeriform^  aerodynamics^  or  pneumatics. 


CHAPTER    II. 

THE  MECHANICS  OF  A  MATERIAL  POINT. 

§  64.  A  material  point  is  a  material  body,  whose  dimensions  are 
indefinitely  small  in  comparison  with  the  space  occupied  by  it.  In 
order  to  simplify  the  representation,  we  will  in  the  following  consider 
only  the  motion  and  equilibrium  of  a  material  point.  A  finite  body 
is  a  continuous  union  of  an  infinite  number  of  material  points.  If  the 
single  points  or  elements  are  all  perfectly  equal,  t.  e.  move  equally 
quick,  in  parallel  straight  lines,  we  may  then  apply  the  theory  of  the 
motion  of  a  material  point  to  that  of  the  whole  body,  because,  in  this 
case,  we  may  assume  that  equal  parts  of  the  mass  of  the  body  are 
impelled  by  equal  parts  of  the  force. 

§  65.  Simple  constant  Force. — If  {p)  be  the  acceleration  with  which 
a  mass  {M)  is  impelled  by  a  force,  we  have,  from  §  53,  the  force : 

P 

P  s=  Mp,  and  inversely,  the  acceleration,  p  =  -j^. 

If,  further,  we  put  the  mass  M  =  — ,  where  G  is  the  weight  of  the 

body,  tnd  g  the  acceleration  of  gravity,  we  hare  the  force : 

P 

1 .  P  =  -    G,  and  the  acceleration : 

g 
P 

2.  P^'-qS' 
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We  find,  therefore,  the  force  (P)  which  impels  a  body  with  a  cer- 
tain acceleration  (p)  when  we  multiply  the  weight  of  the  body  (G)  by 

the  ratio  ("  I  of  its  acceleration,  to  that  of  gravity. 

Inversely,  the  acceleration  (p),  with  which  a  body  is  moved  forward 
by  a  force  (P)  is  given,  when  the  acceleration  {g)  of  gravity  is  multi- 
plied by  the  ratio  \-p)  of  the  force  and  weight  of  the  body. 

ExtunpU,  Let  us  suppose  a  body  lying  oq  an  horizontal  and  perfectly  smooch  table, 
which  presents  no  impediment  to  the  body  in  its  course,  but  counteracts  the  effect  of 
gravity  upon  it  If  tiiis  body  be  pressed  upon  by  a  force  acting  horizontally,  the  body 
will  gire  way  to  this  influence,  and  move  forward  in  the  direction  of  this  force.  If  the 
weight  of  this  body  be  G  ^  50  lbs.,  and  if  Ps=  10  lbs.  presses  uninterruptedly  upon  it,  it 

p          in 
will  enter  into  a  uniformly  accelerated  motion  with  the  aooeleration|>^_^gsB x 

32,2  ss  %44  feet    On  the  other  hand,  if  the  acceleration  with  which  a  42  lb.  heavy  body 

9  0 

becomes acceleiafeed  bya  force  (P)  ^  9  feet,  then  will  this  foroe  P  ^IL  ,  G  s^  

^  '^  g  32,25 

X  42  »:0,031  X  878  a  11,7  lbs. 

§  66.  If  the  force  which  acts  upon  a  body  is  constant,  there  arises 
a  uniformly  variable  motion,  and  indeed  a  uniformly  accelerated  one, 
if  the  direction  of  the  force  corresponds  with  the  initial  direction  of  the 
motion ;  and,  on  the  other  hand,  a  uniformly  retarded  one,  if  the  direc- 
tion of  the  force  is  opposite  to  that  of  the  initial  direction  of  motion. 
If  we  substitute  in  the  formulae  (§  13  and  §  14)  for  j>,  the  value 

P        P 

—  sa  -p^  gfVre  obtain  the  following: 
Jtf        G 

I.  For  uniformly  accelerated  motions : 

P  P 

1.  ©  «  c  +  —gt,  ort?  =  c  +  32,2  —t. 

n.  For  uniformly  retarded  motions : 

1.  v^e  — ^gt^c— 32,2^  t. 

2.  s^et^  ^^  =.  c^—  16,1  f-  <•. 

G  2  '     G 

With  the  help  of  these  formulae  all  those  questions  maybe  answered 
which  can  be  proposed  relative  to  the  rectilinear  motions  of  bodies  by 
a  constant  force. 

ExampU^-^l,  A  carriage  weighing  2000  lbs.  goes  with  a  4  feet  velocity  upon  a  hori- 
sontal  Ime,  offering  no  impediments  to  it,  and  pushed  /brward  by  an  invariable  force  of 
25  lbs.  during  15  seconds,  with  what  velocity  will  it  proceed  after  the  action  of  this  force? 

p 
ThisTel0Git7VHBe-f.32,2  ^ /,  but  chb4,Pcs  25  lbs.,  G  «  2000,  and  fs  15;  hence 

25 
it  foUows,  V  as  4  4-  32,2 .  -— r^  •  15  ss  10,03  feet — 2,  Under  similar  circumstances  a  car- 
riage, weiring  5500  Ibs^  which,  setting  out  with  a  uniform  velocity,  has  traversed  950 
feet  in  3  minutes,  is  so  impelled  forward  by  a  force  acting  continuously  for  30  seconds, 
that  it  afterwards  passes  over  1650  feet  in  3  minutes;  what  is  this  force?    Here  the 
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initial  velocity  c  =  ^si*  ^  5|277  feel  p^r  second,  aild  ih©  terminal  velocity^  v  ^    ^^,. 

■  *^  3  B89  G  '  '- 

2=  Q  J60  feet  i  therefore  —  gf  s=  t?  —  c  ^  3,889,  and  the  force  P^  -^ — - —  =  0,031  X 
Ci  gt 


:  22,10  lbs.— 3.  A  iledge,  woighiiig  1500  lb«^  sUding 


5500  550 

3,889  X  -^  =  0,12056  X -J  = 

for  ward  with  a  15  ft*  veJfwity,  loses,  Thitiiigh   fTJotiont  upon   in  horizontal  support,  its 
whole  morion  in  25  eecood^;  how  great  i»  tbts  friction?     Here  the  motion  is  uniformly 


letflfded)  *i^d  ilie  terminal  vdocity  u^  0;  hence  c  =  33,2  —^^  and  F  i 

1500x15 
0,031  X  — -1^ — ==0,031  X^^OO  =  27,0  lbs.  the  friction   demanded.— 4.    Anothet 

iledge,  of  1200  Ibe,  and  12  feet  injiml  velocity,  has  to  overcome  by  its  motion  a  ftjetkra 
of  45  Ibs.^  what  velocity  has  it  after  8«eoond9,and  how  great  is  the  distance  described? 

The  terminal  velocity  ia  p  ^  12  —32,2  x    \Jiry    =  *^  ~  ^'^^  ^  ^-^^  ^^^^'  *"**  *^ 

(f-Ltf\            /12  4-  2M  \ 
~1— j  I  s  f 1^ 1  X  8  ==57*36  fcot. 

§  67.  Mechanical  Effect, — The  work  dane^  or  mechanic  a!  eflect^ 
is  that  effect  of  a  force  which  it  produces  in  overcoming  a  resist- 
ance:  as  that  of  inertia,  frj^tion,  gravity,  &c.  Work  is  performed 
when  loads  are  lifted^  a  great  velocity  imparted  to  masses,  bodies 
changed  in  their  form  or  dividedj  &.c*  The  work  done,  or  the  me- 
chanical effect  produced  depends  not  only  on  the  force,  but  also  on 
the  distance  through  which  it  is  made  to  act  or  to  oyercorae  the  resist- 
ance ;  it  increases,  of  course,  simultaneously  with  the  force  and  the 
distance.  If  we  lift  a  body  slowly  enough  to  allow  of  our  neglecting 
its  inertia,  the  labor  expended  iss  then  proportional  to  its  weight ;  for 
1,  the  effect  is  the  same  whether  m  (3)  times  the  weight  (m  G)  is 
lifted  to  a  certain  height,  or  whether  m  (3)  bodies  of  the  single  weight 
[G]  are  lifted  to  the  same  height ;  it  is,  namely,  m  times  as  great  as 
the  efibrt  necessary  for  the  lifting  of  a  single  weight  to  that  height; 
and,  again,  2,  the  work  is  the  same,  whether  one  and  the  same  weight 
be  raisedto7i(5)times  the  height  (n  ^),or  n (5)  times  through  the  height, 
and  it  is  of  course  n  (5)  times  as  great  as  if  the  same  weight  were 
raised  to  a  single  height  (A),  The  work  again  done  by  a  slowly  fall- 
iDj^  weight  is  proportional  to  the  magnitude  of  this  weight  and  the 
height  from  which  it  has  descended.  This  proportionality  also  holds 
in  every  other  kind  of  work  done.  In  order  to  make  a  saw-cut  of  a 
given  depth  of  double  the  length,  there  are  twice  as  many  particles 
to  separate  as  from  a  cut  of  a  single  length;  the  work,  therefore,  is 
twice  as  great.  The  double  length  requires  doable  the  distance  to  be 
described  by  the  force,  consequently  the  work  is  proportional  to  the 
distance.  In  like  manner  the  work  of  a  pair  of  mill  stones  increases 
with  the  quantity  of  grains  of  a  certain  kind  of  corn,  ivhich  they 
grind  to  a  certain  degree.  This  quantity,  under  otherwise  similar 
circumstances,  is  proportional  to  the  number  of  revolutions,  or  rather 
to  the  distance  which  the  upper  mill-stone,  during  the  grinding  of 
this  quantity  of  corn,  has  gone  through;  consequently  the  work  in- 
creases in  proportion  to  the  distance. 

§  68*  The  dependence  above  shown  of  the  work  produced  by  a 
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force  upon  the  magnitude  of  the  force  and  distance  described  by  it, 
allows  OS  to  take  that  amount  of  work  which  is  expended  in  over- 
coming a  resistance  of  the  magnitude  of  the  unit  of  weight  (as  a  kilo- 
mmme,  poond,  ftc.),  along  a  path  of  the  magnitude  of  the  unit  of 
fength  (metre  or  foot,)  as  a  unit  of  the  mechanical  effect,  or  the  dyna- 
mic unit,  and  then  we  may  put  the  measure  of  this  equal  to  the 
product  of  the  force  or  resistance,  and  the  distance  described  in  the 
direction  of  the  force  whilst  OYercoming  this  resistance. 

If  we  put  the  amount  of  the  resistance  itself  mc  P,  and  the  distance 
described  by  the  force,  or  rather  by  its  point  of  application,  in  over- 
coming this  IB  Sj  the  labor  expended  is: 

L  wmP  8  units  of  woric. 

In  order  to  define  more  clearly  the  unit  of  wioik,  for  whieh  the 
single  name,  Jynam,  may  be  used,  both  fadim  P  and  t  are  g^enerally 
given;  and,  therefore,  instead  of  units  of  ^ivoik|  we  saj  kdogram- 
metres,  pounds-feet ;  and  inversely,  metreUo.  ud  foeUpoonds  ac- 
cording as  the  weight  and  distance  are  exprcaa^d  in  kdognmnnes 
and  metres,  or  in  pounds  and  feet.  These  terms  are  uiualb  ex|»«ssed 
for  simplicity  by  the  abbreviations  mA,  or  km^  tb.ft.^  txffi*  lb. 

ESnmyfr.— 1.  In  order  to  raise  a  stamper  310  lbs.  15  inohas  high  the  medumScal  effect 
15 
£■■210  Xjrmc  262,5  it  lbs.  is  necessary.— 2.  Bjr  a  mechanical  effect  of  1500  ft  lbs., 

a  sledge,  which  in  its  motion  has  to  overoome  a  fHction  of  75  lbs.,  is  driven  forward 

a  space  s»  £  «.  1^  »  20  feet. 
*^  P  75 

§  69.  Not  only  in  an  invariable  force  or  constant  resistance  is  the 
\mox  a  product  of  the  force  and  distance,  but  also  the  labor  may  be 
expressed  as  a  product  of  the  distance  and  force,  when  the  resistance 
whilst  being  overcome  is  variable,  if  a  mean  value  of  the  continuous 
succession  of  forces  be  taken  as  the  force.  The  relation  is  here  the 
same  as  that  of  the  time,  the  velocity,  and  the  space;  for  the  last 
may  be  regarded  as  a  product  of  the  time  by  the  mean  value  of  the 
velocities.  The  same  graphical  representations  are  here  also  appli- 
cable. The  mechanical  effect  produced  or  expended  may  be  con- 
sidered as  the  area  of  a  rectangular  figure,  ABCD^  Fig.  27,  whose 

Fig.  28. 


n 

Fig.  27. 
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base  AB  is  the  space  described  (s),  and  whose  height  is  either  the 
invariable  force  (P)  itself,  or  the  mean  of  the  different  values  of  the 
forces.  In  general,  the  work  may  be  represented  by  the  area  of  a 
figure  .^^CJD,  Fig.  28,  which  has  for  its  base  the  space  (f),  and  whose 
height  above  each  point  of  the  base  is  equal  to  the  force  corresponding 
6 
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with  each  point  of  the  path  described-  If  the  figure  ABCD  be  trans- 
fonned  into  a  rectangular  one  ABEF  of  like  area^  we  have  the  height 
MF  =  BE  for  the  mean  value  of  the  force — the  mean  effbrL 

§  70.  Arithmetic  and  georoefry  give  different  methods  for  finding 
a  mean  value  from  a  constant  succession  of  magnitudes.  Amongst 
these,  Simpson's  nile  is  that  which  is  the  most  frequently  applied  in 
practice,  and  it  combines  a  high  degree  of  accuracy  with  great  sim* 
plicity* 

In  every  case  it  is  necessary  to  divide  the  space  *^B=j  i^^E-  ^^) 

into  n  (the  more  the  better)  equal  parts, 

^>g'  39^      as  J  Em.  EG^  Gh  &c.,  and  to  measure 

the  forces  EF=P^,  GH=P^,  IK=P^, 
&e,f  at  the  ends  of  these  parts  of  the 
distance.  Ifj  then,  we  put  the  initial 
force  ^4^=  P(j  and  the  force  at  the  other 
end  BC=  P, ,  we  have  for  the  mean 
force : 

P={hPo+Pi+Pt+P,+  ....  +P^x 
and,  therefore,  its  work  is: 
PiMhP.+Pi+Pi-^  ...  +P^,+hP.y^- 

fl 

If  the  number  of  parts  (n)  be  even,  viz.,  2,  4,  6,  8,  &c.,  Simpson's 
rule  gives  still  more  accurately  the  mean  force ; 

P-(P,+4P,+2P,+4P,+  -,,,  +4P.^,+PJ_^3% 
and,  therefore,  the  corresponding  work: 


Pi^CP,+  4P,  +  2P,+4P,+ 


+4P^,  +  Pj4. 


ExompU.  In  ortler  to  flod  tbe  meehanical  work  which  a  draught  horse  p^jffornis  in 
dm  wing  B  carriii|?B  oter  q  cerrajn  way,  we  make  use  of  a  d/namometeft  or  measurer  of 
foree^  which  lA  pvil  into  oommunioation  on  one  lide  witit  tlie  carriage,  and  on  die  other 
with  the  triioe«  of  the  horae,  afid  the  force  i«  observe*!  from  time  to  time.  If  the  initial 
foroe  Pp=  110  Ibft^the  force,  after  describing  25  feeii=  122  ibs.;  after  50  feei^^l27 
Ibfl.]  after  75  feet  =  120  Iba.,  and  at  the  end  of  the  whole  distance  of  100  feet  ^114 
lb**}  iheu  the  mean  value,  according  to  tlie  first  formula:  F^(Jk  *  110+122+1274- 
120  +  1 .  114) -4-  4  =  120,25  Ibe^  ami  the  mechanical  w^ork^  Ft^  120,25  X  100  b 
12025  ft,  lbs. 

iromth^f  second  ibrmula:  P  =  (110  +  4  .  122  + 1i  .  127  +  4  .  120+ ll4)-i- 3  X4 

1446 
^    12 
P  I  =  120,5  X  100  =  12050  a  Iba, 

§71. 


120,5  Ibs.i  and  the  mechanical  work 


Pnnmpk  of  the  Vis   Fira,  or  Living  Forces. — ^If,  in  the 
formula  of  (§  13)  s  =3  ov  ps  ^  — _ —  we  substitute  for  the 


acceleration  p^  its 


we  thus  obtain 


Ps=(^ 


»»— c» 


2-r 


if  we  designate  the  heights  due  to  the  velocities  ^—  and  — _  by  A  and  k^ : 
If  we  Interpret  this  equation,  so  useful  in  practical  mechames^  we 


^ne^as 


3C 


^-e-*-^ 


^^. 


y 


.-^J. 


Vr^* 


€-€r/i 


'^^U' 


/:r 


/^4r\f* 


^  ^*-x 


/^ 


-^         '         .'  -  J 


f  a^M    y^/  >      -<*^ 


^>;^  *^^.  =g^  ^  ^-^ 


C^21#-?  t        liS^        ^dm-9  * 


*^*^ 


^^^^^t^A 


mr^^  ^^'^yr. 


M^it^i^       ^ 


^    .^-^i!^    7i^.w^J^    ^'^B^^ 


£/*^ 


:^^t^   ^^--^^^ 


/ 


A^o^a-** 


.r^^^t^e^    ^^^ 


..*-c 


y^^^^Jk^t^-^ 


M.^^ 


/ 


tfi 


a     S 


Pr 


r  y  G 


M 


^^^^^i 


^    -   ^^J-iJf     <^€^/^ 


A     J^     ^     ^ 


.y 


/^ 


-i^  ,<^^^ 


^s^^t^z^^        ^li^^^^^t.^        .-^^i^       >>T^ 


d^^^..£^^^^^^  ^ccz 


^^   ,^^     ^ 


e^^-^^ 


>^ 


^M^ 


r#       ^  #  *  *^ 


i_^^-^-^ 


*T»n^ 


_€_  _  ^ 


f   '^L.^^S^-^  ^-( 
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find  that  the  work*  (P  s)  which  a  mass  either  acquires  when  it  passes 
from  a  lesser  velocity  (c)'into  a  greater  {v)j  or  produces,  when  it  is 
compelled  to  pass  from  a  greater  velocity  into  a  less,  is  constantly 
equal  to  the  product  of  the  weight  of  this  mass,  and  the  difierence  of 

1. 

2g      2g/ 

Examfk  1.  In  order  to  impart  to  a  carriage  of  4000  Um.  weight,  upon  a  perfeotly 

•moolh  laihowl,  a  Telodtjr  of  30  feet,  a  mechanical  wwk  P  «  s  —  O  k0,0155 i^  O  s 

0,0155X900X4000  sb  95S00  ft  Ihe.  if  required;  and  juft  so  much  work  will  this  car- 
riage perfonn  if  a  resistance  be  opposed  to  it,  and  it  be  gradually  bzought  to  rest — 2, 
Anodtei  carnage  of  6000  lbs.  goes  forvrard  with  a  velodtj  of  15  feet,  which  is  trans- 
formed by  a  force  acting  upon  it  into  a  velocity  of  24  feet,  how  great  is  the  work  acquired 
by  this  carriage,  or  done  l^  the  fiwoef    Ta^e  velocities  1^  and  ^  feet  correspond  the 

heights  due  to  velocity  ik,  a  i.  k  3,40  f^*ahd  ik  a  —  ^fifi2S  iti  fiom  this  the  me- 

chanioal  work  P  «  k  (Jk— A,)  G k5,441  X  6000s32m6  a  lbs.  If,  now,  the  distance 
be  known  in  which  this  change  of  velocity  goes  on,  the  force  may  be  found;  and  when 
this  is  known,  the  distance  may  be  determined.  In  this  last  case,  for  example,  let  the 
distance  of  the  carriage  amount  to  100  feet,  and,  whilst  describing  this,  the  v^odty 

passes  from  15  into  24  feet;  we  have  the  force  P  IB  (A— *,)^«  ^2^  »  39»^  lbs. 

Were  the  force  itself  2000  Ibs^  the  space  «  would  be  ^  (h—hA  ~»  ^^^  as4%92g 

•'  P        2000 
feet — 3.  If  a  500  lbs.  sledge  has  entirely  kMt,  through  iHction  on  its  path,  its  velocity  of 

16  feet,  after  describing  a  space  of  100  feet,  then  is  the  resistance  of  friction  P  a  — 
.  0^155  X  16iX  -^ -  0,0155  X  256  X  5  -  19,84  lbs. 

§  72.  The  formula  found  for  the  work  in  the  foregoing  paragraph  : 

is  not  only  good  for  constant,  but  also  for  variable  forces,  if,  instead  of 
P,  the  mean  value  of  the  force  (from  §  70)  be  introduced ;  for  if  the 
whole  space  {s)  of  motion  be  considered  as  consisting  of  equal  and 

uniformly  accelerated  parts  described  I — j,  then  we  have  the  amount 
of  work  for  these : 

-1      ^-G, 


V, 


2g 


G, 


'.(t)-#°- 

&c.,  in  so  far  as  v^,  t^„  t^,,  &c.,  stand  for  the  velocities  acquired  at  the 
end  of  these  parts  of  space ;  and  by  the  addition  of  all  these  works 
we  have  the  whole  work  required  for  the  transformation  of  the  velocity 
c  into  V : 

P  smm  (P  +p  +p  +. . .)_»    ^  ^  G,  because  for  an  infinite  num- 

n        2g 

•  i  e.  Working  power. 
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bcr  (n)  of  forces  {P^+P^+P^+..  •)"Hi,  it  transfonns  itself  into  a 
mean  .force,  and  because  the  members  on  the  right  hand  of  the  equation 

^  G  and  — ^  G,  as  also  ^  Gand  — Hl  G,  &c.   are  opposed  to 

each  other,  so  that  the  members —  G  and  --  G,  determined  by  the 

.  ..^        .     ^ 
terminal  velocity  v  and  the  initial  velocity  c,  oiUy  remain. 

The  formula  P  s  ^(^ — )  G  —  {h — A,)  G  is  not  used  merely  for 

the  determination  of  the  work,  but  not  unfrequently,  also,  for  the  mea- 
surement of  the  terminal  velocity.  In  the  last  case  h  is  put  »  h^+ 
pg  I  pg 

—  OTVt^    I  <:^+2g  — .    If  by  the  constant  motion  of  a  body,  the 

terminal  velocity  v  s  the  initial  velocity  c,  the  work  done  «  rero,  t.  e. 
as  much  work  is  performed  by  the  accelerated,  as  is  expended  by  the 
retarded  part  of  the  motion. 

Exampk, — ^A  owriagB  of  3S00  Ibi.  piooeeding  npon  a  railroad  withoat  fUction,  has 
acqnijred  by  an  aogmeotatlon  of  its  velocity,  which  at  the  oommencement  amounted  to 
10  A^  a  medianinal  work  of  8000  Ibs^  iu  Telocity  after  this  work  will  be : 


.J  10i+64,4  .  2^  «  VloSpOe— 17,49  feet 


Rimark.  The  product  of  the  mass  if  s  — and  the  square  of  the  Telocity  (i^) :  ifs*  is 

g 
called,  without  attaching  to  it  any  definite  idea,  the  living  ibree  (vif  vi'mi)  of  the  moTed 
mass :  and  hereafter,  the  meohanioal  work  which  a  moved  mass  acquires,  may  be  put 
equal  to  half  of  the  vtf  vtoa  of  the  same.  If  a  mass  enters  from  a  velocity  c  into  another 
V,  the  work  performed  is  equal  to  half  the  difference  of  the  vtt  vtoa  at  the  commencement 
and  end  of  the  change  of  velocity.  This  law  of  the  mechanical  performance  of  bodies 
by  means  of  their  inertia,  is  called  the  prmc^k  of  Hvingforceif  or  the  vii  vwa.  — 

§  73.  Composition  of  Forces. — Two  forces  Pj  and  P,  act  upon  one 
and  the  same  body,  in  the  same  or  in  an  opposite  direction,  the  efiect 
is  the  same  as  if  only  one  force  acted  upon  the  body,  which  is  the  sum 
or  difierence  of  these  forces ;  for  these  forces  impart  to  the  mass  M 

P  P 

the  acceleration,  pjsss -A  and  p,  s  -^-,  consequently  from  §  28,  the 

acceleration  resuhing  from  both,  Is 

P  +P 

/>=/>! +^ft  as     '—   *,  and  accordingly  the  force  corresponding  to  this, 

is :  P«  JV/jp  i.  Pi±J^2- 

The  equivalent  force  P  derived  from  these  two  is  called  the  resultant; 
its  constituents  P^  and  P,  the  components. 

Exan^k. — 1.  A  body  lying  flat  upon  the  hand  presses  so  long  only  upon  it  with  its 
absolute  weight  as  the  hand  is  at  rest,  or  is  moved  up  and  down  uniformly  with  the 
body ;  but  if  the  hand  be  raised  quickly,  it  suffers  a  greater  pressure ;  on  the  other  hand, 
if  it  be  suddenly  dropped,  the  pressure  is  then  less  than  the  weight;  it  becomes  null  if 
the  hand  be  drawn  back  with  the  acceleration  of  gravity.    If  the  pressure  on  the  hand 

as  P,  the  body  falls  with  a  force  G^-P^  whilst  its  mass  M^  — ;  if  we  put  the  accelera- 

8 
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txen  widi  wlildi  the  band  fii]U«s  p,  G— *P  ^  -iji,  mu]  iher«lbT«  the*  pretsure  P^^G 

i 

E  G^{  I  ^-Ej  G.    If  ihe  body  <m  the  bund  be  imised  with  th*  aeodemtimi  ;>,— f>  U 

then  opposed  m  the  Booelerotioci  f^  ther^rore  the  pre«siire  upon  th©  band  P  «  f  I  +  ?.  ) 

G.    Aoootding  lu  &  body  a^^endft  or  deicends  with  a  20  feet  teoalemikmi  ^e  preMur^ 

upon  the  bftiu!  s  (  1  —-7—  1 G  =  (l—0,m)  G  =  0,38,  of  tUc  weiglit  of  ibe  body,  qi  s^ 

1+0,62=2  1,62, — 2,   U  with  the  flat  hand  I  throw  a  txxJy  of  3  Ibf,  H  fwi  perpendkii- 

i^fJy  upwnrdi,  whilst  I  urge  it  on  with  the  hand  fur  rhc  first  3  feet,  the  iniM^Lmnitisiii  work  ] 

iHjfibnnetl  im  Pm^  Gh^^X  U^42ft  lbs.,  nxni  the  pr««surifl  upon  tJio  bund,  J"  s 

49 

—  ^  21  Ib«.    Whilst  the  retting  body  presses  with  3  lbs.,  it  ttmeut  upon  tht*  Lmnd  dimnf  | 

ih«  projecJiun  with  21  lbs. 

§  74,  Paralkkgram  of  Forces, — When  a  material  point  Jtf,  Fig, 
30,  IS  acted  upon  by  two  forces,  /*,, 
Pj^  whose  directions  MX  and  MY  Fig.  30. 

make,  with  each  other,  the  angle 
XMYT=af  these  lines  generate  the 
accelerations    in    these    directions, 

p.  =  ->  and  p^  =  —5,  and  from  their 
M  M 

union,  there  arises  a  mean  accelera- 
tion (§34)  in  the  direction  MZ^  both  of 
which  are  given  by  the  diagonal  of  a 
parallelogram  ibrmed  from  Py^p^^  and 
the  angle  a ;  this  mean  or  resultant  ac- 

e^leration/i=  i/Px+P{ + ^P\P%  ^f  ^-  »* 

and  for  the  angle  ^  which  its  direction  makes  with  M Xo(  the  one 

iccdeimtionj7|; 


/V- 


s%n. 


,s%n^ 


If  we  substitute  in  these  formulae  the  above  values  of  p^  and  p^i 

-  (5)- 


s%n.  f 


sin. 


P 


If  we  multiply  the  first  equation  by  M, 

Mp  =  ^1PJ+PK^2  P,  P,  €0$.  o,  or, 
ince  M p  is  the  force  corresponding  to  the  acceleration: 
1.  P=  v^P,=+P/+2PjPjC0*.ft. 

2P^^  sin.  a 
.  stn.  ^  =    ^  „ — ^• 

P 

Vnis^  the  resultant  force  is  determined  in  magnitude  and  direction 
from,  the  component  forces  exactly  as  ihe  resultant  acceleration  from 
the  componerd  accelerations^ 

If  we  represent  the  forces  by  straight  lines,  and  these  lines  be 
drawni  bearing  the  same  proportions  to  each  other  as  do  weights,  as 

6* 


66 


REItOLUTKW  ©P  POUClf. 


pounds,  &c»,  the  mean  force  may  he  represented  by  the  didgonal  of 
the  parallelogram  whose  sides  are  formed  by  the  lateral  forces,  and 
one  of  who^e  angles  is  equal  to  that  made  by  the  directions  of  these 
lateral  forces.  The  parallelogram  which  is  constructed  from  the 
lateral  forces,  and  whose  diagonal  is  the  mean  force,  is  called  the 
parallelogram  of  forces. 

BummpU.  When  &  body  of  l&O  lb*.  Mreijtht,  rest  inn  "F^»n  a  perfwMly  smooth  mWc 

(Fig.  3i)  i*  iij?tt>j  ufTiii  by  two  roretfs  Pj^30  Ibt., 
Pi  If.  31,  nml  Pj^ss'24  Ibe.^  wJiicJi  tnalce  wiib  eaL^li  other  an 

angle  P,  if  P^  is  «  +  ^  a  105** :  in  wlial  direc- 
tion^ and  with  what  acQelerntioiif  will  tlie  motjon 
mkie  plftce  1     Since  nw.  (« -|-  Jff)  ^  £0t«  105°  ib  — 
«t«  75**,  thij  mean  force; 
P  =  v^3UH-^4^—^X  30X24  t^>  75*> 
=  V^9OU+570— 1440  «ifc  70f 
=  ^Unt — 372,7 «33,aniw.,  ttie  aoceleraiiow 
corfMponding  with  U  la: 

'^       Jf        G  150 

direclion  of  tuoiion  mnkes  with  the  i!irei*ticm  of 
tht*  flnt  force  an  angle  at  which  li  detertnlnad  by: 

g^,u  it  =  ^,  WL  106*  =  0,7224  fwi,  76**  » 

0,f\978,  or.  =44*,  IS'. 

iltmark.  The  miMia  force  P  depend*,  ffooi  ihst 

fijtnmXm  foyn^l,  only  ofi  ih?  c^mpotietit  fbrcefttBnd 
nfpt  o(i  die  iTjiiM  of  die  bwJy  upon  which  the  foitsei 
set,  For  tl}i»  reason,  wc  find  in  mai^y  worki  naa 
mechaiticf,  the  eorrectnefin  of  Uie  pamJlelogmm  of 

foices  pKived  u  idiiiui  regiuil   to  the  niEkss,  hut  with  the  aaiumption  of  some  fundO' 

mental  law, 

§  75.  Resolution  of  Forces. — By  help  of  the  parallelogram  of  forces, 
not  only  two  or  more  forces  may  be  reduced  to  a  single  one,  but  also 
given  forces  under  given  relations  may  be  resolved  into  two  or  more 
forces,  ir  the  angles  a  and  ^  are  given,  which  the  components  M  P^ 
^  Pp  and  M  P^—  P,,  make  with  the  given  force  J^fP=  P,  the  com- 
ponents may  be  found  from  the  formtilse: 

P        ^  ^^'  ^       P  ^   Psm^a 
'"^^n.fa  +  il),        *"«ll,(«i  +  ^)' 

If  the  components  are  at  right  angles  to 
^'*i*  3^*  each  other,  a + *3 = W,  and  sin.  (a + ^)  =  1 , 

and  P.^P  COS.  a  and  P,=  P  sin.  a.     If  ^ 
and  a  be  equal  to  one  other,  P^=P^j  viz : 
p      PWn.a         P  p 

x^«i^— : — ^-z ^  ^i» 

nn,  2  a      2  cos.  a 

Ejtttmplt  1,  What  h  the  preaaure  of  a  body  M  upon  a 
table  J  B,  Fig.  32,  whose  weiKht  6  »  70  lh&  and  nt^n 
which  a  ibrce  P  ^  50  lbs*  act*,  and  whose  direction  is 
tiicliMc^  to  the  horizon  ni  an  angle  P  M  P.^a^  40** 
The  horizontal  c»m{K>nent  of  P  i*  P,  ^  P  ct*,  *  ^  60 
cot.  40*  =n  38,30  ltM,flnd  the  vertical  component  P,^ 
PMin^^t^  bo  tm.  40''  ^  32,14  lbs. ;  the  tatter  strives  to 
draw  the  body  from  tho  table,  tliere  remains  then  for 
the  pretture  :  G— P^  ■=  70—32,14  =  37,86  Iha,— 3.  If 
tt  bcdy  of  J 10  lb«.  i3  iO  moved  aiong  an  hoozontal  way, 


I 

Bl 

1 

I 
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«7 


,  ttiAt  it  descnbeft  ia  die  flist  taoond  a  ipaee  of  6,5  Teet,  In  »  direction  wbtah 
the  1*0  djr«9C(kin&  of  force  bjf  nn  aofcle  «s^52^  and  J9  ^77^,  tlia  force* 
llieiliirlvefl  M^  given  as  foiJowa.   Tlie  accelefmixm  b  twioe  the  «pace  in  tlie  firti  socund,  ] 

i  13  fl*    Now  die  mean  force  ifi  P  1 — ^    - 


44^33  ttm^  therefom  ihe  ocie  component  l^i 


,77^ 


^1=^.031  X  13X110  = 
44m  M,  77" 


lt)«^  aad  ibe  otbef  Pgss> 


44^33  J 


52° 


ttn,  5i* 


fiiL  (n^*  -I-  77*'} 
45,5&  JU. 


Sl<> 


S,58 


F.g.  33. 


§  76.  Forces  m  a  P/ane.— In  order  to  find  the  mean  force  P  for 
system  of  forces  P,,  F^,  P^, 
&C.J  we  may  adopt  exactly 
the  same  method  (§  33)  as 
that  followed  in  the  compo- 
silioo  of  velocities,  viz:  by 
the  repeated  application  of 
the  paraUelogram  of  forces^ 
we  may  resolve  them  two 
and  two  and  so  on^  till  but 
a  single  force  remains.  The 
forces  Pj  and  P^,  for  ex- 
ample, give  from  the  paral- 
lelogram M  P^Q  P^,  the 
tnein  force  MQ^  Q,  if  this 
be  joined  to  P^,  we  have 
from  the  parallelof^ram 
MQRP,,  MR  =  R\  and 
this  last  again  forms  a  parallelogram  with  P^  and  gives  the  force  MP 
=  P  the  last,  and  the  resultant  of  the  four  forces  Pj,  Pj,  Pj,  P^. 

It  is  not  necessary,  in  this  way  of  composing  forces,  to  complete  the 
parallelogram,  and  draw  its  diagonal*  We  may  form  a  polygon  MP^ 
QRP,  whose  sides  MP^^  P^Q,  Q/T,  J?P,  are  parallel  and  equal  to 
the  given  components  P^,  P^*  P^,  P^,  the  last  side  MP  completing 
the  polygon  will  be  the  mean  force  sought,  or  rather  its  measure. 

Memtrrk^  It  U  very  nBeful  id  lolve  ineclianic^  problems  by  construction  alM> ;  though 
tbifi  mediod  does  not  admit  of  »ach  njccaracy  05  that  of  calcubiion*  it  ia  fr6<*  o»i  tbi*otlier 
liBfiil  from  great  errors,  and  may  therefore  serve  ns  proof  of  the  cnlciilation.  In  Fig»  33 
Ihc  (oteei  meet  each  other  under  the  given  aii^jles  P^  MP^^T2^^  3(/  ;  P^  MPj,=33°^ 
2(/^  and  J*,  M  P^  ^  92*,  40',  and  are  io  drnwa  tlmt  a  jHHiriil  ts-  Te|irt*ent«'il  by  a  /i«e  or 
j\  of  a  (Pni»iaa*)  iucb.  Theforce*  /*,  =  U,&  tb.,  P^  ^  KK^  ih^  P,  ^  M  ibik.P,  = 
1;^,^  ibfls  we  tlierefore  expreastii  by  sidea  of  11,5  lin&»  =  CJ>95S  .. .  iiw-he?,  3f^8  lines  =s 
0,900 . , ,  ii)clKe«,  8,5  hnea  =  0,7( ?S , . .  ioeheii,  1 2/3  lines  =  I ))  t  G , . .  inchei  m  length*  A 
careful  oonftruciion  of  ilia  |>olygon  of  forces  pives  the  mni^ititttdi-  i>f  the  mean  roT*^cP^ 
14,0  Iba.  atid  the  variation  of  it«  dire<3tioti  itfP  from  t)je  dirculioit  JIPj  oJ'  Ihe  fti^t  forces^ 

§  77,  The  resultant  P  is  determined  more  simply  and  clearly 
if  each  of  the  given  components  P^,  P^,  P3,  &.C.,  be  resolved  accord- 
ing to  two  axial  directions  XX  and  Yi\  Fig,  34,  at  right  angles  to 
each  other,  into  component  forces  as  Q^  and  ilj,  Q^  and  H,,  Q^  and 


'  Tbe  Frustiou  ineb  (see  §  15)  it  equal  L031  EngUib  b^cbei. — Am,  Ed, 
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R^y  &c.,  the  forces  lying  in  the  same  direction  of  axis,  added  together, 

and  the  resultants  in  mag* 

Fif  -  H*  tiitude  and  direction  of  thei^e 

two  r*^ct  angular  forces  be 
then  sought  for.  If  the 
angles  P,  MX,  P^  MX,  P, 
MX^  &c.,  which  the  direc- 
tions of  the  forces  P  ,  Pj,  P^, 
make  with  the  axis  aX  =«ij, 
Ojj  03,  &c.,  we  have  the  com- 
ponents Qj  =  P|  COS.  fljt  i?j 
Q^  =^  P^  COS. 
» og,  whence  it 
follows  from  Q  =  Q,  +  Q^ 

+  Q.+  .  .  ^ , 

1.  Q=P,co*,iii+  Pj 
COf .  ftj  +  P3  ros*  a^  4-  .  ,  •  , 
and 
from   R  =  Jij  +  ^+  R3 


=^   Pj  5t7l*  aj, 
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2.   R  =  Pj  ^Vi,  ^j  +  P^sin.  Oj  -h  P3 ^irt,  03  +  .  . . 
From  the  two  components  Q  and  /?  io  fbundj  the  magnitude  of  the 
resultant  sought^  is: 

_  3.  P=  v'Q'+i?'  and  the  angle  P3JA=f  >  whose  direction  with 
XA'is  giren  by 

In  the  algebraical  addition  of  the  forces,  regairl  must  be  had  to  the 
sign,  for  if  it  be  different  in  two  forces,  1.  e.  if  the  directions  of  these 
be  upon  opposite  sides  of  the  point  of  application  M^  this  addition 

then  becomes  arilhraetical 
F^'B^Ss*  subtraction  (§  73).    The 

angle  ^  is  acute,  as  long 
as  Q  and  R  are  positive ; 
it  is  between  one  and  two 
right  angleSj  when  Q  is 
negative  and  il  positive; 
between  two  and  three, 
^*hen  Q  and  P  are  both 
negative,  and  lastly,  be- 
tween three  and  four,  when 
R  only  is  negative. 

Erumpte.  What  h  the  fnagni- 
tuilt-  unil  ilirecdon  of  The  reeultanL 
of  the  thrpe  c3DmponenU  F,  ==  30 
111? ,  P,  =  70  Rus.,  F3  =  50  llM, 
whose  tUreciioTiB,  Jyinjjifi  a  plane, 
mtike  between  them  the  angle* 
P,MP^  =  56*^  and  P,  J!f  P^  ^ 
104  ?     If  we  diaw  the  axU  XX 
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_  thm  diteeiion  of  thu  first  iof^t^  wt  have  *,  ^  0,  *i  ^  ^^^»  '"^  *s  ^  **^^  +  104^  = 
160* ;  hence,  1.  Q«  30  X  cw.  0«  +  "JO  x  «»  5^*  +  &0  X  ew.  160"  «s  30  +  39,14 
—  46,9a  K  32,16  lb».i  aatl  2,  J?  =  30  X  *™-  0«  +  70  X  ^Hi-  &6»  +  50  n«.  160*  = 

0  +  5tp3+  1740  =  75,13  lh#,   Heoc*.  3 ,  to«if .  f  »  ~^  =.  3,3003^  merefow,  tlie  *n* 

gle  whiek  tlie  f esultaxtl  makes  wHh  the  pcHnttve  pan  of  iL^  itxit  JfX  or  the  force  i*,  it 

^      .  .^ Q  M  75,13 

t»73^  34';  lastly,  ibe  fofce  ii&elf  P  »  V^iy+/p  a  — i-  =  ^^^  =   -, —    ^^   -> 

^   7M3_  _  7g  33  4^ 

0,95t»l 

§  78.  Forces  tn  iS^c€. — If  the  directions  of  the  forces  da  not  lie  in 
one  and  the  same  plane,  we  must  draw  through  the  point  of  appliea* 
tion  a  plaoe,  and  resolve  each  of  the  forces  into  two  othersj  one  lying 
in  the  plane,  and  the  other  at  right  angles  to  the  plane ;  we  must  then 
find  the  resultant  of  the  components  so  obtained  in  the  plane,  from 
the  rule  in  the  foregoing  paragraph,  and  add  together  the  components 
at  right  angles  to  the  plane,  and  from  the  two  rectan^ar  components 
thus  obtained,  their  resultant  may  be  found  according  to  the  known 
rule  (§  74). 

Fig.  36  puts  the  above  mode  of  proceeding  more  clearly  before  us; 
let  MP^  =  F„  MP^  ^  ^%^J^f^i  ^  ^\  he  the  separate  forces,  JB  the 
plane  (of  projection)  and  ZZ  the  axis  at  right  angles  to  it-  From  the 
resolution  of  the  forces  Pj,  I*,,  fiw;*,  the  forces  S^^  S^  are  given  in  the 
plane,  and  those  of  JVj,  JV^,  &c.,  io  the  normal  to  it  ZZ.  These  are 
again  resolved  according  to  two  axes  XX  and  IT  into  the  lateral 

Fig.  3^, 


• 

2 
N 

Nl 

forces  Q^,  Q^,  &c.,  Hj,  R^^  &c.,  and  give  the  components  Q  and  Jl, 
of  which  the  resultant  S  consists,  which,  joined  to  the  sum  of  all  the 
normal  forces,  JVj^  JV^,  &c.,  gives  P  the  resultant  required. 


70 


FORCES   IN    iPACK, 


If  we  put  ^^,  /!,,  for  the  angles  at  which  the  directions  of  force  are 

iocUnec]  to  the  plane  *4B  or  to  the  horizon,  the  forces  in  the  plane  are 

given,  S^^^P^  cos.  3j,  S^=P^  cos.^^^  Sic^^  and  the  normal  forces,  JV^ 

=  Fj  sin.  ^j,  -AT^  ^  P^sin.  ^j,  &c* ;  lastly,  if  we  designate  the  angles 

which  the  projections  of  the  directions  of  the  forces  lying  in  the  plane 

^Bf  make  with  the  axis  XX^  by  o^  a,,  we  obtain  the  three  following 

forceSf  forming  the  sides  of  a  rectangular  parallelopiped. 

Qas  5j  COS.  «i + ^j  COS.  a^  +  Sj,  COS.  03,  or 

L   Q™  i*j  COS.  jjj  roi.  <^i+ ^4  c^^»  ^»  ^<'*'  *S+  *  "  i 

2.  R^  Pj  cas.  j(jj  sin.  a^  +  P^  cos,  p^  nn,  04+ , . , 

From  these  three  follows  the  final  resultant: 
4.  P^  s/Q^'¥R^^J^\  further 
the  angle  of  inclination  to  the  plane  of  projection  PMS^^^  from 

S     ^Q»+Jp,  lastly 
the  angle  SMX^f,  which  the  projection  of  the  resultant  in  the  plane 
^B  makes  with  the  first  axis  XX^  by 

EiEampk*  Three  workmen  pull  at  the  «nd  of  ihre«  rope t^  which  »re  attach ed  us  a  land 
iir  iying  upon  a  li/c^rizoriial  floor  JMf  Fig.  37 »  each  with  a  force  of  50  lb«, ;  Uie  aiigtea  of 

Flf .  31. 


iiielitMiiion  of  Ihese  foitsft*  to  the  hofiscm  are  10'»  20*,  arcI  30*,  atid  tb«  b^frissontal  angle 
between  tb«  fir^  and  M«ondt  and  beiWAen  the  fl»t  ami  thiid,  20^  and  35° ;  what  is 
the  magnitude  and  direction  cif  the  resultant,  and  tiow  much  ib  thiei  les£  than  the  sum 
of  all  the  fo^trea  which  would  result,  if  all  three  acted  in  the  same  direction  ?  The  vertical 
tow&  pulhng  LipwaJrd  it; 

iVs«itf,+  A;+^5«50X(n«^lO'*+'»"^20*'  +  «*^30**)==&OX  1,01507=  50.78  lbs. j 
hy  so  much  le*s  than  it*  own  weight  does  the  bod/  presa  upon  the  floaty 

The  horizontal  components  are  8^  =  50Xcm.  10°  ^ 50x0,9849  k  49,24  Ibt.  j  S^bs  50 
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X<««.  W  »  46,98  tbi.;  5j  =  50K«w.  30°  ^  43,30  JU    It  we  dmwtheeiji  Xyjn  tli6 
difR^km  c»f  the  first  fbioe  ^^,wc  f»bmtu  ttie  bteml  force  in  this  luiA  A^VtQszQj-j-QjH-Qi 

49;M+44it5-h35,47=l2B.ei^  lb*,:  on  the*  other  band,  lh«   lateral  forco  in  ibe  s<N»nd 

ui*  FT:  il«=i?,+Jij+^g=40,24X«fi,  0''+46,98X  «».S0<'+ 43,30  X  fin,  35**  ^0 + 
i6.07+24,84=IU,9l  Iba. 

The  homontal  mfftn  foroe  with  wjijoh  thp  body  iM  dfwwn  fotwmiJ  U  from  lhi§ ; 
5  sv^Q*^i?i  -=  ^(  128,86) i  +  (40,9 1  )i  ^  ^mn,l  s  J  35,2  Iba. 

Tho  angle  f  which  tbi*  forci?  makei  with  the  axii  XY  b  determined  by  Uie  JaMjg.  f  s=3 

£  „  JML  «  0,3176:  <^  s:  17^37'  i  the  endw  fCTultaul  bt 
Q         128,86  ^  '     

P=  ^(l35,2)H-(50,7&)i  «^aOBSa6  =  144,42  lt». 

If  Ihe  foreea  act  in  the  aamti  direct  ion,  ibe  ]%flu]tBiit  ia  ^  ^X*^'^  ^  ^^^  ^^i  ^^'^  ll^^ 
kM  of  Ib7r«  xs  150^  144,42  ^  5,5@  iba. ;  funher,  bciciiUfe  the  bori^onoil  fozt;<^  drawing 
the  body  forward*  atitountsotily  to  135,20  lbs.,  we  bavp,  wiUi  reference  tJ:i  die  bomontsd 
motioii,  the  Um  of  forc«  150—135,20  s  1 4,80  Ibn. 

Tile  BHiJe  of  inclination  4  of  tbi?  nnetui  forc«  to  tbe  horizon  h  determined  hf  the  ^JtMf , 
,         N      50.78 

^  A  "^135  20  ^^j3'^»  wherefore  4  oomes  out  ^  20^*,  3^, 

§  79. — From  the  rules  found  in  the  foregoing  upon  the  composition 
offerees,  two  others  of  essential  service  for  practical  use  may  be  de- 
duced.    In  Fig,  37,  let  M 

be  a  material  pointy  '^^P\^  ^*^'  ^^ 

P^  and  MP^^P^y  the  forces 
acting  upon  it ;  lastly,  let 
MP^P,  the  resultant  of  P, 
and  Pj,  If  we  draw  through 
3f  two  axes,  MX  and  JfF, 
at  right  angles  to  each  other, 
and  resolve  the  forces  P^ 
land  P3,  as  well  as  their  re- 
sultant Pi  into  components 
in  tbe  direction  of  these 
axes,  vix;  P\  into  Q^  and 
lij,  Fj  into  Qj  and  J?^,  and 
P  into  Q  and  R^  we  then 
obtain  the  forces  in  the  one  axis  Qj,  Qj  and  Q,  and  those  in  the  other 
J?,,  ii,»  ii,  and  Q=Q,  +  Q,.  and  H=fii+fl,. 

If  now  we  take  in  the  axis  MX  any  point  0,  and  let  fall  from  the 
same  perpendiculars  OjY^,  0J^\  and  OA^  on  ihe  directions  of  the 
forces  P,,  Pj  and  P  we  obtain  reclangular  triangles  MOJf^^  MOJf^j 
MOJff  vbich  are  similar  to  the  triangles  formed  by  the  three  forces, 
vizi 

AMOJf,ocAMP,Q, 

A  jv/ojv;  c^  A  JiiP^Q^ 

nMOjr  co:i  MPQ, 
Prmc^  of  Virtual  VelodHes. — ^But  from  these  similarities  —^ 

^«:^S  also  «.=  ^«and  «=:^^  if  .e  put  the  value! 
P.     ^0'         P,     .1/0  P      MO'  ^ 

hence  derived  of  Q^  Q^,  and  Q  into  the  equation  Q^Q^^Q^f'^e 

then  obtain 


I.  €. 


FORCES  IN  SPACE, 


Likewise  also  -^s=__J,  ^=-~_^and  _ =_— -™ 
P^     MO    P^      MO  P      MO 


^  therefore 


Fig.  3S. 


p.^oK^p,,ojr,^p^.oj^^. 

These  equations  still  hold  good,  if  P  the  mean  force  be  made  up  of 
three  or  more  forces  P^,  P^^  Pj,  because  generally 

and,  therefore,  generally  we  may  put: 

1,  P  .  MM^P,.  MX.^P^.  MJf^^P^.  MJ^.^  . . . , 

2.  P.  OJf^P^.  OJ^^^P^.  OJf^^P^.  ojv;+... 

In  both  equations  the  mean  force  P  must  correspond  to  the  fof  ces 
P,,  Pj,  Pjt  and  from  these  equations,  not  only  the  magnitude,  but  aJso 
the  direction  of  this  force  may  be  determined, 

§  80.  If  the  point  of  application  M  move  in  a  straight  line  towards 
O,  or  if  we  imagine  this  point  to  have  described 
the  space  MO=St  then  the  projection  of  this 
space  MJf^s^  in  the  direction  of  the  force  MP 
is  called  the  spac€  of  the  farce  P,  and  the  pro- 
duct Ps^  of  the  force  and  its  space,  the  work  or 
efficiency  of  the  force.  If  we  substitute  in  the 
equation  (1)  of  the  last  (§)  these  designations, 
we  have 

p*=p,^,+p,*,+Pa+..., 

or  the  work^  or  mechanical  effect^  of  the  resuUmU 
is  equwalent  to  the  sum  of  the  works,  or  mecbnnical  effects^  of  the  com- 
ponents. 

In  the  summation  of  the  mechanical  effects,  as  in  that  of  the  forces, 
we  must  have  regard  ro  their  signs.  If  a  force  (QJ  of  the  forces  Qj, 
Q^,  kc.f  of  the  last  §  acts  in  an  opposite  direction  to  the  rest,  we  must 

Fig.  39. 

Fig.  40. 


Fig.4L 
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introduce  it  as  ne^tive,  but  this  force  Q3,  Fig.  39,  is  the  component 
of  a  force  P,,  which,  acting  in  the  circumstances  set  forth  in  the 
former  §,  opposed  to  their  proper  motion  MJf^^  we  are,  therefore, 
obliged  to  consider  that  force  opposed  to  the  motion  JIfJV*,  Fig.  40J  as 
negative,  and  that  one  P,  Fig.  4^9  acting  in  the  direction  of  motion 
MJf  as  positive. 

If  the  forces  are  variable  in  magnitude  or  direction,  the  formula 
Ps==Pj«j+Pjjj+Pj53+  ...  is  only  correct  for  infinitely  small  spaces 

The  spaces  of  the  forces  o^^  0,,  03,  corresponding  to  an  infinitely 
small  displacement  0  of  a  material  point,  are  called  their  ottfiia/  velo* 
cities;  and  the  law  corresponding  to  the  formula  P9^P^fs^+P^9^+ 
P^cL^j  the  principle  of  virtual  velocities. 

§81.  Transmission  of  Mechanical  Effect. — From  the  principle  of 
vis  viva,  the  mechanical  efiect  (JPs)  in  rectilinear  motion,  which  a 
force  (P)  generates  in  changing  the  velocity  c  of  a  mass  M  into  ano- 
ther v  is 

If  P  be  now  the  mean  force  arising  from  other  forces,  P^,  P^,  &c., 
acting  upon  the  mass  Jtf,  and  the  spaces  which  these  descnbe  be 
5p  «,,  whilst  the  mass  itself  JIf  describes  «,  we  then  have  from  the 
foregoing: 

Ps^P,s^+Pji^+  . . . 
and,  therefore,  the  following  genend  formula : 

PA+PA+...-(^)j»f. 

which  expresses  that  the  sum  of  the  mechanical  efiects  of  the  single 
forces  is  ^equal  to  half  the  gain  of  vis  viva  of  the  mass  taking  up  these 
forces. 

tf  the  velocity  during  the  motion  be  invariable,  that  is  v«iC,  and 
the  motion  itself  be  uniform,  we  have  then  t^ — c'aO,  consequently 
neither  loss  nor  gain  of  vis  viva,  and,  therefore: 

i.  e.  the  sum  of  the  mechanical  efiects  of  the  single  forces  »  0. 

If  inversely  the  sum  of  the  mechanical  efiects  «  0,  then  the  forces 
do  not  change  the  motion  of  the  body  in  the  riven  direction,  nor  im- 
part to  it  in  the  given  direction  any  motion  which  it  had  not  before. 

If  the  forces  are  variable,  the  variable  velocity  t^  after  a  certain  time 
again  passes  into  its  initial  velocity  c,  which  takes  place  in  all  periodic 
motions  as  they  present  themselves  in  many  machines.    Now  v  s  c 

iJM«i  0;  therefore  within  a  period  of  the  mo- 
tion the  loss  or  gain  in  mechanical  efiect  is  null. 

FramfU,  A  carriage,  of  the  weight  O  s:  5000  Ibs^  Fig.  42,  is  moved  forward  upon  a 
horisonlal  imrftoe  hy  means  of  a  force  P,  s:  660  Iba^  ascending  under  an  angle  a  as  24^, 
and  has  during  its  motion  two  resistanoes  to  overcome ;  one,  horizontal  P,  si  350  lbs., 
corresponding  to  the  fViction:  and  a  resistance  P.  «»  230  lb&,  acting  downwards,  and 
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isiGtmed  to  the  bori^oQ  he  an  angle  ^m 
Fig.  4S. 


=  3&* 


Wlwi  work  will  ttie  ftjroe  (P,)  perfonn,  in 
onler  to  ooDveri  the  two  fe^  initial 
vclocit^f  of  ilie  carriage  into  a  v#- 
kMrity  of  3  ffeil 

Ir  we  put  the  djjEanre  of  the  oar- 
riage  MO  ^  i,  we  then  have  for  ihe 


work  of  the  force  P^  i 


=  Pf  #  a».  .  ss  660  X  1  nwL  ^^^ 
=s  e(J'2,94  . »;  funben  the  work  of 
\  ho  resisting  fore*  =s  ( —  P^  .  t  ^ 

—  :m}  .  i  ;  Instlv,  the  work  of  P* 
=  (-P,,itfA;=-P,*«*-tf*- 

—  y30  X  f  f(M.  3a°  =  —  188.40 . 
I.  There  then  remaiun  for  the  w^grk 
of  Itie  eflpotive  (bt^ : 

P*=  P^  t  oof ,  n— Pj  t  mf,  0— Pa  #  <96i. 
^  =  (602,94^350— lfia,40)  .4  3. 
64,54  p «  a  lbs. 


The  Ttiess^  however,  require  for  the  ehan^  of  its  velocity,  the  mecbimioal  eSbct: 

(^^^)  «=  (-^~^)  X  60O0«0/)155  X  (25^)  X  &000  —  1637  ft.  |b«. 

If  now  w©  equate  V>th  roechanical  effects,  wa  then  obtun  64^4**^  16S7^CDnia- 

1637 


qu^ntly  tlie  di*un»ee  of  liio  carmge :  f  a 


SiM 


ifii»i9e  feel|  mad  Imly,  tho  mechanioal 


Fir  43. 


etkcX  Qt  the  force  P  i  P^  t  mi.  «  =  602,94  X  25,26  «  15230^  ft  lbs. 

§  82.  Curvilinear  Motion, — Provided  that  the  spaces  tf,  *,,  &c*j  be 
iDfinitely  sroall,  we  may  also  apply  the  formula  last  found  to  curved 
paths*    Let  MORS^  Fig,  43,  be  the  path  of  a  material  pointy  and  MP^ 

^  P,  the  resultant  of  al!  the  forces 
acting  upon  it ;  if  we  resolve  this  force 
into  two  others,  of  which  th*e  one 
MK  =  A"  is  tangential^  and  the  other 
MJ^  ^  JV*  normal  to  the  curve,  we 
then  term  the  one  a  tangential^  and 
the  other  a  normal  force*      • 

Whilst  the  material  point  describes 
the  element  MO  ^  a  of  its  curved 
path  MS^  and  its  velocity  c  is  trans* 

formed  into  Uj,  its  ma«i  M  lays  claim  to  the  work  /^'^~£-\  M^  but 

the  tangential  force  K  performs  at  the  same  time  the  work  JCa, 
and  the  normal  force  the  work  JV'^,  0  =  Oi  consequently  A'«  — 

If  the  projection  MQ  of  the  elementaij  space  MO  in  the  direction 
of  force  be  put  ^  ^^^  then  also  P\a^  »  Kf>i  and,  therefore, 

V  the  whole  space  described  by  the  material  point  MR  be  decom* 
posed  into  infinitely  small  parts,  and  each  part  be  projected  upon  the 
direction  of  force  at  each  moment »  we  then  obtain  the  elementary 
space  of  the  force  at  each  moment^  and  the  work  at  each  moment  bj 
the  multiplication  of  the  space  and  force,  and  if  we  add  together  all  these 
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meehanieal  effects,  we  then  have :    P^o^  +  P^9^  +  P^n^  +  , , .  i 

(h — AJ  My  if  h^  he  the  height  due  to  the  mitial  velocity  e,  and  A  that  I 
dtie  to  the  terniinal  velocity  t?.  Thus,  in  cii^filinear  tnoiiQUf  thel 
whole  effect  of  the  moving /bra  is  equal  to  half  the  gain  of  vis  tdva^\ 
Of  equal  to  the  product  of  the  WMtm  into  the  difference  of  the  heightsj 
due  to  the  velocities,  '  '"    'J 

Rtmark  and  ExasnpU.  The  formula  clitomed  which  i«  deriTed  IVofn  oomblTiinir  the 

prifiriple  of  the  vis  vWa  with  that  of  the  vlrtun]  velocitiea^  is  ««p«ciiiLly  appltcbble  m 
cm*e%  wliere  bactM^  are  otmstpained  by  h  ilxwl  imtik  or  by  mspenuon  to  fle«?ibe  a  (feter* 
mioBlf  pftth.  If  gmvity  aJone  act  upon  »m?h  a  bocly^  the  woilt  whit?h  it  gen«ratei  in  {L 
hodf  of  the  weight  G  rolling  fmm  a  height  corteajx^ndijig  to  iJie  veriicaJ  pro|43cUoA  M^ 
Jii  9s  i, }«  ^  G  s,  and  therefore : 

Ci  =  (A — A,}  C,  j.  e,  t=^A  — A,. 
This  18  also  ihe  apace  which  n  hody  dencrihcs  in  falliDg  from  a  hortzontnl  plane  AB^ 
Fag.  ii,  a>  another  CB;  the  difleieooe  of  the  heights  due  fo  the  Tebcity  k  always  equal 

Fig.  44. 


^tP  ihfi  perpeiidicular  height  of  fell ;  hodlm  which  begin  to  describe  the  path*  JIf,  Q^  B^^ 
iff  0,  JJ|,  Jfj  Og  ffyj  &c.,  wjtb  oqua]  Telocity  (r),  d^tiire  at  the  end  of  die^e  jmthit  at 
well  as  at  dilferent  limes,  er|iJAl  veJm-itiei^  (r).  If  the  initial  velot^ity  t^W  feet,  and 
the  vertial  height  of  fell  #i»20  feet^  then  A  s^a-fAj&^O  +  O.OlSS  .  10^  :»ai,a5  feet, 
and  the  lertninaL  velocity  i?  sss  ^2  f A  ss  8,0"2  .  ^21/1  ^  37 J S  feet^  in  whatever  curved 
or  light  line  the  deacent  may  take  place* 
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STATICS  OF   RIGID   BOBIES* 


CHAPTER  I, 


GEHEILAL  TJLWS  OF  THE  STATICS  OF  RIGID  BODIES. 


§  83,  Transfermce  of  the  Point  cf  MppUcatmn. — Although  every 
rigid  body  is  changed  in  form  by  the  action  of  forces  upon  it,  L  e. 
becomes  either  compressed,  extended,  or  bent^  &c»j  it  is  nevertheless 
lUowable  for  us  to  consider  it  for  the  most  part  as  a  rigid  and  inva- 
riable union  of  material  points,  partly  because  this  change  of  form  or 
displacement  of  parts  is  often  verv  slight,  and  partly  because  it  takes 
place  in  very  short  spaces  of  time*  We  shall^  therefore,  in  the  fol- 
lowing, unless  tt  be  otherwise  mentioned,  regard  every  rigid  body  as 
a  system  of  points,  firmly  connected,  and  w^e  shall  thereby  essentially 
simplify  the  investigation. 

A  force  /*,  Fig.  45,  which  acta  upon  a  point  A  of  a  rigid  body 

Mf  is  transmitted  in  its  pro- 
^'**  ^^'  per  direction  XX  uniformly 

throughout  the  body,  and  an 
equal  and  opposite  force  Pj 
puts  itself  in  equilibrium  with 
it,  then  only  when  the  point 
_  of  apphcation  j3,  lies  in  the 

direction  XX  of  the  first  force.  The  distance  of  jf  and  Ji^  is  without 
influence  on  this  condition  of  equilibrium.  The  two  opposite  forces 
hold  themselves  in  equilibrium  at  every  distance  if  the  two  points  be 
rigidly  connected.     We  may^  therefore,  assert  that  ike  action  of  a 

Jbrce  Pf  Fig*  46,  Temmm  the 
saffie  at  whatever  point  .vf^,  ^^, 
j9^^  §-£?,  of  its  direction  it  may 
be  applied  or  may  act  directly 
upon  the  body. 

§  84.  When  two  forces  P^ 

and  P^  acting  in  the  same 
plane  are  applied  to  a  body  at  different  points  ^,  and  .^^,  their  action 


Fig.  AB. 
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Fig,  47. 


FjH.  4S. 


upon  tie  body  is  the  same  as  iX  they  had  ihe  point  C,  where  the  direc* 
tions  of  the  two  forces  ipterseet,  for  their 
common  point  of  application^  for  from 
the  proposition  enunciated  abnove,  each 
of  these  points  of  application  may  be 
transferred  to  C  without  thereby  pro- 
ducing any  change  in  their  effects.  If, 
therefore,  ^e  make  CQj=^?jPj=  P^  and 
CQ^^Ji^P^=^ P^,  and  then  complete  the 
pamllelogram  CQ^  QQ^,  its  diagonal 
will  give  us  the  resultant  force  CQ^P 
of  CQ^  and  CQ^,  and,  therefore,  abo  of 
the  forces  Pj  and  P^,  and  whose  point 
of  application  may  be  any  other  point 
vJ  in  the  direction  of  this  diagonal.  ^^^^^^^^_^^^^__^ 

If  to  the  resultant  force  so  found  JiP 
»  P,  there  be  put  an  opposite  force  DP= — P  equally  great  at  any 
point  Uof  the  direction  of  the  diagonal  C,  the  two  forces  P,  and  P^ 
will  be  thereby  held  in  equilibrium;  Pj,  P^^  and  — P  are,  therefore, 
three  forces  in  equilibrium. 

§  85.  If  there  be  let  fall  from  any  point  0,  Fig.  48,  in  the  plane 
of  the  forces  perpendiculars  OJV'j, 
OJf^^  and  OJy  upon  the  directions 
of  the  component  forces  P^  and  P^, 
and  their  resultant  P,  we  have,  ac- 
cording to  §  79, 

P  ,  0.¥=^  Pj  .  OJVj  +  P^ .  OJ^, , 
and  the  distance  OA'of  the  resultant 
force  may  be  found  from  the  perpen- 
diculars or  distances  OJV,  and  OJf^ 
of  the  component  forces,  if  we  put: 
P,  ,  OA-^-l-P,.  ojv; 
-y — 

Whilst  we  find  the  direction  and 
magnitude  of  the  resultant  by  the 
application  of  the  parallelogram  of 
forces,  its  portion  is  given  with  the 
help  of  the  last  formula,  by  determining  its  distance  0*^\ 

If  the  prolonged  direction  of  the  forces  includes  between  them  an 
angle  P,  CP^  =  o,  we  then  have : 
L  The  ma^rnitude  of  the  resultant  P=  ^T^^\^T^-f^n\P~rm7Z 

Further,  if  the  resultant  makes  with  the  direction  of  the  component 
Pj  the  angle  PCP^=^p,  then: 

£*  sin,  ^s 

If  the  directions  CP^  and  CP^  of  the  given  forces  are  distant  OJ,^ 
—  dj  and  OJV,  ^  a^  from  an  arbitrary  point  0,  the  distance  OJf  =  a 
of  the  direction  €P  of  the  resultant  from  this  point  is: 

7* 


OJ^^ 


Pj  sm.  a 
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A^.  +  n°> 


With  the  help  of  this  distance  a,  the  position  of  the  resultant  is 
given  without  regard  to  the  point  C,  if  we  describe  a  circle  from  O 
4IS  a  eenlre  with  radius  a,  and  to  this  draw  a  tangent  J^P^  whose 
directtori  is  determined  by  the  angle  p, 

I.jcnfplf.  There  net  upon  a  tociy  the  fbrce?  P,  =eSO  lbs.  and  P^  =  34  lbs,  w(io#e 

^  7(>**,  rtnd  are  di»tAtil  Trora  a  certain  point 


.  4fr 


O^  O  J^j  <Ba,  s  4  feet,  and  0  iV^|=  (ij^ 
1  fooi^  wliai  ia  tli^  magnitude^  diredioD^  and 
positimi  of  the  reaultant  ?  The  magnitude  of 
the  reMlltanl  Is  ■ 

ss  y^iOV  1,1 5  =  44,96  Iba,;  further,  fo*  ita 

,. .  ^    ^     ^       34  X  Jill.  70" 

direetjon,  fin.  ^  ss — * 

Xo|f.  i»fi.  f  ^  9,8516384,  therefore,  t  =  45* 
17',  the  aojcle  which  thl«  j-eaultant  makes  with 
the  direcljnii  of  Pi^  The  position  RnuUf  is 
ilL^termJntiil  by  ita  dUtimce  O  JV  from  O^  which 

44,Uli  44,i*li 

§  86,  ITie  normal  distances  OjY^ 
s^a,,  OJVj^fljj&c.,  of  the  direction 
of  the  forces  from  an  arbitrary  point  0,  Fig.  50,  are  called  the  arms 
of  the  forces,  because  they  form  essential  elements  in  the  theory  of 
the  lever,  to  be  treated  of  subsequently.  The  product  Pa  of  the  force 
and  lerer  arm,  is  called  the  statical  mo?nent  of  the  force.  But  since 
Fa=  Piaj  +  Pjrtj,  the  statical  moment  of  the  resultant  is  equivalent 
to  the  sum  of  the  statical  moments  of  the  component®. 

In  the  addhion  of  the  moments ^  regard  must  be  had  to  the  signs 
plus  and  minus.  If  the  forces  P^  and  Pg,  Fig,  50,  act  about  the  point 
0  in  like  directions,  and  if  the  directions  of  force  coincide  with  the 
direction  of  motion  of  the  hands  of  a  watch,  these  forces,  as  well  as 


Fiif,  ^, 


Fig.  51, 


X     V 


their  statical  moments,  are  said  to  have  like  signs;  if  the  one  be  posi- 
tive, the  other  must  be  positive  likewise.  If,  on  the  other  hand.  Fig, 
51,  the  directions  of  the  forces  about  the  point  0  be  opposite  to  each 
other,  then  the  same,  as  well  as  their  statical  momentSi  are  of  coa- 
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Fig.  62. 


trary  signs;  if  the  one  be  negative,  the  other  must  be  positive»     In 
the  composltioii  of  forces  represented 
in  Fig.  52,  Pa=  P^a^  —  P^^i^,  because 
F^  is  opposed  to  the  farce  P, ;  its  sta- 
tical moment  is,  therefore^  negative. 

§  87,  Compasition  of  /(rrces  in  a 
plane. — ^If  three  forces,  P^,  Pj,  P^,  Fig. 
53,  act  upon  a  body  at  the  points  .i,, 
*'4|t  *''Jj,  two  of  these  forces  (P,,  P^)  by 
the  last  rule  must  be  joined^  and  their 
resultant  CQ^Q  fouml,  this  again 
joined  to  the  third  force  (P^),  and  the 
parallelogram  DR^RAj  constructed  from 
the  forces  DR^  =CQ  and  DR^^^%P^, 
The  diagonal  DR  =  P  is  the  required  resnltant  of  P 
from   this  easy  to  see  how  the 


P,,  P,.     It  is 


resultant    might 


see 
be  found 


if 


Fiff.  63. 


fourth  force  P^  were  to  be  intro- 
duced* 

In  this  composition  of  the 
forces,  the  magnitude  and  direc- 
tion of  the  resultant  is  as  accnrate- 
\y  found  as  if  the  forces  acted  in 
one  single  point  (§  77);  the  rules 
of  calculation  (§  77)  are,  there* 
fore,  applicable  for  finding  these 
two  first  elements  of  ihe  resultant ; 
but  in  order  to  find  the  third,  viz., 
the  position  of  the  resultant  or 
its  line  of  action,  we  must  make 
use  of  the  equation  between  the 
statical  moments.  Here,  also, 
OjY^^  flj,  OJf^  =  ttj,  OJy^  =  ^3,  and  OJ<f=  d,  are  the  arms  of  the 
three  components  P^,  P^,  Pj,  and  of  their  resultant  P,  with  reference 
to  an  arbitrary  point  O.     So  that: 

Pa^  Q,OK+P^a^,  and 

Q,  OK=P^a^  H-  P^fl,,  provided  Q  is  the  resultant  of  Pj  and  P,, 
and  OK  the  arm.  If  we  combine  these  two  equations  we  then  ob- 
tain: 

Pa  =  Pfi^^P^a^+P^a^^  and  also  for  several  forces t 

Pa  ^  Pfi^+P^Q^+P^a^+  . . ,  &c.,  Le,  the  {statical)  moment  of 
the  replant  u  always  eqtiwalen^  to  the  algebraical  sum  of  the  (statical) 
moments  of  the  comprmmts, 

§  88.  If  Pj,  P^,P^,  Fig.  54,  are  the  single  forci^s  of  a  system  of 
forces  ;  if^  further,  aj,  Oj,  a^f&c*,  are  the  angles  P^D^X^  Pa^^X,  P^D^X, 
&€.*  under  which  an  arbitrarily  chosen  axis  XX  is  intersected  by  the 
du-ections  of  force,  and  if  a^,  fi^,  er^,  designate  the  arms  OJV^j  OJV , 
OJV^,  of  these  forces  with  regard  to  the  point  of  intersection  0  of  both 
axes  XX  and  FF,  we  have  from  §§  77  and  87: 
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*ftd  D^P^w&i  ft    Beqii^rfed  the  elements  of  the  refultunt    Tbe  mm  of  the  compo- 
nent fofi%s  p&mtlet  to  XX  h  t 

Q  IS  40  «».  ©0*'+30  eot.  (^80*>f  76  Mr.  H2« 
=  40  ooi.  60*+30  osf.  S0<*--70  cpi.  311* 
fis  aa4-5,20&— 55,161  =—29,052  iU. 
I  of  the  components  pamllel  to  ¥Yi 
R  =  40  «ft  60='-|-30  «fL  C—  80°)  +70  tin.  U2« 
=  40  »M*,  60*^—30  fin.  60^+70  nn,  38 
=  34.641  —  ag,544+48,0@6  =  48,1 93  Ibi. 
Thft  resilmiil  loufrht  i%  iherefore : 

P  =  ^Q4*i?»  =s  ^29;i:*52^48,193^  =  ^/SiTpl  s  56,742  tb«. 
iThe  angle  f^  whicb  it  make^  with  tlie  aiiaj  i»  fbrtlier  delermlniKi  by : 

Isamg,^^  4-  =  —  "^^  =  —  1,«M>90,  it  in  iljcrefOT  ^  =  ISO*— SS*'  8'  »  I2l«  53/ 

Tbe  arm  0^^^  of  the  force  F,  is  =  OD^  *is,  *j  =  (4+5)  *w.  60*  si  9X0,86603  ^ 
17^79*  foct;  Ihp  arro  QJ^^  of  P^  =  Oi>j  #{«.  dj  =  5  nti.  ttO*^  =  4,924  fe^tr  Iwtly,  tbe  arm 
I  ONg  of  P^  ^  Oh,  wben  iha  point  of  appikmtk»£V  O  is  transferred  to  D^.  Tho  ann  of  tlus 
(•leiailtnnt  ia  finally  given  by  t 

40X7.794—30X4,924  3l  1,76^147,72         164,04        „  „^,  .  ^ 


66,742 


56,742 


5t?,742 


Fiff*56* 


/  A  « 


^  80-  Famllil  Farces.— J£  the  forces  Pj,  P,,  P^,  &c.,  Fig,  56,  of 
i  ligid  system  are  parallel, 
fthe  arms  QJV*i,  OJV;,  OJV;, 
are  in   the  same   straight 
line;    if    now    we    draw 
through  the   point   of  ap- 
plication   O   an   arbitrary 
tline  XXf  the  directions  of 
I  the  forces  cut  off  the  parts 
01>i»  01>^,0i>^,  &.C.,  which 
are  proportional  to  the  arms 
OJT^,  OJV;,-OJV;,&c.,  be- 
cause A  ODj JVjC^DA  Ofl^^eo-i  OD^JiT^.   If  the  angle  J>,  OJV^^  D^  OJ^^ 
Ihe  desiguated  by  »,  &,c.,  the  arras  OJVj,  OJVj,  &c.,  by  aj,  a^,  &c,»  the 
Fabficisses  OD^^  OD^,  &c.,  by  ftp  5,^  &c,,  we  then  have  ; 

a^^b^  COS.  «,  '32^=^3  ^^^^  *?  &c. 
'If^  lastly,  these  values  be  substituted  in  the  formula: 

Pa=Paj  +  P,fl,+, ,., 
we  then  obtain  t 

Pb  COS.  tt=Pjftj  COS.  tt+P^^3  COS.  a  +. . 

&r  if  the  common  factor  cos.  o  be  left  out : 

PA=P,6,  +  PA+-    • 
In  every  system  of  parallel  forces  it  is  allowable  to  replace  the 

arms  by  the  distances  OD^^  Oi)^,  cut  off  from  any  line  XX,  Because 
the  magnitude  and  direction  of  the  resultant  is  the  same,  the  forces 
loay  act  at  one  or  at  different  points;  hence  the  resultant  of  a  system 
of  parallel  forces  has  the  same  direction  with  the  single  forces,  and 
is  equivalent  to  their  algebraical  sum. 
Therefore 

L  P=Pj+P^P,+  _.and 


P.+  P.+ 


-,  or  also: 
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COUPLES. 


3.    A-^A+PA  + 


P,  +  P.+ 


MxampU.   The  forces  J'3  —  ^^  ^^  ,  P^  «  —  32  lbs.,  P^  j=  S5  lbs.,  and  ih^n  dlrwtjons 
interswct  b  itmjght  line  nt  die  points  /?,,  i?«  and  U,,  Fig.  54,  wln.>»e  diaturtces  from  isfldi 
other  3U¥  D^D^sQl  inebes>  Z)|D^^e3D  inche*;  reqtur^tl  iLts  rettiltitnt.    The  magnimdtt 
of  ihii  force  ia  P  s=  L2  «-  3'2  4-  ^^  ^  ^  itw-i  i^  diHtance  DjO  from  i?,^  is  thcf^ftr©: 
j^__12X<r'  —  32X^t  +  25X  (21  +  30)^0^672+  1275       j 


:  120,6  inches* 


§  90-  Couples. — Two  parallel,  equal  and  opposite  forces^  P,  and 
— Pp  Fig.  57,  have  the  resultant 

P^P,^  (— PJ  =  P,  —  P,  =-  0,  with  the  arm 
^^P^+^,^^ 

Ftg,  57,  Figr.  5S* 


For  restoring  equUibrium  to  such  a  couple,  according  to  this^  a 
single  finite  force  P  acting  at  a  finite  distance?,  is  not  sufficient,  but 
two  such  couples  may  easily  hold  each  other  in  equilibrium.  If  P^ 
and  — Fj  and  — Pj  and  P^^,  Fig,  bS^  are  two  such  couples,  and  OJfj 
^a,  OJf,  =  OM^  —  M,M,  =  aj  —  frj ;  if  further,  OM^^a^  and  OJf^ 
^OM^ — M^jY^—a^ — 6^  are  the  arms  taken  from  a  certain  point  O, 
Tkve  have  for  equilibriums 

p^a,-P,{a,-h,)~P,a,^-P,ia,~b,)^0,  L  e. 

PA^P^^x 

Two  such  couples  are,  therefore,  in  equilibrium  if  ihe  product  of 
one  force,  and  its  distance  from  the  opposite  force^  are  as  great  in  the 
one  couple  as  in  the  other, 

A  pair  of  equal  opposite  forces  is  called  simply  a  couple^  and  the 
product  of  one  of  the  forces  and  its  normal  distance  from  the  other 
force,  the  moment  of  the  coupk.  From  the  above,  two  couples  acting 
in  opposite  directions  are  in  equilibrium,  if  ihey  have  equal  moments. 

If  we  substitute  in  the  formula  (§  87)  for  the  arm  a  of  the  resultant : 
^_P,a,+  P,a,+  ,,. 

P 
P  =  0  without  the  sum  of  the  statical  moments  becoming  null;  we 
obtain  like%vise  a  =  oo,  a  proof  that  in  this  case  also  there  is  no  re- 
sultant, but  only  a  couple,  possible.  • 

Exampti.  If  a  couple  cxiDsistt  of  Uie  forces  P|  j=26  Ibi.^  and  —  F,  =  —  25  iba.,  and 
anotlier  of  llie  (orceB  —  -^2^= —  ^8  Jljs.,  and  Pg^  IS  Ih*.^  jf,  laetly,  liie  normiLi  distance 
of  the  first  pair  ^  3  feet  for  tlie  oondiiion  of  equiltbtiumi  Uie  normal  distance  of  the 
25J£3 

IS 


iecoad  must  amount  to  : 


.4|f«et 
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H.  Cenire  of  Pamlkl  Forces. — If  the  parallel  forces  lie  in  dif- 
ferent planes,  their  union  may 


be   effected    in  the    following 

manner.  If  the  straight  line 
?i  ^^f  Fig.  59,  which   unites 

ithe  points  of  application  of  two 

jifirallel  forces  P^  and  P^,  be 
Lprolonged  to  the  plane  XY  be- 
jtween  the  rectan^lar  axes  J/X, 
|J(/F,  and  if  the  point  of  inter- 
action if  be  taken  for  the 
[initial  point,  we  shall  in  this 
[manner  obtain  for  the  point  of 
lapplicatioo  jl  of  the  resultant 

f Pj  +  P,)  of  these  forces, 

(P,  +  P^)  .KA^P^.  KA,  +  P^  .  KJi^ 
As  DQw  B,  5|,  and  B^  are  the  projections  of  the  points  of  applica* 
tion  ^,  *4j,  *^,i  on  the  plane  XF,  we  have: 

AB :  A,B^  lA^B^KJi  t  KJt, :  KA,,  and  therefore  also 
(F,  +  F,)  JS=  P,  .A,B^  +  P,.  A,  B^, 
If  we  designate  by  Sj,  s^,  s^^&Cjthe  normal  distances  jJjBj^jJ^Sj^ 
[  jS^B^,  &c*,  of  the  points  of  application  from  the  principal  plane  XY^ 
j»nd  by  Wy  that  of  the  point  A  from  the  same  plane,  we  have  for  the 
[two  forces: 

(Fj  +  Fj)  w^  ==^  Fj  2j  +  Fj  z^\  for  three  or  more,  and  generally 
(Pi  +  P^-^-  Pz-^  ^  ^  ^  w=P^z^^ F^,+  P^z^ .  ,  ,     Consequently 


1 


^_A-.+^.-.+  - 


If  we  put  likewise  the  distances  AC  and  AD  of  the  point  of  appli- 
cation of  the  resultant  from  the  planes  XZ  and  YZ  »  v  and  ti,  we 
then  obtain: 

o  ..      ^13^1+ ^3^2+^^  and 


3.    I£^ 


F,+  P,.., 
F,3:,+  F^,+ 


F,  +  F,+  ,.. 

The  three  distances  u^  i;,  ti?  from  the  principal  planes,  as  for  ex- 
Etnple,  from  the  floor  and  the  two  side  walls  of  a  room,  fully  determine 
the  point  A^  for  it  is  the  eighth  terminating  point  of  the  paral- 
lelopipedj  constructed  from  «,  ts  w^  consequently,  in  such  a  system 
there  is  but  one  single  point  of  application  of  the  resultant* 

As  the  three  formulae  for  u,  u,  «?,  do  not  contain  the  angles  which 
the  forces  make  with  the  principal  planes,  the  point  of  application  is 
independent  of  these  forces,  and  also  of  their  directions  j  the  whole 
system  admits,  therefore,  of  being  turned  about  this  point  without  its 
ceasing  to  be  the  point  of  application,  provided  only  that  in  this  tam- 
'  ing  the  parallelism  of  the  forces  be  preserved. 

Id  such  a  system  of  parallel  forces  the  product  of  a  force,  and  the 
distance  of  its  point  of  application  from  a  plane  or  line,  is  called  the 
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moment  of  ihe  force  with  reference  to  this  plane  or  line,  and  gene- 
rally^ the  point  of  fipplication  of  the  resultant  is  called  the  centre  of 
parallel  forces.  The  distance  of  the  centre  of  a  system  of  parallel 
forces  from  any  plane  or  line  whatever,  (the  latter  when  the  forces  lie 
in  the  same  plane,)  is  obtained,  when  the  sum  of  the  moments  is 
divided  by  the  sum  of  the  forces. 


Exampk, 


If  the  foftsea  ftre 
the  (lLiitanc«4 


y* 


The  motneisU  aie  P^  jf, 

Now,  if  the  sum  i^f  t]ie  fof^ed  ^19 — 1^12  Ibe^  the  distunces  of  the  oenEmt  peiot 
of  thi«  i^stent  from  the  three  principal  pittoea  are  csonsequently : 
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Fig.  60. 


§  92.  Forces  in  Space* — If  it  be  required  to  unite 
stituted  of  differently  directed  forces^  a  plane  must  be  earned  through 
the  ^stem,  the  different  points  of  application  transferred  to  this  plane, 
and  each  force  resolved  into  two  component  forces,  the  one  coinciding 
with  the  plane,  the  other  at  ri^ht  angles  to  it.  If  ^j,  j3j. , .  are  the 
angles  under  which  the  plane  is  intersected  by  the  directions  of  the 
forces,  then  the  normal  forces  are  P^  sin,  p,  P^  $in>  ^.  *  *  f  and  those 
in  the  plane  P^  cos.  (3j,  P^  cos,  ^,,  &c.  The  latter  from  §  88,  and  the 
former  from  the  last  §  91  may  be  combined  to  a  resultant.  In  gene- 
ral, the  directions  of  both  resultants  i^l I  nowhere  intersect  each  other^ 
and  accordingly  a  composition  of  these  is  impossible,  but  if  the  result- 
ant of  parallel  forces  passes  through  a  point  iC,  Fig.  60»  in  the  direc- 
tion ^Bof  the  resultant  of  the  forces 
in  the  plane  (the  plane  of  the  paper) 
a  composition  is  then  possible.  If 
we  put  the  distances  00=^  DK=  w, 
and  OD  ^  CK  =  v  for  the  point  of 
application  of  the  first  resultant,  on 
the  other  hand  the  arm  OJVof  the 
second  =  a,  and  the  angle  BAO^ 
at  which  it  intersects  the  axis  XX 
=  ft,  the  condition  for  the  possibility 
of  a  composition  is : 

u  sin, »  +  t?  €0$.  as  a. 
If  this  equation  is  not  satisfied, 
if,  for  example,  the  resultant  of  the 
normal  forces  passes  through  A'^  the  reduction  of  the  whole  system 
of  forces  to  a  resultant  is  then  impossible,  but  it  readily  admits  of 
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fl^diig  reduced  to  a  resultant  ft,  Fig,  61,  and  a  couple  P, —  P,  if  the 
I  resultant  JV  of  the  pi(talle1  components  is  resolved  into  the  forces  —  P 
,  and  R^  of  which  the  one  is  equal, 

mnd  directed  parallel  and  opposite ^^    Fig,  6t. 

to  the  resultant  P  of  the  forces  in 

the  plane* 

§  93.    Prijiciple  of  llrtual    Ve- 

iockies. — If  a  system  of  forces  P^^^ 

P^  Pj,  acting  in  a  plane,  Fig.  6-i, 

is  progressive,  t\  e.   moves  forward 
I  that  all  the  points  of  application 

•fj,  yj^,  */J-j,  .  .  .  pass  through  equal 

parallel  spaces  J^^  j5j,  ^^  B^^  .fl^  B^^ 

the  effect  of  the   resultant  (in  the 

sense  of  §  80)  is  equivalent  to  those  of  the  components,  and  in  a  state 

of  equilibrium  therefore  =  0»     If  the  projections  M^  A\^  .i^  JV^,  &c., 

cobciding  with  the  directions  of  the  forces  of  the  common  spaces 
"   ~  -    -    -  '        ^^  mechanical  effect  of  the  re* 


sultant  is : 


B^,  &c. 


=  ^. 


*2,  then 


Py^P,fj+PjS,+  , 


Fii?.  ea. 


and 


This  law  follows 
from  one  of  the  for* 
mula  of  §  88,  accord- 
ing to  which  the  com- 
ponent of  the  resultant 

*rQiiniog  parallel  with 

I  the  axis  XX  is  equal  to 
the  sum  Q^+Q^-^*  *  - 
Itc^,  of  the  similarly 
running  components 
of  the  forces  P^,  P^\ 
now  from  the  simi- 
larity of  the  triangles 
Ji^B^J^\  and  J,P,Q^, 
[» there  follows  the  pro- 
portion 

jiB  ' 
\vit  may,  therefore,  in  place  of 
Q=Q,+  Q,+  ...  put 

§  94.  If  the  system  of  forces  m.  ,, 
Ac,  Fig.  63,  be  made  to  revolve  a  very 
little  about  the  point   0,  the  law  of  the 
principle  of  virtual  velocities  enunciated 

abore  in  §  80  and  §  93  holds  equally  good,  as  may  be  proved  ia  the  fol- 
8 


Q,  =- 


from  thill : 


&c. 


Fig.  63. 


P..  P. 
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lowing  manner.     From  §  86  the  moment  P .  OJf  of  the  resultant  is 
equivalent  to  the  sum  of  the  moments  of  the  cotApnnents,  so  that ; 

The  space  'M^B^  corresponding  to  a  revolution  through  the  small 

I  ingle  *^,  OBj^t*^  or  the  arc  frs  --^.  m,  is  perpendicular  to  the  dia* 
]  loO 

[iDeter  0*'?j,  therefore,  the  triangle  A^B^C^^  which  is  formed  if  a  per- 
rpendicular  line  B  C,  be  let  fall  on  the  direction  of  the  force,  is  similar 
to  the  triangle  oAJ<r^  determined  by  the  arm  OJT^^a^^  and  accord- 
ingly 


ojv; 


AC. 


If  the  virtual  velocity  J^C^^a^  and  the  arc  *^,Bi> 
^then  obtain : 


.  OJ. 


f,  we 


_i,also  a,=.  -^5&c, 

If  these  values  be  substituted  in  the  above  equation  for  a„  u^^  we 

then  have 


^=L^+I^+, 


ate. 


or,  as  f  is  a  common  divisor, 

Pa=P(<f^+Pj*j+,  •  •  &c*j  the  same  as  in  §  80, 
So  that  J  for  small  revolutions  the  mechanical  effect  (Pa)  of  the 

sultant  is  equivalent  to  the  sue 
^'«'^^*  of  the  mechanical  efiects  of  the'* 

components. 

§  95.  ITie  principle  of  virtual 
velocities  holds  hkewise  for  ar- 
bitrarily great  revolutions,  if 
instead  of  the  virtual  velocities 
of  the  points  of  application,  the 
projections  JV^jJD,,  Jf^D^t  &c., 
Fig,  64|  of  the  spaces  commencing  at  the  points  A\^  JV^,  be  intro- 
duced, and  their  values 

B^Cj=  OB^  m,  JV;OB^=Si  sin.  t> 
B^C^^  OB^  nn,  Jf^OB^^a^  dn,  t, 
be  substituted  for  dj,  j^,  we  then  obtain 

Pa  sin,  ^=Pjai  sin.  t+P^a^  sin,  f  , 

by  sin,  {>, 
Pa^P,a,  +  P^a^+.,,, 
the  known  equation  for  statical  moments. 

This  principle  is  correct  also  for  finite  revolutions,  if  the  directions 
of  the  forces  revolve  simultaneously  with  the  system,  or  if,  while  the 
point  of  application  incessantly  changes,  the  arm  OJ^Tj™  OB^  remains 
invariable,  then  from 

Pa=P^a,  +  P,ff,, 
and  multiplying  by  ^,  we  have 

Paf=Pjefit+P3V+  •  '  •>  »-  ^* 

Pff=Pjtfi+Pgflj+    .   »   •  y 


&c. 


»+^  or,  dividing 
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Fig.  65. 


l! 


if  9f  #,i  e««  &c,,  designate  the  circular  arcs,  Jf^B^f  *^2^t*  ^*f  of  the 
points  JV;  Jf^i  &c. 

§  96,  Every  sraall  motioti  or  dispkeement  of  a  tody  in  a  plane 
©ay  be  regarded  as  a  small  revolution  about  a  movable  centre,  and 
ijiay  be  proved  in  the  following  mannen  Let  two  points  Ji  and  B^ 
Fig,  65,  of  this  body  (this  surl^ce  or  line)  be  advanced  by  a  small 
motion  to  Jf^  and  5,,  let  also  *^jfl^= 
JIB,  If  at  these  points  we  draw  per* 
peodlculars  to  the  small  spaces  de- 
scribed ^'9^9^  and  BB^^  they  will  intersect 
at  a  point  C,  from  which  as  a  centre 
Ji.i^  and  BB  may  be  considered  the 
circular  arcs  aescribed.  Now  from  the 
equalities  AB^M^B^,  JC^J.C,  and 
BC^B^C,  the  triangles  JBC  and 
*i^S^C  are  equal,  therefore,  also  the 
dB.Cjl^  ^  £  BCA  and  the  z  ACA^  ^ 
i,  BCB^.  If  we  make  A^D^^AD,  we 
obtain  from  the  equality  of  the  /s 
P^1,C  and  DjiC\  and  from  that  of  the 

rides  C-^j  and  Ck  in  CA^D^  and  CjID^  again  two  congruent  trian- 
gles in  which  Ci>,=  CD^  and  z  ji^CD^^£  ACD,     Consequently  any 
I  arbitrary  point  D  in  AB^  by  its  small  advancement,  describes  a  cir* 
f  ular  arc  DD^^    If  lastly  E  be  any  point  without  the  line  AB^  and 
ligidly  connected  with  it,  the  small  space  EE^  may  be  regarded  as 
I  the  arc  of  a  circle  from  C  as  a  centre,  for  if  we  make  the  z  E^AJB^ 
'E^iB  and  the  distance  A^E^^AE^  we  again  obtain  two  congruent 
f  triangles  E^A^C  and  EAC  with  equal  sides  CE^  and  C£,  and  equal 
2s  Jf^CE^  ACE^  and  the  same  may  be  shown  for  every  other  point 
ijgidly  connected  with  AB.     We   may  consequently  regard  every 
limall  motion  of  a  surface  rigidly  connected  with  AB^  or  of  a  rigid 
jbody,  gs  a  small  revolution  about  a  centre,  which  is  given  when  the 
[point  of  intersection  C  is  determined,  in  which  the  perpendiculars  to 
I  the  paths  AA^^A  BB^  of  the  two  points  of  the  body  intersect  each 
[Other, 

§  97,  From  §  94,  for  a  small  revolution  of  a  system  of  forces,  the 
I  mechanical  effect  of  the  resyltant  is  equivalent  to  the  algebraical  sum 
of  its  components;  from  §  95,  every  sraall  displacement  may  be  re- 
garded as  a  small  revolution:  hence  the  law  of  the  principle  of  virtual 
Telocilies  above  enunciated  is,  therefore,  applicable  to  every  small 
Biotion  of  a  rigid  body  or  system  of  forces. 

If  equilibrium  obtain  in  a  system  of  forces,  t\  e,  if  the  resultant  be 
ImuU,  the  sum  of  the  mechanical  effects  must  be  also  null  for  a  small 
I  arbitrary  motion.  If  inversely  for  a  small  motion  of  the  body,  the 
am  of  the  effects  be  null,  equilibrium  does  not  from  this  necessarily 
dUow;  the  gum  for  all  possible  small  displacements  must  be  »  0,  if 
tcquilibrium  is  to  take  place.  Since  the  formula  expressing  the  law 
lidf  virtual  velocities  only  fulfils  one  condition  of  equilibrium^  it  is  re- 
[quisite  for  equilibrium  that  this  law  be  satisfied,  at  least  for  as  many 
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motions  as  can  be  made  from  tbe»e  eonditioDS  for  example^  in  a  sys- 
tem of  forces  in  a  plane^  for  the  three  motions  iadepetident  of  each 

other* 


CHAPTER    11. 
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J  98.  Cenire  of  Gravity. — The  weights  of  the  parts  of  a  heavy 
y  form  a  system  of  parallel  forces,  whose  resultant  is  the  weight 
of  the  whole,  and  whose  centre  raay  be  determined  from  the  three 
formulae  of  §  91,  This  middle  point  of  a  body  or  system  of  bodies 
is  called  the  centre  of  gravity,  and  also  the  centre  of  the  mass  of  the 
body  or  system  of  bo<lies«  If  a  body  be  turned  about  its  centre  of 
gravity,  this  point  does  not  cease  to  be  the  central  point  of  gravity, 
for  if  the  three  planes,  to  which  the  points  of  application  of  the 
separate  weights  are  referred^  revolve  at  the  same  time  with  the 
body,  the  position  of  the  directions  of  force  to  these  planes  alone 
changes  by  this  revolution,  the  distances  of  the  points  of  application 
from  these  planes  remain  invariable.  The  centre  of  gravity  is,  there- 
fore, that  point  of  a  body  in  which  its  weight  acts  vertically  down* 
wards,  and  which  must  be,  therefore,  supported,  and  fixed,  in  order 
that  in  every  position  the  body  may  remain  at  rest* 

§  99.  Every  vertical  straight  line  in  which  this  point  lies  is  called 
the  Kite  of  gramty;  and  every  plane  passing  through  the  centre  of 
gravity,  a  plane  of  gramty.  The  centre  of  gravity  is  determined  by 
the  intersection  of  two  lines  of  gravity,  or  that  of  a  line  of  gravity 
and  a  plane  of  gravity,  or  by  the  intersection  of  the  planes  of  gravity. 

Since  the  point  of  application  may  he  dispkcedjpt  will  in  the 
direction  offeree,  without  changing  the  action  of  the  force,  so  a  body 

is  in  any  position  in  equilibrium 


Fif .  m. 


if  a  point  in  the  vertical  line  pass- 
ing through  the  centre  of  gravity 
is  fixed. 

If  a  body  M^  Fig-  66,  be  sus- 
pended by  a  thread  C/i,  in  its 
prolongation  AE  we  have  a  line 
of  gravity,  and  if  it  be  similarly 
suspended  by  a  second  line,  we 
gti  a  second  line  of  gravity  DE, 
The  intersection  5  of  both  lines 
is  the  centre  of  gravity  of  the 
body.  If  the  body  be  suspended 
upon  an  axis,  or  be  brought  upon 
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a  sharp  edge  (knife  edge)  iQto  a  state  of  equilibriuin,  we  shall  obtain 

:i[i  the  vertical  plane  passing  through  the  axis,  or  through  the  knife 

i#dge^  a  plane  of  gravity,  &.c.     Experimental  determinations  of  the 

Wentre  of  gravity,  as  just  pointed  out,  are  rarely  applicable;  we  have 

generally  to  make  use  of  geometrical  rules,  which  will  presently  be 

given  for  the  determination  of  this  point  with  accuracy. 

Id  many  bodies^  for  example,  in  rings,  the  centre  of  gravity  falls 
without  the  mass  of  the  body,  if  such  a  body  is  to  be  fixed  in 
its  centre  of  gravity,  it  is  necessary  to  connect  a  second  body  with 
the  first,  in  such  a  manner  that  the  centres  of  gravity  of  both  may 
coincide. 

§  100,  Determination  of  the  Centre  of  Gravity, — If  ar^  x^,  a*j,  j^j, 

[  ffsf  if$f  *p  *t>  *3'  ^*^*»  ^^  *^^  distances  of  the  parts  of  a  heavy  body 

rfrom  the  three  planes  xz^  yz,  xy,  and  the  weights  of  these  parts  be 

'  ^n  ^v  ^3*  ^*^*j  ^^  ^^^^  h^ive  the  distances  of  the  centre  of  gravity 

from  these  three  planes, 


P,  +  P,  +  P,  +  .  . 


p,  +  p.  +  P3  +  . . 


p.  +  p,  +  p,  + . . . 

If  lie  volumes  of  these  parts  be  F„  F„ 
I  *»»  r»  Yv  ^'^•>  *'^  ""^y  P"^  therefore 


F„4c. 


,  and  their  densities 


If  the  body  be  homogeneous,  L 
thep: 


X  = 


e.  all  parts  of  the  same  density  y^ 
•  Or 


I  or  since  the  common  factor  f  above  and  below  is  cancelled : 


1.  :r  = 


2,y 
3,  z^ 


n  + 


/,  +  n + ^  - 

We  may  also,  instead  of  the  weights,  substitute  the  volumes  of  the 
(Separate  parts,  and  thereby  make  the  determination  of  the  centre  of 
avity  a  problem  of  pure  geometry. 

When  bodies  are  a  little  extended  in  one  or  in  two  dimensions,  as 

[thin  plates,  fine  wires,  &c.,  they  may  be  regarded  as  surfaces  or  lines, 

and  their  centres  of  gravity  likewise  determined  with  the  help  of  the 

J  three  last  formulae,  if  for  the  volumes  F^,  F^,  the  arms  or  lengths  be 

[fiubstituted. 

§  lOL  In  regular  figures  the  centre  of  gravity  coincides  with  the 
centre  of  figure,  as  in  dice,  cubes,  spheres,  equilateral  triangles,  cir- 

8' 
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cles,  &Ct  Sytntoetric  figures  have  their  centre  of  gravity  in  the  plane 
or  axis  of  symmetry.  The  plane  of  symmetry  A  BCD  divides  a  body 
ADFE^  Fig.  67,  into  two  congruent  halves^  the  portions  on  both 


Fig-  67. 


Fig.  6S, 


sides  of  this  plane  are  equals  the  moments  also  on  the  one  side  are 
equal  to  those  on  the  other,  and,  consequently,  the  centre  of  gravity 
fails  within  this  plane.  Because  the  axis  of  symmetry  .EF  cuts  the 
plane  surface  ABCD^  Fig.  68,  into  two  congruent  parts,  here  the 
portions  on  the  one  side  are  equal  to  those  on  the  other;  the  moments 
also  on  both  sides  are  equal,  and  the  centre  of  gravity  of  the  whole 
lies  in  this  line.  Lastly,  the  axis  of  symmetry  KL  of  a  body  JlBGH^ 
Fig*  69,  is  its  line  of  gravity,  because  it  arises  from  the  intersection 


Fig.  a®. 


Fij.  70, 


of  two  planes  of  ^mmetry,  JiBCB  and  EFGH,  For  this  reason,  the 
centre  of  gravity  of  a  cylinder,  of  a  cone,  and  of  a  surface  of  revolu- 
tion, or  of  a  rotating  body  formed  on  the  potter's  wheel,  lies  in  the 
axis  of  these  bodies, 

§  102.  Centre  of  Gravity  of  iijies.— The  centre  of  gravity  of  a 
straight  line  lies  in  its  middle. 

The  centre  of  gravity  of  a  circular  arc  AB  =  6,  Fig,  70,  lies  in  the 
diameter  CM^  and  passes  through  the  middle  M  of  the  arc,  for  this 
diameter  is  the  axis  of  symmetry  of  this  arc.  But  in  order  to  find  the 
distance  C*?=^  of  the  centre  of  gravity  i^from  the  middle  point,  or 
centre  of  th  circle^  the  arc  must  be  divided  into  many  elementary 
parts,  and  statical  moments  of  these,  with  reference  to  an  axis  XX 
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passing  through  the  centre  C  and  parallel  to  the  chord  *SB=^,  be  di 
lermined. 

If  PQ  be  a  part  of  the  arc^  and  FJVbe  its  distance  from  X 
then  the  statical  moment  of  this  portion  of  the  arc  =  PQ.  PJf.     If 
now  the  radius  PC=MC^r  be  drawn,  and  QR  parallel  to  vJ- 
w€  obtain  the  two  similar  a'  PQR  and  CPA\  for  which; 

PQiQR^CPiPJ^ 
from  which  the  statical  moment  of  the  elementary  arc  PQ.  PA 
QR.CP^  QR  .  r  is  determined. 

Now,  for  the   statical    moments  of  all  the  remaining   arcs,  the 
radius  r  is  a  common  factor,  and  the  sum  of  all  the  projections 
of  the  elementary  arcs  is  equal  to  the  chord  corresponding  to  the  p 
jection  of  the  whole  arc  ;  it  follows^  therefore,  that  the  moment  of 
whole  arc  is  also  =  the  chord  (s)  limes  the  radius  r.     If  this  mo- 
ment be  put  equal  to  the  arc  (b)  times  the  distance  x^  and  therefoi 
bx^  $r^  we  then  obtain: 

_-=      and  X—  ^, 

TO  b 

So  that  the  distance  of  the  centre  of  gravity,  from  the  middle  point 
is  to  the  radius,  in  the  ratio  of  the  arc  to  the  chord. 
If  the  angle  at  the  centre  ^CB  of  the  arc  b  be  =  i3^  the  arc  ci 


o- 


responding  to  the  diameter  1  is  ^  =  tuq©"  - 

^r,  and  s  =  2  r  sin.  ^;  whence  it  follows  that,  x  — 


We  have  then  b 
2  sin,  J  (I  •  r 


For  the  semicircle  ^  =  ^  and  sin.  |  ==  1 ;  therefore,  x 


2 

-  Ti 


0,6366 , 


pf  ^ ' 


n 


nearly. 


§  103*  To  find  the  centre  of  gravity  of  a  polygon  or  a  connection 
of  lines  *4B CD,  Fig.  71,  we  must  seek  M 

the  distances  of  the  middle  points  //,  ^'^"  ^*'  " 

K,  M,  of  the  lines  JB^L,,  BC^L^, 
CD=L^t  &.C.,  from  two  axes  OX  and 
OY,  Tiz:  HH^  =  y^,  HH^  ^  x,,  KK, 
=  y,,  KK^  =  Xj,  &,c*  *  the  distances  of 
the  centre  of  gravity  sought  from  these 
axes  are  then : 


S.%  =  X  ^ 


SS,  =  y  = 


For  example,  the  distance   of  the 
centre  of  gravity  5  of  a  wire  bent  into  the  form  of  a  a  JiBCf  Fig. 
from  the  base  is: 


JfS^  x  = 


+  ^  +  c_~  g  +  6  +  c 


h 
2' 
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if  the  sides  opposite  to  the  angles  *^,  Bf  C  be  designated  by  a^  b^  c, 

and  the  height  CG  by  A. 

If  the  middle  point**?  H,  K^  M^ 
of  the  sides  of  the  triangle  be 
connected  with  each  others  and 
in  the  triangle  so  obtained  a  cir- 
cle be  described,  its  centre  will 
coincide  with  the  centre  of  gra* 
vity  S,  for  the  distance  SD  from 
one  side  H  K  is 


2 

ch 


h       u  +  h 


Fig.  73, 


Fiff.  74. 


2      2(fl+A-hc)      a-^h-^c 
the  distances  SE  and  SF  from  the  other  sides, 

§  104.  Centre  of  Gravittf  of  Plane  Figures^ 
— The  centre  of  gravity  of  a  parallelogram 
JiBCD,  Fig.  73,  lies  in  the  point  of  inter- 
section  of  its  diagonals,  for  all  strips,  such 
as  iC£,  which  are  formed  by  drawing  lines 
parallel  to  one  of  its  diagonals  BD^  are  bi* 
sected  by  the  other  diagonals  AC\  each  of 
the  diagonals,  therefore,  is  a  line  of  gravity. 
In  a  plane  a  JIBC^  Fig.  74,  every  litie  CD  from  one  angle  to  the 
middle  D  of  the  opposite  side  ^B^  is  a  line 
of  gravity,  for  the  same  bisects  all  the  ele- 
ments KL  of  the  A  which  aje  given  when 
lines  parallel  to  MB  are  drawn.  If  from  a 
second  angle  A  a  second  line  of  gravity  be 
drawn  to  the  middle  E  of  the  opposite  side 
BC^  the  point  of  intersection  of  the  two  will 
give  the  centre  of  g-ravity  of  the  whole  i. 

Because  BD  =  \B.fl  and  BE=\BC,  DE 
is  parallel  to  AC  and  =  i  AC^  and  ^  DBS 
similar  to  the  a  CAS,  and  lastly,  C5f=  2  SB. 
If  further  we  add  SB,  it  follows  that  CS  +  SB,m  CD  =3  DS,  and, 

therefore,  inversely,  DS  ^  |  CD, 
The  centre  of  gravity  S  lies  at  J  of 
the  line  CD  from  the  middle  point 
D  of  the  base,  and  at  |  of  the  same, 
from  the  angle  C.  If  Clf  and  SJiT 
be  drawn  perpendicular  to  the  base, 
we  ha%^e  also  SJif^  J  CH;  the  cen- 
tre of  gravity  iS^  is  at  |  of  the  height 
from  the  base  of  the  a* 

The  distance  SS^  of  the  centre 
of  gravity  of  a  ^ABC,  Fig.  75, 
fiiom   an  axis  XX  is  =  DD^  +  J 


Fig.  75, 


CBHTRl  or  GRAYITY   OF   PLAlfE   PIGURli. 

(CCj—  DDX  but  Di)^  =  I  (Ai?!  +  BiJJ,  consequently,  x  =  55^ 

=»  '^  ^""^        t"'"        1  t,  e,,  the  arithraetical  mean  of  the  distancei. 
3  ' 

of  the  three  angular  points. 

Since  the  distance  of  the  centre  of  gravity  is  detennined  in  the  same] 
mannpr  bv  ihiEt  eoual  weights  at  the  angular  points  of  a  a,  so  thej 


^  >  >M 


^^^    ^A^    ^^^>&^ 


X' 


7 


/t 


rj-'^JT-Ji  '/^//  , :  ^^^^^ 


y-    ^i-*'*^ 


>^*^i;»*v-j^     •i^^J^ 


^^^^jC 


f^'\^? 


^^    1^^^ 


fere 


_M.*+(^l.»_(B+2.)|, 


but  the  area  of  the  trapezium  is  =  (S+6)  ^ ;  it  follows,  therefore 
that  the  normal  distance  of  the  centre  of  gravity  S  from  the  base  is 


^^  ^i^  ^^Si^^^ji;^,!.^ 
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m 


(CC—  DDX  but  BD^  =  i  {AJ,  +  BBX  consequently,  x 
X-1,  +  BB,  +  CC, 


5a 


3 


i.e..  the  arithmetical  mean  of  the  distances 


of  the  three  angular  points. 

Since  the  distance  of  the  centre  of  gravity  is  determined  in  the  same 
manner  by  three  equal  weights  at  the  angular  points  of  a  ^,  so  the 
centre  of  gravity  of  a  plane  triangle  coincides  with  the  centre  of  gra* 
Tity  of  these  three  equal  weights. 

§  105.  TbedeteriDiDationof  the  centre  of  gravity  Sofa  trapezium 
jtBCD^  Fig,  76 J  may  be  made  in  the  following  manner.    The  straight 

Fig*  76. 


line  MJfi  which  connects  the  middle  points  of  the  two  bases  ^B  and 
€D  with  each  otherj  is  a  line  of  gravity  of  the  trapezium  ;  for  lines 
drawn  parallel  to  the  bases  decompose  the  trapezium  into  elementary 
parts  J  whose  middle  points  or  centres  of  gravity  lie  in  J/JV*  Now  to 
determine  completely  the  centre  of  gravity  S,  we  have  only,  therefore, 
to  find  its  distance  5'Hfrom  a  base  .'^B. 

Let  B  represent  the  one,  and  6  the  other  of  the  parallel  sides  ^B 
and  CD  of  the  trapezium »  A  the  height  or  the  normal  distance  of 
these  sides.  Let  DE  be  now  drawn  parallel  to  the  side  BC^  we  shall 
then  obtain  a  parallelogram  BCDB  of  the  area  M,  and  whose  centre 

of  gravity  is  S^^  and  distance  from  AB  =s  - ,  and  a  a  ADE  of  the 

area  ^ — ~   ^     and  centre  of  gravity  S^^  and  whose  distance  from 

h 
3* 

The  statical  moment  of  the  trapezium,  about  the  line  AB^  is  there- 
fore 

h 


AB^t. 


2  2 


3-(^+<' 


but  the  area  of  the  trapezium  is  =■  (S+6)  ^ ;  it  follows,  therefore, 
that  the  normal  distance  of  the  centre  of  gravity  Sfrom  the  base  is 

~    J(B+6)A~  J?+i    '3' 
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To  find  the  centre  af  gravity  by  construction,  let  the  two  bases  be 
prolonged,  the  prolongations  CG  made  =  B  and  AF  =  6^  and  the 
two  extreme  points  obtained,  F  and  6?,  connected  by  a  straight  line : 
the  point  of  intersection  S  with  the  middle  line  JfJVwill  be  the  centre 

of  gravity  sought ;  for,  from  HS=.    ^"\  ^    ,  ^,  it  follows  that 


MS^ 


B+2h     MM 


and  JrS 


5+i      S 


MS  _BJt^b_\B-\r^      MM+JF 


and 


Fig.  7t. 


jra      2B+6      B-h^b      CG-\-jrC     J^G' 
which  actually  arises  from  the  similarity  of  the  triangles  MSF  and 
JTSG, 

§  106,  To  find  the  centre  of  gravity  of  any  other  four-sided  fi^re 

ABCD^  Fig.  77,  we  may  decompose  it 
by  the  diagonal  viC  into  two  triangles, 
and  from  the  foregoing,  determine  their 
centres  of  gravity  S^  and  5^,  and  thereby 
a  line  of  gravity  S^S^,  If  now  the  four- 
sided  figures  be  decomposed  into  two 
other  triangles  by  the  diagonal  BD^  and 
their  centres  of  gravity  determined,  we 
obtain  another  line  of  gravity,  whose  in- 
tersection with  the  first  will  give  the 
centre  of  gravity  of  the  whole  figure. 
We  may  effect  this  more  simply  if  we  bisect  the  diagonal  *^C  in 
Jlf,  apply  the  greater  part  BE  of  the  second  diagonal  to  the  less,  so 
that  i)/'^5E,  join  KAf  and  divide  it  into  three  equal  parts  j  the 
centre  of  gravity  lies  in  the  first  point  8  from  M^  as  may  be  proved 
in  the  following  manner.  MS^^  \  MD  and  MS^  =  \  MBj  conse* 
quently  S^S^  are  parallel  to  BD,  but  SS^  times  a  ACD=SS^  times  a 
ACBy  or  SS^  -  DE^SS^ ,  BE  j  therefore,  SS^  i  SS^=^BE  :  DE.  Now, 
BE^DF  and  DE=BF,  consequently  SS^^  :  SS^  =  DF :  BF.  The 
straight  line  .?tf/*  intersects,  therefore,  the  Itne  of  gravity  S^S^  in  the 
centre  of  gravity  of  the  figure. 

§  107,  If  it  be  required  to  find  the  centre  of  gravity  S  of  a  polygon 
ABCDE^  Fig  78,  we  must  decompose  the  polygon  into  triangles,  and 
determine  their  statical  moments  with  reference  to  two  rectangular 
axes  XX  and  FK 

If  the  co-ordinates  0.^j=\rj,  OJi^^y^^  OB^^x^^  05^-=^^,  &c,,  of 
the  extremities  are  given,  the  statical  moments  of  the  triangles  ABO^ 
BCO^  CODf  &c.,  may  be  determined  simply  in  the  following  mannen 
The  area  of  a  ABO^  from  the  remark  below,  ===U^  s=  |  (x^y^ — x^J  ; 
of  the  following  ^  BCO^D^=^  (^0^ — ^al/^h  ^-c-jthe  distance  of  the 
centre  of  gravity  of  a  ABO  from    YY  according  to  §  104  =Uj  = 

-^ — ^— =      ^      t  from  XX*=t?j  =  — -o  -  J  of  the  centre  of  gravity 
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of  A  SCO^u,  -  -^J^  and  »,„^±1^,  &c.  If  these  distances  are 
multiplied  by  the  areas  of  the  tridngles^  the  moments  of  these  last 


fare  obtained  ;  and  if  the  values  so  obtained  are  substihtted  in  the 
formulae : 
wi 
": 


we  have  tbe  distances  u  and  v  of  the  centre  of  gravity  from  tbe  axes 
YY  and  XX. 

Exatnpit.  A  pentagon  J^BCDE,  Fig.  73,  is  given  by  the  foLbwin^  coordinates  of  ita 
extremities  A^B^C^  kct.i  to  fiml  the  co-ordiiiaiea  of  iu  centre  of  gravity : 


Coordinateji  given. 

Twice  the  area 
of  trmngles. 

Triple  eoordiimtfts 
of  centre  of  gravity. 

Six  timei  the  s«a- 

bcal  momenta. 

* 

y 

an. 

3t-» 

6^«. 

^Ihvm 

24 

7 

—16 

^-12 

11 

SI 

15 

—  9 

—12 

24  .21^    7  .  11  =427 

7.  15 +21.  16  »  441 

10,    9+  1^'  15^324 

12  .  13  +  IS  ,    9  =a  306 
18.11  +  24.13=486 

31 
—  t 
— 2S 

+  « 

+42 

32 
3S 

—21 

—  I 

13237 

—3969 

—9072 

ISM 

20412 

13664 

15S76 

1944 

—6426 

—  4m 

Sum:     igS4 

32444 

24572 

The  diftatice  of  ibe  centre  of  gravity  from  the  axU  TYi%', 

SS^=^u^J-,  ^^Hii-i  »  3,771, 
3     1964 


and  from  the  oxij  JOT: 


1     24572 


SS.  =  i?-  3.   jg^ 


=  4,128. 
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Mtnmrk,  If  CJ^  «  x,,  €B,  -. 
Fig.  79. 


A 

J 

^        T-\.. 

jt^  CJ^=^^u  and  Ci^^^y^ilip  co-ordinBtes  of  the  two] 
anirlei  i:if  a  triaD^le  ^BC^  Fig.  19^  wh 
third  angle  C  coincided  with  tU^  pom 
of  applicaiion  of  the  iyilem  of  Pf>ordi< 
uate^,  we  have  the  area  of  the  same  ■ 
D  ^  tmpeaiiiim  ^BB^Ji  +  triangle 
CBBt  —  triangle  C^f^^ 

2 
TTie  ares  of  this  triAiiglc  b  the  difiet- 
ein<^^  of  two  other  triangles,  C/?,  jf^  and 
Cf^  J9,,  and  the  one  coordinate  of  a  poinl 
b  the  base  of  the  one,  and  th?  other  oo- 
ordinate  the  height  of  Uie  other  trmngLe, 
and.  inveracly, 

§  108,  The  centre  of  grEvity  of  the  sector  of  a  circle  J}CB,  Fig- 
80>  coincides  with  that  of  a  circular  arc  -^^B^  which  has  the  same 

angle  with  the  sector,  and  whose  radius 
CJl^  is  two-thirds  of  the  radius  C^of  J 
the  sector ;  for  the  sector  may  be  divided  , 
by  an  infinity  of  radii  into  very  small 
triangles,  whose  centres  of  gravity  are 
distant  two- thirds  of  the  radius  from  the  I 
centre  C\  and  these  form  by  their  con- 
tinuity the  arc  ^^M^B^,     The  centre  of  1 
grarity  S  of  the  sector  lies  in  the  radius 

chord 
CM,  bisecting  the  surface,  and  at  the  distance  CS  =  x=^  . 

?  O^  =-  1  .   sm^J^  ^^  ^  representing  the  radius  Cv3  of  the  sector,] 

3  3  i3 

and  (3  the  arc  which  measures  the  angle  at  the  centre  JiCB, 

For  the  semi-eircle  ^  =£  f<,  sin.  i  }3  =  m.  90°  =  1,  therefore  x  = 

14  ~ 


Fig,  80. 


r  =  0,4244  r  or  about  ^  r.     For  a  quadrant  x 


B7t 

0,6366  r 


r  =  0,6002  r  and  for  a  sixth  part  z  ■ 


Fig.  8L 


T-  r  =  -  r 


§  109.  The  centre  of  gravity  of  a  seg-.-j 
ment  of  a  circle  JiBM^  Fig.  81,  is  given, 
if  we  put  the  moment  of  the  sector  ,^CAAf  J 
equal  to  the  gum  of  the  moments  of  the 
segment  and  the  moment  of  the  triangle  < 
JICB.     If  r  be  the  radius  C^,  s  the  chord:  j 
JIB^  and  Ji  the  area  of  the  segment  JiBM^ 
the  moment  of  the  sector  =  the  sector  K 
^^         r  *  arc      chord     2  1 


arc 


ther  the  moment  of  the  triangle  »=  triangle  X  CS^ 


g^r^jfur* 
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^~^     y-^y^^^-^^  JJJ^    y<^1^     ^*^>if7^ 


X 


•7 


^y^ 


/ 

yy  y^     , 


r-=     ^       jV. 


.^    ^ 


i^    ^-^^-^  ^'^^.^      .  \     ^.r«/^    *^    y^^.-^^-X'/y     •'^■e^.^    >t-<-     ^/*,*       -^J^ 


J^v>^< 


<•-•— '^  ^^  _C 


^e^  ^p^^t^yAi.^*^    Af-^*^^  .4:  -  ^V _.^  =.  ^^~^S:f_^i*^.^^ 
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'     ^^      .t^.  f  V  -^       :■/       /.,. 


•  ^       i>  .  ■^  /r-  ^.        r-  t  *     -if 


c   ;  ■ 


•    ■■■'     /••<    ..u-^./.  .         ,      ,.     .     -       . 

"  It 

'  f  ^  y ■    .-    .     ""^        '•  '    "n      .'    '  -       I  '  '    ' 


'">^""-  '^ 


^    i)'    *       '.."'.  '        /..  '  ^  .  / 


,ruo'  ,/   .r-' 
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2     1  s'       sf^        s^ 

-    I  r' —  =  —  —  --,  and  frora  this  the  moment  of  the  segment : 

^,  CS  —  -^x  =  ^  sr^ —  ( — —j  =  — ;  consequently  the  dis- 

tanee  sought  is  x  % 


I2jl 
For  the  semi-circle  s  = 


_r,  as  found  above. 


2  r  and  J 


^  If  r^,  hence  x  = 


8r^ 


12. 


In  like  manner  we  may  find  the  centre  of  gravity  i?of  a  portion  of 
a  ring  ABDEy  Fig,  82,  which  is  the  difference  of  two  sectors  JICB 
and  DCE.     If  the  radii  be  CA^r  and 
CD=r^,  and  the  chords  jIB^s  and  JOE  ^'g-  s^- 


>^,*  the  statical  moments  of  the  sectors    i 


are 


l^mdhll 


therefore  the   stati- 


3  3 

cal  moments  of  the  portion  of  ring:^ 

^  *  %  or  (since   -L=_lv    is  = 

1^=^  .  i.     But  the   area  =  'Hi  _ 
3         r  t 


r.j^=  0  ( — p-^J,  provided  that  ^  represents  the  arc  corresponding 
to  the  angle  at  the  centre  ^CBj  the  centre  of  gravity,  therefore,  of 

the  portion  follows  from  the  distance  C*S=tx^- «_^Li_, 

area         r — rf 


2     I      2  /r* — r^^  \    chord  _ 
3 '  fii"  3  \r*— r^V  '    arc    "  : 


i4    T^- 


EftM^k  The  radii  of  the  eyrfacea  of  a  dome  are :  r  =s5  |t^  r^  ^  3}  A;,  and  the  Angle 
Bt  the  oentrej  ^3=130°,  then  la  the  distanoe  of  the  oenire  of  grainty  of  tho»  swrfaoea 
from  their  central  point: 

4   «fi*6&c       Sa^aSH      4.0,9U63     J2S — 42,875       3,^352X8^,125 


3  «^,  13U^ 
E  3,430  feet 


5^—3,5'      3  . 2»a689       25—12,25 


§  110.  Cenfre  o/"  Grmity  of  Curved  Sur- 
facts, — The  centre  of  gravity  of  a  curved  sur* 
face  (envelope)  of  a  cylinder  jf  BCD,  Fig»  83, 
lies  in  the  middle  S  of  the  axis  JIfJV  of  this 
body,  for  all  the  annular  elements  of  the  cylin- 
drical  envelope  which  are  obtained  by  sections 
drawn  through  the  body  parallel  to  the  base, 
are  equal,  and  their  centres  of  gravity  lie  in 
the  axis-  these  centres  of  gravity  form  a  uni- 
form line  of  gravity.  For  the  same  reason  the 
B 


6,B067X12»75 
Fig.  S3. 
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centre  of  gravity  of  the  surfaces  of  a  prism  lies  in  the  middle  pomt 
of  the  straight  lines  connecting  the  centres  of  gravity  of  both  the 
bases. 

The  centre  of  gravity  of  the  envelope  of  a  right  cone  ^BC^  Fig. 
84,  lies  in  the  axis  of  the  cone,  and  is  one-third 
of  this  line  from  the  base,  or  two-thirds  from  the 
vertex;  for  this  curved  surface  may  be  decom- 
posed into  an  infinite  number  of  small  triangles 
by  straight  lines,  which  are  called  the  sides  of 
the  cone  whose  centres  of  gravity  form  a  circle 
HK,  which  is  distant  two-thirds  of  the  axis  from 
the  vertex,  and  whose  centre  of  gravity  or  centre 
S  lies  in  the  axis  CM, 

The   centre  of  gravity  of  a  spherical   zone 
ABDE^  Ym.  85,  and  likewise  that  of  a  spherical 
cup  lies  in  tne  centre  5  of  its  height  MJ\*y  for  from 
^^^        the  rules  of  geometry  the  zone  has  the 
^^B        same  surface  as  a  cylindrical  envelope 
FGHK^  whose  height  is  equal  to  that 
of  MJ^y  and  whose  radius  is  equal  to 
that  of  the  radius  CO  of  the  spherical 
zone ;  and  this  equality  also  exists  m 
the  annular  elements,  which  are  ob- 
tained by  carrying  an  infinite  nnmber 
of  planes  parallel  to  the  circular  bases 
through  the  same;   according  to  this 
the  centre  of  gravity  of  the  zone  coin* 
cides  with  that  of  the  cylindrical  envelope. 

Jlfmark.  The  centre  of  gravity  of  the  surftce  of  an  oblique  cone  ot  obtique  pyramid 
li«$  a[  about  onetbjrd  of  the  height  from  the  bciae,  but  not  in  the  Btraigbt  line  paa^jng 
fmm  iht  v&Ttex  to  the  oetitre  of  gravity  of  the  ba»e,  becuive  aUocs  imratLcl  to  the  base 
deoompose  lb©  surface  into  rings,  which  Tory  in  bveultil  st  diOereni  jmrvt  of  ibetf 
fwrface- 


!%.»». 


§  111, 


Fig.  86- 


Centre  of  Gramty  of  Bodies. — ^The  centre  of  gravity  of  a 
prism  j?A\  Fig,  86,  is  the  centre  S  of  the 
straight  line  which  connects  the  centres  of 
gravity  M  and  JV*  of  both  bases  *^D  and  GIf, 
for  the  prism  may  be  decomposed  by  sections 
parallel  to  the  base  into  exactly  congruent 
slices,  whose  centres  of  gravity  lie  in  MJf^ 
and  by  their  superposition  make  the  line  MJf 
a  uniform  line  of  gravity. 

For  the  same  reason  the  centre  of  gravity 
of  a  cylinder  lies  in  the  middle  of  its  axis. 
The  centre  of  gravity  of  a  pyramid  ADF^ 
Fig,  87,  lies  in  the  straight  line  MF  from  the  vertex  F  to  the  centre 
of  gravity  M  of  the  base,  for  all  slices  as  JS^OPQRt  have  from  their 
siiailarity  with  the  base,  their  centres  of  gravity  in  this  line. 

If  the  pyramid  be  triangular  as  ABCD^  Fig.  88,  each  of  the  four 


4 

I 
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angular  points  may  be  considered  as  vertices,  and  the  oppo^te  sur- 
faces as  bases;  the  centre  of  gravity  S  is  determined  by  the  iateiiec* 


Fif .  S7, 


Fiir,  89. 


tioii  of  two  straight  lines  drawn  from  D  and  ^^  to  the  centres  of  gra- 
Tity  M  and  ^of  the  opposite  surfaces  .jfBC  and  BCD, 

If  the  straight  lines  E,i  and  ED  be  given,  we  then  have  from 
§  104  EM  =  I  EJ  and  £JV=  J  ED;  therefore  MJfh  parallel  to 
jJD  and  =  I  JlDj  and  the  ^  vlf.V5 similar  To  a  DJS.  Again  from  this 
siniilarity  we  have  MS  ^  J  DS,  or  DS  ^  d  MS,  also  MD  =  5i>  + 
MS^  4  *¥iy,  and  inversely  MS  =m  J  ,lfD,  Hence  the  centre  of  gra- 
Tity  is  found  to  be  one-fourth  of  the  line  joining  the  centre  of  gravity 
Mot  the  base  with  the  vertex  D, 

F^urtheT,  if  the  heights  DH  and  SG  be  given,  and  HM  be  drawn, 
we  then  obtain  the  two  similar  a'  11  HM  and  SGM^  in  which  from  the 
foregoing  SG  =  ^  DIL  We  may»  therefore,  say  that  the  distance  of 
the  centre  of  gravity  5  of  a  triangular  pyramid  from  the  base  is  equal 
to  one- fourth/ and  that  from  the  vertex  three*fourths  of  the  height  of 
the  pyramid* 

As  every  pyramid,  and  also  every  cone,  is  made  up  of  an  infinite 
number  of  three  sided  pyramids  of  the  same  height,  the  centre  of 
gravity  of  every  pyramid  and 

cone  is  a  fourth  of  the  height  ^'F*  ^^■ 

from  the  base  and  three- 
fourths  from  the  vertex. 
We  may,  therefore,  find  the 
centre  of  gravity  of  a  pyra- 
mid or  cone»  if  a  plane  be 
drawn  parallel  to  the  base 
at  a  distance  one- fourth  from 
the  base^  and  the  centre  of 
gravity  of  the  section  or  its 
intersection  with  the  line 
joining  the  vertex  and  the 
centre  of  gravity  of  the  base 
be  determined. 

§  112.   If  the  distances 
JiA^^  BBjf  of  the  four  an- 
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gles  of  a  triangular  pyramid  ABCD^  Fig.  89,  from  a  plane  HK  be 
Edowhi  the  distajice  of  the  centre  of  gravity  S  from  this  plane  is  found 
from  the  mean  value 

'  ^  4 

The  distance  of  ihe  centre  of  gravity  Jf  of  the  base  ^BC  from  this 
plane  is  (§  104): 

1  3  I 

and  that  of  the  pyramid  S  is: 

where  DD,  is  the  distance  of  the  vertex:  hence  it  follows  by  com- 
bining the  two  last  equations,  that: 

The  distance  of  the  centre  of  gravity  of  four  equal  weights  applied 
to  the  angies  of  a  triangular  pyramid,  is  equivalent  to  the  arithmetical 


consequently  the  centre  of  gra- 
vity of  the  pyramid  corresponds 
with    that    of   the    system  of 

weights. 

RtTrmrk,  The  deceimiimtion  of  the 
vcilume  of  a  tmngiiltir  pyramid,  from 
the  ocKitdinateH  of  iu  angles,  b  simple. 
If  we  draw  plants  XV,  XZ,  YZ,  tJiTOUgti 
the  ^extex  O  of  iuch  a  pyramid  ABCO, 
Fig.  90,  and  repreeent  the  distajiceB  of 
ihe  aiif^Iee  ^BC  from  theao  planes  by  s,, 

«»-  *r  y*^  y*  ^f^^"^  ^i>^%  ^^  volume 
of  the  pymmid  will  be 

^'—  I  i^vy^2  +  ^^^  ^i  +  ^5^1^*  ~  ^1 

which  will  be  given,  if  the  pyramid  be 
considered  as  an  aggregsit?  of  fotir  oblique  prisms* 

The  disiancea  of  the  oontre  of  gravity  of  thi'*e  pyinmids  from  the  three  planer  ftre: 

4  '*  4  4 

§  113.  Since  every  polyhedron  as  *^BCi>0,  Fig.  91,  may  be  decom- 
posed into  triangular  pyramids  ABCO^  BCDO,  we  may  also  find  its 
centre  of  gravity  S  if  we  calculate  the  volumes,  and  the  statical 
moments  of  the  single  pyramids. 

If  the  distances  of  the  angles  ^,  B,  C,  &c.,  from  the  co-ordinate 
planes  passing  through  the  common  vertex  0  of  all  the  pyramids,  are 
X,,  a:^,  Xj,  Sec,  y^^  y^^  y^,  &c.,  z^  z^^z^,k.t.^  the  volumes  of  the  single 
pyramids  are: 

and  the  distances  of  their  centres  of  gravity : 


^^»  /       /  •/  .■"■  ,  "'  i 


J-if^r/^^^i^  '^*Y.^>^  j^-^Jf*Mf-  ^'*J^-^^)^^ 
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Ir;:^ 


x,+x,  +  x^       _yi  +  y,  +  yj 
_ ,t. ^ , 


-.+  g*  +  g» 


g»  +  gj  +  *4  .,  _y»  +  y3+y«      _  s,+gi  +  2, 
— 5 .  t. 1      ,  w, J , 


&c. 


From  these  values  the  distances  of  the  centre  of  gravity  of  the  whole 
body  may  be  finally  calculated  by  the  formula: 


to 


^',+  ^',+. 


Exmi^,  A  body  boawidiKl  by  m%  Irianglea  J  BO,  Fig.  Ol»  is  detftrmioed  by  the  fol- 
lowing  Twines  §oj  (he  cooi-din&iea  of  angles^  wkeiice  die  cso-ordlnatea  of  its  c&aii&  of 
gravity  may  be  found. 


<HTen 

OCKFldl- 

Bom.  dmes  Ihe  area  of  the  tn&ngular 
pycvmidB, 

Four  times 
the  cw>or* 
dinnteB  of 
centre  of 
gravity. 

Twenty^four  timM  ihe 

I 

M 

f 

s 

i 

71 
§9 

24K,*H. 

24F,«. 

24F.i0^ 

30 
45 

12 
3S 

^3 

29 

40 
35 

41 

SO 

2S 
20 

(20.39.28)       r  20,40.30) 
d  F(=  ?  4 1.45.40  C— ?2a.28.45  C  =31072 

(23.30.123       C^l'^2.293 

r45.35.2S)       (  45.40.20  i 
a  r,=  -?  29.20,12  V—  <  29.2S.3S  i  =17204 

^30.38.40>       (  30.12.35  > 

92 

104 

gg 

7tt 

2302544 

1634380 

2858e24 

1789216 

3076 12S 
1341912 

Sum:     48276 

4026^4 

4647S40 

4418040 

From  ihe  results  of  thifi  onleulRtioti,  the  distuacea  of  the  centrei  of  gravity  Irom  the 
thice  planes  ¥Z,  XZ,  and  XY  follow. 

^^;^     4026924^ 

4        481J76 

9* 
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^^^4647840^ 
4        48276 

10  .  L  .  ili^li.33^79. 
4        48876 

§  114.  The  centre  of  gravihr  of  a  trancated  pyramid  jJDQJV  (Fig. 
88),  lies  in  the  line  MQ^  which  connects  the  centres  of  gravity  of  the 
two  parallel  bases;  in  order  to  determine  the  distance  of  this  point 
from  one  of  th^  bases,  we  must  determine  the  volumes  and  moments 
of  the  entire  pyramid  ADF^  and  the  supplementary  pyramid  JfQF. 
If  the  areas  of  the  bases  AD  and  ^Q  ■■  Q  and  g^  and  the  normal  dis- 
tance of  both  ■■  A,  the  height  of  the  supplementary  pyramid  will  be 
given  from  the  fbrmuls: 

^=(*±^.or*+  1-J^and* *^g  .,  as  also  A  +  x 

The  moment  of  the  \rhole  pyramid  with  reference  to  the  base  G  is 
now 

^(*  +  ^)  .h±±  =  L ^^ ,  that  of  the  supplementary 

3  4  12    (^G— yi)* 

follows  that  the  moment  of  the  truncated  pyramid : 

-  12(^^-v/^7  •  (g»-4(^gF-^)-^) 

12{G-2y/Gg+g).        12   ^    ^  ^     «^   «^ 
Now  the  solid  contents  of  the  truncated  pyramid  are : 

V^^iG+y/G^+g); 

hence  it  follows  finally  that  the  distance  of  its  centre  of  gravity  iS'from 

the  base  is  

A     G+2^Gg+3g 

4       G+s/Gg+g 
The  radii  of  the  bases  of  a  truncated  cone  are  R  and  r,  and  there- 
fore Gnsft  IP  and  g^^ft  H,  we  have  then  for  this 

h    IP+2Rr+3r^ 
^""4'    IP+Rr+r"   ' 

Exampk.  The  centre  of  gravity  of  a  truncated  cone  of  the  height  A  ^  20  inches,  and 
radius  ^  ^  12  and  r  as  8  inches,  always  lies  in  the  line  joining  the  centres  of  the  two 
circular  hases,  and  is  distant  from  the  greater  by: 

.       20    12^-2.12.8+3.8"      6.528      2640      ^^^a  -    x. 

yas X; !_L-_-^ b: as  8,684  inches. 

4        12«-f.l2.8+8"  304  304 

§  115.  A  pontoon  is  a  body  enclosed  by  two  dissimilar  rectangular 


CENTRE   OF   GRAVITY   OP  BODlEi, 


Fig.  92. 


bases  aod  four  trapeziums  ACC^M^^  Fig,  92,  and  may  be  decom|)Osed 
into  a  parallelepiped  AFC^M^^  two  triangu- 
lar prisms  EHC^B^^  GKCfi^^  and  a  quad- 
rangular pyramid  HKC^\  we  may,  there- 
forej  with  the  help  of  these  constituents, 
find  the  centre  of  gravity  of  the  body. 

It  is  easy  to  see  that  the  line  from  the 
one  bases  to  the  ether  is  the  line  of  gravity 
of  this  body  ;  there  remains  only  to  deter- 
mine the  distance  of  the  centre  of  gravity 
from  either  base*  If  we  represent  the 
length  BC  and  breadth  AB  of  one  base  by 
/  and  6,  and  that  of  A^B^  and  B^C^  of  the 
other  base  by  l^  and  6  »  and  the  height  of 
the  body  by  A,  then  the  volume  of  the  parallelopiped  =  bjlji^  and 

its  moment  hjiji  *  ^  =  s  ^ih^^f  further  the  volumes  of  the  two  trian- 
2      2 

gular  prisms  ^  ([ii— ftj  h  +  i^h^  ^i)  ^  ^^^  *^^^  moment  ^  (t^— ftj 
h  +  [^^,]  K^  •  i  lastly  the  volume  of  the  pyramid =(6— A,).  (^-/,) 


2    3 


(6_ftj.(i_/,)*.A. 


The  volume  of  the  Tivhole 


-  and  its  moment 
o 

body  is,  therefore: 

K=  (66,/,  +  36/,  +  3/6,-66,/,  +  2bt+2bJ^—m,~2bJ) ,  ^ 

6 

^  (2  6/+26,/,+6/,+/6J  .  ^,  and  its  moment 

6 


Vs  -=  (66./,+26/,  +  2W,— 4V,+W+ V— W  — ^ii) 


12 


Hence  it  follows  that  the  distance  of  the  centre  of  gratity  from  the 
base  ht  is: 

*"  2W+26,/,+6/,+6,/  '2 


BtmarL  Thii  formula  h  also  applicable  b>  bodies  with  elliptical  boMft.  The  ^xas  of  the 
cms  base  are  a  and  i,  and  of  the  other  a^  and  i,;  the  volume  of  foehtt  body,  therefore^  ia; 

Fsa  3,  (2  ab  -h  2  a^b^-\-ab,  +ai&)j  and  the  distance  of  the  ceBlre  of  gravity : 

Exatr^.  A  dam,  JCC.J,,  Fig.  93,  is  of  the  height  20  feel.  250  feet  long  at  tli©  boi- 
tom  tuid  40  feet  wtde,  at  the  top  400  feel  long  and  15  wide^  to  £ind  the  distance  of  iti 
centre  of  Rnivity  fmm  the  hme.  Here  6  ^  40^  I  ^  250,  6,  ^  15,  /^  ^  400^  A  =3r  20^  there- 
of e  the  rertioal  distance  souglu  i»: 

„^_    _  40. 250+3.15. 400  +  40^400+ 15>250      90 
~^"2.40.25O  +  2. 15.400+40.400+ 15.250 '2 


4775 
' 5175  ' 


10  a 


1010 
207 


=  S,a27feet. 
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Fi^.  94. 


§  116.  If  the  sector  of  a  circle  JCD^  Fig*  94,  revolves  about  its  ra- 
dius CD,  there  is  generated  the  spherical  sec* 
tor  JiCB^  whose  centre  of  gravity  we  wish  to 
determine.  We  may  represent  the  body  as 
containing  infinitely  many  and  infinitely  thin 
pyramids,  whose  common  vertex  is  the  centre 
C\  and  whose  base  forms  the  spherical  sur- 
face  ADB,  The  centres  of  gravity  of  all 
these  pyramids  are  at  }  of  the  radius  of  the 
sphere  from  the  centre  C;  they  therefore  form 
a  second  spherical  surface  JI^D^B^  of  the  ra- 
dius C^i  =  I  CA.  But  the  centre  of  gra- 
vity S  of  this  curved  surface  is  the  centre  of 
gravity  of  the  spherical  sectors  j  because  the 

weights  of  the  elementary  pyramids  are  uniformly  distributed  over 

this  surface,  and  therefore  it  is  uniformly  heavy. 

If  we  now  put  the  radius  CA^CD^r  and  the  height  DMo{  the 

outer  surface  =  A,  we  get  for  the  inner  CD^  =  |  n  and  M^D^  =  |  A ; 

consequently  (§  HO)  D^S  ^  ^  M^D^  =  |  At  and  the  distance  of  the 

centre  of  gravity  of  the  sector  from  the  centre: 


CS. 


For  the  semicircle*  for  example,  A=r,  therefore  the  distance  of  its 
centre  of  gravity  S  from  the  centre  C  is: 

4   2      8 
§  117,  The  centre  of  gravity  S  of  the  segment  of  a  sphere  ABD^ 

Fig*  95,  is  obtained  when  its  mo- 
ment is  put  equal  to  the  difference 
of  the  moments  of  the  sector  ADBC 
and  that  of  the  cone  ABC.  Again, 
if  we  put  the  radius  of  the  cone  CD 
^r  and  the  height  DM^h^  the  mo- 
ment of  the  sector  =  §  nt^K  |  (2 
T—h)  =  i  «  r»  A  (2r— A)  and  that  of 
the  coue  =  JrtA(2r— A)  .  (r— A)  .  | 
(r—A)  =  i  kA  (2  r—h]  {r—hfi  the 


Fiff. 

9S. 

m 

^H 

is  therefore  =*  J  «  A 


"  moment  of  the  segment  of  the  sphere 

(2  r—h)  (r^—  [r—hf)  =  i  k  A^  (2  r^i)K    The 


^'£. 


,.^J^      />>/ 


^ y //    /'-ft'd         ^ /' 7 r.^'^y      ./*-   '       /■''<''' /Y/  ■  ^t.       ^    -'<      -*-vv-. 


pA^ 


'       /^        <^€A^'^      \*    ."  x"-'  '        ,.     '     />      '-^    *£^^  ^> 
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■■/^■■ 


^'     ^^K      C^J)   ,it€/:^    CJS'       *:'y 


/^> 


r/     /\<rr-.'^  .- .  ^- • /"iy^ 


/ 


^.   ^^/i'  •  ^4     /   y,  </-   /f  ^-f  /^  .  , ^/    .,y. 


^<0  /•  ^ ''  y 


r  f  ^-   •  V   r    J  ^  !  ..'.    y^.  ^  /  ^.«./'         '/w  .  >  ^  '  / 


.  V^ 


/^ 


/" 


'  ^'  r    /  r^,  .     f_ 


'  y 


^*^' 


/  /^ 


.<   y 


/' 
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>/  ' 


^^^r^Af 


^jydj  ^^^^^^  y^^^/^^^^/    ^(i^  . 


^'        y  y      J ' 


^^t^^-^^^^^^ 
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j^^^/^  ^4^^   5?^  *^^ 
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Tolume  of  the  segment  =  J  if  A*  {3  r — h) ;  hence,  the  distance  in 
question  U: 

i«A^(3r— A)       ^^    Zr—h  ' 

If,  again f  we  put  A  —  r,  the  segment  becomes  a  semicircle,  and  bb 
above,  C5=|  r. 

This  formula  holds  good  for  the  segment  of  a  spheroid  ^^DB^^ 
which  is  generated  by  the  revolution  of  an  elliptical  arc  D.^^  about 
its  major  semi-axis  CD^r\  for  both  segments  maybe  divided  into 
thin  slices  by  planes  parallel  to  the  base  ^B^  so  that  the  ratio  of  any 

two  IS  constant  and  »        ^-  =   -^^  s  — ,  if  6  represent  the  semi- 

axis  minor  of  the  ellipse.     The  volume,  as  well  as  the  moment  of  the 

segment  of  the  sphere  must  be  multiplied  by  — ,  in  order  to  give  the 

volume  and  moment  of  the  segment  of  the  spheroid,  and  thereby  the 

quotient  CS=  ——- —  will  remain  unchanged. 
volume 

§  118.  To  find  the  centre  of  gravity  of  an  irregular  body  ABCD^ 
Fig*  96,  we  must  decompose  it  into  thin 
slices^  by  planes  equi-distant  from  each 
other,  determine  the  solid  contents  of 
each  slice^  their  moments  with  reference 
to  the  first  parallel  plane  AB  serving  for 
the  base,  and  finally  connect  them  toge- 
ther by  Simpson's  rule. 

The  contents  of  these  slices  are  F^,  JPj, 
F^^F^f^4^  and  the  whole  height  or  distance 
of  the  outermost  parallel  plane  is  =A;  the 
volume  of  the  bodyj  therefore,  according 
to  Simpson *s  rule  (approximately)  is; 

If  we  multiply  in  this  formula  each  of  these  Tolumes  by  their  dis- 
tance, we  obtain  the  moment : 

F,=(0.  F,+l  .  4f.+3  .  2  /;+3  .  4f,+4FJ  ^  .  1; 

lastly,  by  dividing  one  expression  by  the  other,  we  get  the  distance' 
required ; 

(0.f,+  1.4J\+2  .  2  /;+3  .  4  F.+A  F^)k 

^4* 


Tie.  96. 


MS^X 


F^+4F,+2F^+4F,+  F^ 
If  the  number  of  elementary  slices  =  6,  we  have: 

0-F,+  l .4^.+ 2.2f ,+ 3.4f,+4.2F,+  bAF,+6.F,  A 

F,+4F,  +  2F,+4F,+  2F,+AF,+F,  '  6* 

It  is  easy  to  understand  how  this  formula  may  be  altered  when  the 

□umber  of  slices  is  different  from  the  above.     This  rule  requires  only 
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that  the  number  of  the  slices  should  be  even,  and,  therefore,  that  of 
the  surfaces  uneven* 

In  moi^  eases  of  application,  the  determinatioti  of  one  distance  is 
enough,  because,  besides  this,  a  line  of  gravity  is  known.  The  bodies 
commonly  met  with  in  practice  are  solids  of  rotation,  generated  in  a 
lathe  whose  axis  of  rotation  is  the  line  of  gravity. 

This  formula,  lastly,  is  applicable  to  the  determination  of  the 
centre  of  gravity  of  a  surface,  in  which  case  the  sections  F^^  F^^  F^, 
become  lines* 

Exampk. —  I,  Vqt  the  pambnjic  cmnokl  ABC.  Fig.  97,  which  '«  generated  hf  the  revo" 
Ititktn  of  a  pnmboln  „iBJtf  alxjut  its  lutis  AM^  we  obUuo  by  tJiakirig  die  section  BNE^  the 
foUowifig : 

The  heigh  I  AM^k,  the  radiaa  BM^r^  JNa.  iWss  — ,  and  b«ixo«  the  mdiua  DN 

s  r    L    Tlie  &rca  of  Ae  »ectioii  thrcofh  jI  ia  -F^ ^ 0^  of  that  through  JV^ F^^v 

4?i»»  ^f  Z^f  and  of  Ih&t  throujgh  M^x^F^^^wr^.    Hence  ihe  volume  of  thii  hfidy  i»: 

r^^iiy-h^F,-\-F,)^l(2wj'  +  ^r^^iwf^h^^F,h; 

on  Ihe  other  hand,  the  rooment  is»_Cl*3*r^"h3.wr^«i»r*A*»i  F»A'^  Jastly* 
the  diatonoe  of  the  centre  of  gravity  S  from  the  vertex,  is : 


hF^h 


Tig.  97. 


Fig.  m. 


Emmpk  Q,  A  vessel  ABCD^  Fig.  98,  tia^  its  mean  half  breaUilift,  rjjSMS  1  indi,  r^■g&\^ 
mch^  r,  1=0,9  inch*  r,^  0,7  indi^  r.  =  0,4  incb,U'ith  a  ljeii;ht  ilfA' =  2,5  iric?h»   The  seo- 


tions  are  F. 


1 0,-11*. «,  i^^  =  0,16,  » J  hence,  1 


iliainnoe  of  the  cenlre  of  gravity  frt»m  the  hcirizoiital  plane  AB,  is ; 

0.lg+  l,4.1,21.ir  +  2.2-0,Sl»  +  3.4.0,4ew4-4  0,l6. 


MB^ 


lir  +  4. 


The  capBciif,  therefore,  is  : 


O,81ff-|-4,0>49»+O,10w 

-L  ^ ia  OpUSOa  mehea. 

4         3M2 
g  5 

9,5S  IT  .  ^  ^£  $,270  euhb  inches. 
13 


§  119»  An  interesting  and  sometimes  very  useful  application  of  the 
laws  of  the  centre  of  gravity  is  the  properties  of  Guldinus^  or  the  ba- 
rocenlric  method.  According  to  these,  the  volume  of  a  body  of  revo- 
lution (or  of  a  surface  of  revolution)  is  equal  to  the  product  of  the 
generating  surface  (or  generating  lijie),  and  the  space  described  by  its 
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centre  of  gravity  during  the  getieralio!i  of  the  body  or  surface  of  revo- 
lution.    The  correctness  of  this  proposition  may  be  made  evident  ul- 
the  followiDg  manner. 

Guldinus^  Properties, — If  the  plane  area  ^BC,  Fig-  9%  revolve 
about  an  axis  XX,  each  element  F^F^^ 
&C.J  of  the  same  will  describe  an  an- 
oulus;  if  the  distances  F^G^^  F^G^^ 
&c.,  of  these  elements  from  the  axis 
of  revolution  XX^  be  =  r^^  r^,  &e*j 
and  the  angle  of  revolution  AMM^  = 
o**,  therefore  the  arc  corresponditig  to 
the  radius  1  =  »» the  circular  paths  of 
the  elements  will  be  =  r^t^  r^a,  &c. 
The  spaoe®  described  by  the  elements 
-Pj,  F^^  ic.,  may  be  considered  as 
cun'ed  prisms  having  the  bases  Fj,  F^,  fcc,  and  the  heights  Tjo,  r^o^ 


Fig 

m^ 

1 

1 

&c< 


and  the  volumes  F^r^a, 


&€•,  and  therefore  the  volume 


Fif ,  100. 


of  the  whole  body  JBCB^Ji.C^i  V  =  F^r^i^  +  F^r^f^..  =  (F,r^  +  F/, 
+  .. .) .  a.  If  MS=  xhe  the  distance  of  the  centre  of  gravity  *!?  of 
the  generating  surface  from  the  axis  of  revolutionise  have  also  (Fj+ 
F^  +  . . , )  J*  ^  Fjfj  +  F^r^  +  *  *  -5  consequently  the  volume  of  the  whole 
body  V  *  (F^  +  F^  +  . . .)  X  a.  But  F,  4^  F,  -(-  . . .  are  the  contents  of 
the  whole  surface  F,  and  xa  the  circular  arc  to  SS^y  described  by  the 
centre  of  gravity  S;  consequently,  V  ==  Fw,  as  above  enunciated, 
This  formula  holds  good  also  for  the  revolution  of  a  line,  because  it 
may  be  considered  as  a  surface  made  up  of  infinitely  smaJJ  breadths; 
F  is  namely  =  Lw :  i.e.  the  surface  of  revolution  is  a  product  of  the 
generating  line  {L)  and  the  path  {w}  of  its  centre  of  gravity, 

Mxmi^lf. — I.  In  a  half  rtiig  of  an  elliptical 
section  ^^BED^  Fig.  100,  lei  the  senni  ajiia  of 
the  set-xitm  be  Cvf  ssa  ainl  CB^h,  and  let 
thjc  distance  CM  of  ihtj  centre  C  from  the  ajih 
XX  ^^  r;  then  the  elliptical  fen e rating  sur- 
face F^=^wmbi  and  the  path  of  the  eentte  of 
gtrnTity  {C)  v»  ==  IT  r;  hence  tiie  rolume  of  tbis 
tifttf-Ting  V^9^  abr^  and  that  of  the  whole  ring 
^2  w^  ahr,  K  the  dtmenaioni  be^  a  ^  5  jnche^f^ 
b  ^  3  itichet,  r  ^  6  tnchea,  the  volume  of  one^ 
foanh  of  the  ring  =  i  . »».  5  .  3 .  0  =  9,869tj 
,5  -  9  ^  444,132  cubic  inches, 

Exafjjpk. — 2.  For  a  ring  whb  «  semicircu- 
!3ir  s43ctioii  JBD,  Fig,  101,  jf  Cj^CB^a, 
titpT^enl  die  ladius  of  tbia  section^  and  jlfO 
^  T  that  of  the  liollow  apoioe  or  neck^  tho 
votimie  19 

Exampk. — 3.  To  fitij  the  surfttee  and  voJume  of  o  ctipola  JDB  of  the  cbtne  of  a  con* 
vent,  Fig.  102,  half  the  wjdtl:*  Jlfw#=  MB  =a,  and  the  height  itfi>^=  A  are  given.  From 
both  dunensions  it  follows  ihai  the  radius  Cji  t=  CD  of  the  getie taring  circle  ^  r  s= 


and  the  aiigl«  JCB  subtended  at  the  c«atfti  by  AJ)  »  a.%iT  we  put  tlie  itn.  ai 
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Fig.  m. 


I 


centre  of  gravity  during  the  gene  rat  ion  of  the  bodj  or  surface  of  revo- 
lution. The  correctness  of  tnis  proposition  may  be  made  evident  in. 
the  tbUowing  manner. 

Guldinus^  Properiies. — If  the  plane  area  JlBC^  Fig,  99,  revolve 

about  an  axis  XX ^  each  element  F^F^, 
&€.,  of  the  same  will  describe  an  an- 
nulus;  if  the  distances  F^G^^  F^G^^ 
Stc,  of  these  elements  from  the  axis 
of  revolution  XX ^  be  s=  fj,  r^,  &c., 
afid  ihe  angle  of  revolution  JlMJi^  = 
a%  therefore  the  arc  corresponding  to 
the  radius  1  =  a,  the  circular  paths  of 
the  elements  will  be  »  r.*,  r^a,  &c* 
The  spaces  described  by  tne  elements 
#*p  fj,  &e*,  may  be  considered  as 
curved  prisms  having  the  bases  F^^  F,»4c.,  and  the  heights  f^a,  fji*, 
Ilc.,  and  the  volumes  F^r^o.^  F^r^^^kc,^  and  therefore  the  volume 
of  the  whok  body  ABCB^J.C^:  F  =  F,r^B  +  f,r,4. . .  =  {F,r^-\-  F/, 
+  .*<)•«,  If  MS^  X  be  the  distance  of  the  centre  of  gravity  H  of 
the  generating  surface  from  the  axis  of  revolution,  we  have  also  (/",+ 
F^^  . . , )  X  «  F/A-  F^r^  +  * .  *»  ronsequentjy^  the  volume  of  the  whole 
body  r«  (F^  +  /,  4-  -0^«'  But  Fj  +  F3+  ,.,  are  the  contents  of 
the  whole  surface  F,  and  x«  the  circular  arc  w  SS^,  described  by  the 
centre  of  gravity  S;  consequent lyi  V  =  Fw,  as  above  enunciated* 
This  formula  holds  good  also  for  the  revolution  of  a  line,  because  it 
may  be  considered  as  a  surface  made  up  of  infinitely  small  breadths; 
F  is  namely  ^  Lw :  i,  e.  the  surface  of  revolution  is  a  product  of  the 
generating  line  (i)  and  the  path  (t^)  of  its  centre  of  gravity. 

Exan^k. — I,  In  &  half  ring  of  an  pUipiiea! 
s«^On  ^BEDf  Fig.  100,  lei  th»  iirnii  axta  of 
iim  tection  be  Cji^a  and  CE^h^  aruJ  ]«t 
lb0  dtilmvce  CM  of  ihi?  centre  C  Ironi  the  axis 
XX  ^^  r;  then  the  elliptical  generating  sut- 
face  F=^rab^and  the  patti  of  the  centre  c^f 
gravity  (C)  w^wr^  hence  ihe  v<?lume  of  this 
hnlf-nng  F^w^abr^  and  that  of  the  whole  ring 
^2^ abr.  If  the dimensjuns  be^ a  ^ 5  inrheHj 
A  ^  3  lnche9>  r  ^^  G  inches,  the  vol  y  me  of  one- 
foarth  of  the  ring  =  J  . »» .  5  .  3 .  6  =  9,8606 
.5.9^444,132  cubic  inches. 

Eximipk.^-^2.  For  a  ring  with  ti  flemicjti:^- 
lar  section  JBD,  Fig,  101  ,if  CJ^CB^  a, 
represent  the  radius  of  this  section^  and  MC 
^  r  that  of  the  hollow  space  or  iteckf  the 
volume  is 


'^-^•-('+r:)-"'(-+|-> 


£xan^k,-~'2.  To  ^nd  the  aiirface  and  volume  of  a  cupola  jfBB  of  the  dome  of  a  con- 
Tent,  Fig.  102,  half  the  width  MJ^  MB^a^  and  the  height  Ml}i=  h  are  given.  From 
both  rJImenslona  it  follows  that  the  rndiita  CJi  =5  CD  of  the  generating  circle  ^  r  =1 

";  ■    I  and  the  angle  j^CD  siibtended  at  ihe  centra  by  AD  ^  *",if  we  put  the  itn.  a  =1 
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_,  The  Miitre  of  gravhf  S  of  &n  aie  DADt  =■  2  AD  if  determiitfril  by  the  dwtttnce  CS 

r 


chord  MD 
arc  AM 


t'^  funh^r,  C3f^r{!£v.a,  ooDsequeEitlf  the  distance  BUSofKhe 


..,=  r  (f^  _«...), 


and 


centre  of  gravity  *S  from  ibe  aiis  ifD  ^  ^ — 1 — 
ibe  path  tflfsscfibed  by  the  centre  of  gmnry  in  the  genemtion  of  the  surfees  ADE  ^ 
2  ifT",  (  *^^  *  .i—  ftJi* « y  Tlw  g?enerttting  line  DAD^  ^^2rm^  and  since  il  only  is  requiretl 
to  deieroiine  ih©  half  ABB,  ihia  tine  ^r»,  and  oonaequently  we  m\m  put  the  whole 
lUfface  0^ r. . 2  IT r/?!!L^  —  foi.  *^  =  2  «  r*  (riti.  ■—  anw.  «). 

^  Fig*  10 1*  Fig.  102, 


cljEiJt 


Very  commonly  .o=e  eo*;  therefore,  «t  «  ^, ««.  •  =  WaTand  the  om.a  =  ii  hence 
it  lbltow»  Umi  O^iFr'fy/  2  —Z.\  =i  2,l5l5 .  r*,  O^^O^ 

For  the  iesgment  DAD,  =  jj  »  r*  (•  —  J  tm,  2  «)  the  di»tajioe  of  the  centre  of  gmvity 

ftism  the  *Jentr«  C  is  =  ^^^,\— ^'  —  -^  -  '^  ""  "*,  henoe  the  dijtanoe  ftom  the  ajus 
12  ^  3  pfl! 


MS'. 


CS  —  CJf  ^  __  .  — -^  —  raa^m;  finallyi  the  path  of  tbii  centre  of  gravity 
3  A 


deicribed  in  one  revolution  la  \ 

w  =  i^  (}  Hfiii,  .*— ^  cot.  -)  ^  1^  (|f«i.*»  —  [•—  )  4m.  2  *]  DM..). 

The  volume  of  ihe  whole  Liody  generated  by  the  segment  DAD^,  is  given  if  this  path  be 
multiplied  hy  A,  and  die  volume  of  the  dome  found  by  talein^f  the  half  of  tbia :  there^ 

tote^  F^  w  r«  (j  #(f»* «»  —  [«  —  i  tMi.  2  <]  cot.  m).     For  eiample,  a«  =  ^0^  =  a  JL 

fta. « ^  } ^  3,  and  ttig^m^i;  benee : 

r=  frH  f  £  ^F  ^/L  3.  0,3956  .  r>. 

Rtmark,  Ouldmoi*  propertie*  find  their  epplicadon  in  those  bodies  which  arise  when 
the  genemLing  anrface  so  xnovea  that  in  every  pavilion  it  remains  perpend iciilar  to  die 
j^lh  of  its  centre  of  gravity^  because  we  may  ft&sinne  every  nmali  pari  of  n  curvilinear 
motion  to  be  circular^  From  thit  we  may  find  d^e  sohd  con  ten  La  of  the  ib  reads  of  screws, 
and  sometimes  also  calculate  the  majAes  of  earth,  heaped  up  or  removed,  as  in  the  case 
of  QanBla^  foads,  raitmads,  kc. 

§  120.  Another  application  of  the  doctrine  of  the  centre  of  grairity, 
nearly  allied  to  the  last  rule,  is  the  following* 

We  may  assume  that  every  oblique  prismatic  body  ^^BCHKL^  Fig* 
103|  consists  of  an  infinite  number  of  thin  prisms,  similar  to  F^  G^. 
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Wig.  103. 


If  G,,  Gj  are  the  bases,  and  A^,  h^  the  heights  of  these  elementary 
prisms,  we  have  for  their  solid  contents  Gj  A^,  G^  A,,  &c-,  and  the 
volume  of  the  whole  oblique  prisni 
r «  G,  Aj  +  CjA,  +  - .  /  Now  an 
eletneut  F^  of  the  oblique  section 
MKL  is  to  the  element  Gj  of  the 
base  J}BC  as  the  whole  oblique  sur- 
face F  to  the  base  G  ;  therefore, 

G,  =  5.  f.,  0,-5-  F,,  &c.  and 


{F,\+fA+.--)- 


:£* 


And  because  Ffi^  +  FJi^  +  . .  * 
is  the  statical  moment  Fk  of  the 
whole  oblique  section^  it  follows  that ; 

lie  volume  of  an  oblique  prism  is  equal  to  the  volume  of  a  perfect 
prism,  which  stands  upon  the  same  base,  and  whose  height  is  equal 
to  the  distance  50  of  the  centre  of  gravity  5  of  the  oblique  surface 
from  the  base* 

In  a  right  or  oblique  triangular  prism,  if  A^,  A^,  A^,  be  the  edges  of 
the  sides,  the  distance  of  the  centre  of  gravity  of  the  oblique  surface 

from  the  base  A  =  _LJl_jJL^,  hence  the  volume 
3 

V  „  a  (^1+ A,+  AJ 


CHAPTER  III. 


EQDlLlBftrtTM    OW    SOMES    EIGIDLY    CONNECTED   AJfD   SUPPORTED. 

§  121,  Kinds  of  Support, — The  rules  developed  in  the  first  chapter 
of  this  section,  on  the  equilibrium  of  a  rigid  system  of  forces^  are 
applicable  to  that  of  rigid  bodies  acted  upon  by  forces,  if  we  consider 
the  weight  of  the  body  as  a  force  applied  to  its  centre  of  gravity,  and 
acting  vertically  downwards. 

Bodies  balanced  by  forces,  are  either  fntiy  movable^  u  e.  yield  to 
the  action  of  forces,  or  they  are^^cd  6y  Qne  or  marepointn^OT  supported 
by  other  bodies. 

If  a  point  of  a  ri^d  body  is  fixed,  any  other  point  may  take  up  a 
motion  whose  path  lies  in  the  surface  of  a  sphere,  described  from  the 
fixed  point  as  a  centre  by  the  distance  of  the  other  point  as  radius.  If, 
10 


no 
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on  the  other  hand,  two  points  of  a  body  are  fixed  in  every  possible 
motion,  the  paths  described  by  (he  remaimng  points  are  circles,  which 
are  the  intersections  of  two  spherical  surfaces  described  from  the 
fixed  points.  These  circles  are  parallel  to  each  other,  and  perpen- 
dicular to  the  straight  line  joining  the  two  fixed  points.  The  points 
of  this  line  remain  immoynDle  ;  and  the  body  revolves  about  this  line, 
which  is  called  the  axis  of  revolutionp 

The  radius  of  the  circle  in  which  each  point  mores,  is  found  by 
letting  fall  from  the  point  a  perpendicular  upon  the  axis  of  revolution. 
The  greater  this  is,  the  greater  also  is  the  circle  in  which  the  point 
reirolves. 

If  three  points  of  a  body,  not  falling  wHthin  fhe  same  line,  be  fixed, 
the  body  can  in  no  sense  take  up  motion,  because  the  three  spherical 
surfaces,  in  which  a  fourth  point  roust  move,  intersect  each  other  in 
a  point  only. 

§  122*  Kinds  of  Equilibnum. — If  a  body,  fixed  at  one  point,  be 
balanced  by  one  force  or  by  the  resultant  of  several  forces,  the  direc* 
tion  of  this  force  must  pass  through  the  fixed  point ;  for  a  point  is 
fixed  when  every  force  passing  through  it  is  counteracted.  K  this 
force  consist  merely  of  the  weight  of  the  body,  it  is  then  necessary 
that  its  centre  of  gravity  should  lie  in  the  vertical  line  passing  through 
the  fixed  point.  If  the  centre  of  gravity  coincide  with  the  fixed,  or 
the  so  called  point  of  suspension,  we  then  have  indifferent  equilibrium, 
because  the  body  is  balanced,  in  whatever  direction  it  may  revolve 
about  the  fixed  point.  If  a  body  AB^  Fig.  104,  be  fixed  or  sustained 
at  a  point  Clying  above  its  centre  of  gravity  jS,  it  then  finds  itself  in  a 

Fig.  104,  Fif.  105. 


condition  of  stable  equilibrium,  because,  if  this  body  be  brought  into 
any  other  position,  the  component  JV'^of  the  weight  G  tends  to  bring 
it  back  into  its  first  position,  whilst  the  fixed  poiat  C  counteracts  the 
other  component  P,  On  the  other  hand,  if  a  body  v9B,  Fig.  105,  be 
fixed  at  a  point  C  below  its  centre  of  gravity  S^  the  body  is  then  in 
a  state  of  unstable  equilibrium  ;  for  if  the  centre  of  gravity  be  drawn 
out  of  the  vertical  passing  through  C,  the  component  JVof  the  weight 
of  the  body  G  not  only  does  not  bring  it  back  into  its  former  poaitioDf 
but  draws  it  more  and  more  out  of  that  position,  until  the  centre  of 
gravity  at  last  comes  below^  the  fixed  point. 
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The  same  reasoning  will  also  apply  to  the  case  of  a  body  fixed  by 
two  points,  or  by  an  axis ;  it  will  be  either  in  indiflerent,  stable, 
or  unstable  equtttbrium, 

according  as  the  centre  Fig.  io6. 

of  gravity  lie^  verticalJy 
above  or  vertically  below 
the  axis. 

§  123,  Pressure  on  ik€ 
ji^s. — If  a  body,  acted 
upon  by  forces  in  space, 

fb«  fixed  by  two  points  or 
ay  a  line,  relations  then 

Itake  place,  which  we 
rill  now  investigate.  We 

*niBy  reduce,  according 
to  §  92,  every  system  of 
forces  to  two,  viz.,  one 
running   parallel  to  the 

I  fixed  axis,  and  the  other 

^acting  in  the  plane  normal  to  this  line*  Let,^JV=JV*,  Fig*  106,  be 
the  first,  parallel  to  the  axis  XX^  passing  through  the  fixed  points  C 
and  D;  and  OP=P,the  secund  force  acting  in  the  plane  FZFat  right 
atjigles  to  the  axis  XX,  If  we  introduce  other  forces,  as  BJST  ^  — 
JV,  CJf^  s=  JV,,  and  JOJVj  » —  JV|,  we  change  nothing  in  the  condi- 
tion of  equilibrium  or  of  motion,  because  these  forces  are  entirely 
taken  up  by  the  axis*  Now  the  forces  JV  and  —  JV  form  together  a 
first  couple,  and  the  forctfs  ^V^  and  — JV,,  acting  in  the  plane  XY  and 
perpendicular  to  XX ^  a  second  couple  ;  u*^  may,  therefore,  so  manage, 
that  these  shall  perfectly  replace  each  other.  If  fJO  is  the  normal 
distance  between  the  force  JV  and  the  axis  XX  =  y,  and  CD  that'  of 
the  fixed  point  =  x  ;  from  §  90,  we  have  the  moments  of  both  couples 
ts  Jfjf  and  JV^,  and  these  are  equivalent  to  each  other,  if  JV^=JV^jr. 
We  may  also  assume  inversely  that  the  force  JYis  entirely  taken  up 
by  the  axis  XX^  whilst  the  axis  has  to  sustain  in  its  proper  direction 

the  pressure  JV,  and  the  forces  JVj  =  ?^  JV,  and  —  JV^j,  *=  —  -  JV  applied 

perpendicularly  to  it  at  the  points  C  and  A 

That  the  body  may  be  in  a  state  of  equilibrium,  it  is  necessary  that 
the  direction  also  of  the  resultant  acting  in  the  normal  plane  FZ  (at  0) 
pass  through  the  axis.  This  force  P  may  be  replaced  by  two  parallel 
forces  i*j  and  P^  applied  at  the  points  C  and  i>,  which  may  be  deter- 
mined, if  we  put  Pj  .  CD  ==  P  .  BO  and  P^.CD^  P,CO;  the 
axis  XX  will  have,  therefore,  besides  the  forces  BjY^  — JV,  CjY^^ 

JVj  and  DJVj  =  —  JV^^,  also  to  react  against  the  forces  P^m^  -^  .  P 

and  P^  =  — 1  .  P,  which  may  be  calculated  from  the  distances  CD^x^ 
OC-jr„  and  OD^x^. 
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§  124.  From  the  results  of  the  investigations  of  the  foregoing  para- 
graph we  may  easily  calculate  the  forces  sustained  by  the  axis  and 
the  fixed  points  C  and  D.  First,  the  axis  has  a  pressure  to  sustain 
equivalent  to  the  force  Jf  in  its  own  direction,  which  may  be  entirely 
resisted  by  one  or  other  of  the  two  fixed  points.    Secondly,  from  the 

forces  J^,^tj^,P.^^P  and— JV,  —  I  JVand  P.-  ^P,  act- 

XX  X  X 

\mt  in  planes  normal  to  XZ,  and  applied  at  the  points  C  and  D,  there 
ansa  the  retokanta  B^  and  R^  which  mast  be  also  sustained  by  the 
fixed  pointf  C  and  JD. 

If  we  put  the  angle  POF,  which  the  direction  of  the  force  P.makes 
with  the  plane  XY  containinff  the  axis  XX  and  the  direction  of  the 
force  JV V  a,  the  angle  JV\  CP^  is  also  v  • ;  on  the  other  hand,  J^fiP^ 
V  180^ — o,  and  the  resultant  pressures  are  therefore  given  by: 

B,  —  v/jy;«+P/+2JV;P7cos.  q,  and 
R^  »  ^Jf*+  P^—2JCyP^co8.  a. 

ExampU,  A  set  of  forces  of  a  body  fixed  by  its  axis  XX,  is  resolved  into  a  normal 
ibroe  P^  36  lbs.,  and  a  parallel  force  A*  an  20  lbs.;  the  distance  of  the  last  from  the  axis 
is  y  ^  1  i  feet,  and  the  distance  CD cs aris 4  feet  To  find  the  forces  sustained  by  the 
axis,  or  by  the  fixed  points  in  it,  with  the  condition  that  the  direction  of  P  deviate  by  an 
angle  «^  65^  from  the  plane  XJT,  and  iu  point  of  application  O  be  distant  by  CO^Xt 
^1  foot  from  the  fixed  point  C?    The  force  J\r^20  lbs.  imparts  to  the  axis  along  its 

direction  a  thrust  iVs  20  lbs.;  besides,  it  generates  also  the  forces  iV^  b  £- J^Ts -1- .  20  b 

X  4 

7,5  lb.  and— Jf,  B  — 7,5  lb.,  against  which  the  fixed  pointt  C  and  D  react    From  the 

foroe  PariM  the  forces  P.  »i*  P»lz:1.36a-971b8.andP.«.fLP.l  .36^9  lbs. 

X  4  X  4 

and  hy  substitution  of  these  values  we  have  the  resultant  forces: 

M^  »  ^7,5^27V^g.7,5.27.a>i.05O^ ^i>6,26+7-^d+ 17 1,160 

«  v/85b,410  M  30,926  lb.,  and  

/^  ■•  ^7,5H-y— a  .  7,5  . » .  cofc'eS^B.  v^,26+81— 57,054 
«v/80,196  «  8,955  lbs. 

§  125.  EqidUbrium  of  Forces  about  an  Axis. — The  force  P  is  the 
resultant  of  all  those  component  forces  whose  directions  lie  in  one  or 
more  planes  normal  to  the  axis.  But  now  in  these  cases,  from  §  86, 
the  statical  moment  Pa  of  the  resultant  is  equivalent  to  the  sum  Pji^ 
+  Pji^'\-  ...  of  the  statical  moments  of  the  components,  and  for  the 
condition  of  equilibrium  of  the  fixed  body  the  arm  a  of  the  resultant 
«  0,  because  this  passes  through  the  axis;  hence  the  sum  is  also : 

Pjaj+P,a,+  ....-iO; 
t.  e,  a  body  fixed  hj  its  axis  is  in  a  state  of  eqnilibriumi  and  remains 
also  without  revolviney  if  the  sum  of  the  moments  about  this  axis  « 
0,  or  if  the  sum  of  the  moments  of  the  forces  acting  in  one  direc- 
tion of  revolution,  is  eouivalent  to  the  sum  of  the  moments  of  those 
acting  in  the  opposite  direction.  By  the  help  of  this  last  formula  we 
may  find  either  a  force  or  an  arm  for  an  element  of  a  system  of  forces 
in  equilibrium. 

Exa$npU.  The  forces  of  rotatiOQ  P.  k  50  lbs.,  and  P,  v  —  35  lbs.,  act  upon  a  body 
capable  of  turning  about  an  axis  at  the  arms  a^  ^  li  foot,  and  a,  ^  2|  feet;  lequired, 
the  force  P,  which  shaU  act  at  the  arm  a,  ^  4  feet,  in  order  to  leslore  the  balance,  t.  c. 
to  prevent  rotation  about  the  axis?    It  is: 


§  126,  The  Lemr, — A  body  capable  of  turning  about  a  fixed  axis, 
and  acted  upon  by  forces,  is  called  a  lever.  If  we  imagine  it  to  be 
devoid  of  wetghti  it  is  then  called  a  matheTnatical^  but  otherwise,  a 
material  or  physical  lever. 

It  is  generally  assumed  that  the  forces  of  a  lever  act  in  a  plane  at 
right  angles  to  the  axis,  and  that  the  axis  is  replaced  by  a  fmed  pointy 
called  the  fulcrum.  The  perpendiculars  let  fall  from  this  point  on  the 
direction  of  the  forces,  are  called  arms.  If  the  directions  of  the  forces 
of  a  lever  are  parallel^  the  arms  form  a  single  straight  line,  and  the 
lever  is  called  a  straight  lever.  If  the  arms  make  an  angle  with  each 
other,  it  is  then  called  a  bent  lever.  The  straight  lever  acted  upon 
by  two  forces,  is  either  one-armed  or  two»ajmed,  according  as  the 
points  of  application  lie  on  the  same  or  on  opposite  sides  of  the  ful* 
There  is  a  distinction  made  of  levers  of  the  first,  second  and 


crum. 


• 


Fig.  t07. 


third  order ;  the  two-armed  lever  is  termed  a  lever  of  the  first  order; 
the  one-armed,  of  the  second  or  third  order,  according  as  the  weight 
acting  vertically  downwards,  or  the  power  acting  vertically  upwards, 
lies  nearest  to  the  fulcrum. 

§  r27.  The  theory  of  the  equilibrium  of  the  lever  has  been  already 
fully  laid  down ;  we  have  now,  therefore, 
only  to  treat  of  each  specially. 

In  the  two-armed  lever,  JCB^  Fi^,  107, 
if  the  arm  CJi  offthe  power  P  be  designated 
by  ^j  and  the  arm  CB  of  the  weight  Q  by  h^ 
from  the  general  theory  :  Pa  =  Q6,  i  e.  the 
moment  of  the  force  is  equal  to  the  moment 
of  the  weight;  or  also,  Pt  Q=&  ;  «,  i*  e,  the 
power  is  to  the  weight  inversely  as  the  arms. 
The  pressure  on  the  fulcrum  is  /?^=P4*Q- 

In  the  one-armed  levers  ^'^fiC,  Fig  108, 
and  BAC^  Fig*  109,  the  same  relation  takes 
place  between  the  power  P  and  the  weight  Q,  but  here  the  direction 


Fig.  10R. 


Fiir.  103. 
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Fig.  110* 


of  the  power  is  opposite  to  that  of  the  weight,  and  therefore  the  pres- 
sure on  the  fulcrum  is  their  difrerence,  and  m  the  first  case  R  ^  Q 
—  Pt  and  in  the  second*  R  t=*  P  —  Q. 

Also  in  the  bent  lever  JiCB,  with  the  arms  CJV*=saand  CO^b^ 

Fig,  no,  P  :  q^b  :  a,  here  the  pres- 
sure on  the  fulcrum  is  equivalent  to 
the  diagonal  R  of  the  parallelogram 
CP^RQ^^  which  may  be  constructed 
from  the  power  P,  the  weight  Q  and 
the  angle  P,CQ,^PDQ=a,  which 
their  directions  make  with  each  other. 
Let  G  be  the  weight  of  the  lever, 
and  CE^€,  Fig,  111,  the  distance  of 
the  fulcrum  Cfrom  the  vertical  line 
8G,  passing  through  its  centre  of  gra- 
vity; we  shall  then  have  to  put  Pa'\' 
Ge^Qb^  and  the  plus  or  minus  sign 
before  G,  according  as  the  centre  of 
gravity  lies  on  the  side  of  the  power 
Pi  or  on  that  of  the  weight  Q, 

Hfmark.  Tlie  theory  of  the  ]«vef  8o(1a  itM  «p^ 

plicnfbn  in  mnny  tociLftiinEl  tnachiiies,  tIi,  inUie 

diJ&rent  kinds  of  balaQce9,crqw*bart,  ihe  brmk^t 

Cif  pum{ii,    wheelbarrows,   kc.     Tbo 

teconil  port  will  treat  fully  of  thew, 

Ejtitn^tt.-^L  ir  we  prpsa  down  tbo 

end  J  of  ft  crow  bar  JCB,  Fig.  112, 
wilh  a  fotc«  p£=:fiO  i\m.,  and  with  the 
arm  C*i  of  ihe  pi;*wt!r  equal  lo  1% 
tirne»  thai  of  the  arm  CB  of  ihe  weighv 
then  will  this,  or  fmher  the  force  ei;* 
eTt«datB,be  =  Q=l2  iiitii?»thaii>f  P 
^  12  .  00  ^  720  lbs.— ^.  If  a  loud  Q, 
hanging  from  a  poK  Fig.  I !  3,  be  car* 
ricd  by  two  men,  whieh  pole  the  on© 
hiys  hold  of  at  ji  and  the  other  at  B^ 
wtj  may  readjly  find  out  what  weight 
eaeb  has  to  sn^taiii.  Let  the  load  Q 
=  120  lb*.,  the  weight  of  the  pole  G 
=i  12  lbs.,  the  distance  JB  of  both 
]x>inu  of  oppUcation  ^  6  fi,  the  di*- 
ttmcc  £C  of  die  IcMsd  from  one  of  ibeae 
points  ^2}  feel,  the  dktafice  of  the 
tent  re  of  gmvity  ^  of  the  poie  from 
ihia  Aatiie  pcmit  BS  s^H  feet.  If  we 
mke  B  Jbr  the  fulerum^  tlie  power  P, 
hai  ti>  balance  at  J  tlie  weights  Q  and 
G\  theiefore  F, ,  B.4  =  Q  .  UC  +  G  . 
J5Sf,  I  e,  6  Pj  =  S»5  .  120  +  3,5  ,  IS 
B  3U0  +  42  =  342  J  hence,  P.  ^ 

?1?  «  57  lbs.     On  Ihe  other  hand,  if 
6 
j|  hi}  oonfidered  aa  the  fulcmtnj  we  !IH1«  put  P,  .  ^B  ^  Q  ,  ^€+  G  •  ^S,  and  in 
numbers,  6  P^  sa  3,5  .  120  +  2,5  .  12  !=s  420  -|-  3U  =  450 ;  hctice,  the  power  F,  of  ih© 


Pig*  HI 


riff.  112, 


second  man  L»  P^m 


75  Iba.^  alfio,  the  sum  of  the  forces  Pi  +  Pg  aaiing  upwards, 


E  ^7-)- 75  as  133  Iba.^  U  exaciSy  equal  to  the  rofn  of  the  Ibfcet  meii»f  downward*, 
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Q-h*^^120-hl  G«1 32  Jb«,— a  In  a  btnt  Irvw,  JCB,  Fig.  114,  of  150  tf^  wt  the  vertiiHilly 
pulUng  fgir(;o_Q«s55U  ilw^  tmd  Uio  »rm  Cii^4  A.,  bui  tbe  Rtm  CJ  i^r  the  power  P  ^ 


Fig.  lis. 


s     c 


Fi;.  114. 


4^ 


Fig*  116, 


0  n,  Kod  thnt  pf  the  wvtght  €E^  1  foot,  wh&t  is  the  arooutil  of  the  pfiwer  P^  ajKl  the 
ptStnu^  Oil  td^  pi  Tut  B  required  bo  rceiore  (he  bilaoioef     CJ  .  P  ^  CB  >  Q  -f^  CM  . 

6,  i  e.,  e  F  ^  4  .  eSO+  i  •  1^  wST&O;  oooiequend^,  the  power  P  ^ HI^  » 4S8| 

6 
1Ih.j  die  prewure  on  the  pivot  ootiskta  of  (be  T«rtirat  £}foe  Q^-  C^  650*1-  ISO^SOO 
)bfi^  and  the  liorj2<mt&l  pow^r  P^^^h^  Ibw.^  and  in  tlie^refura; 

§  128-  Pressure  of  Bodies  on  one  another, — The  experimental  law 
announced  in  §  62,  that  action  and  rmction  are  equal  to  each  other ^ 
h  the  basis  of  the  whole  mechanics  of  machines.  It  is  necessary  in 
this  place  to  make  the  meaning  of  this  still  clearer.  When  two  bixlies 
M^  and  3/,,  Fig«  115,  net  upon  each 
other  with  the  forces  P  and  P,,  whose 
directions  deviate  from  the  normal  com^ 
mon  XX  to  the  two  surfaces  at  their 
point  of  contact,  a  decomposition  of  the 
forces  h  always  possible ;  the  one  com- 
ponent JV  or  JV'j,  which  is  in  the  direc- 
tion of  the  normal,  passes  over  from  the 
one  body  to  the  other,  the  other  com- 
ponent S  or  S^  remains  in  the  body, 
and  must  be  counteracted  by  another 
force  or  resistance,  in  order  to  maintain 
ihe  bodies  in  equilibrium.  From  the 
principle  set  forth,  perfect  equilibrium 
is  found  to  subsist  between  the  normal 
components  A*  and  JV*. 

If  the  direction  of  the  force  P  de- 
viates by  the  angle  */Vl^P=«  from  the  normal  J^X  and  by  the  angle 
SL^P^^fi  from  the  direction  of  the  second  component  6^^  we  have 
(§75) 


116 


STABILITY. 


jy^    Pm.^     g^ 


P  sin,  f& 


sin,  (»+^)  ^*n,  {a+^}' 

If  we  represent  Jf^JtiP^  by  a^  and  S^J^P^  by  4^  we  also  have 


JV. 


P,  wn,  ^, 


and  ^Sj  ^ 


Pj  Hn*  a^ 


lastly,  from  the  equality  jV'=  JV^, 

i^  MJi.  fi  P,  sin.  /3j 


stn.^+^Jj 


Fif.  116. 


S,  = 


«"».  (a  +  >3)        «»,  (fti  +  ^J 

£iComp^f.— WLm  resolution  of  the  Torcef  takes 
plane  jf  a  body  M^  Fig.  Il6t  susinmed  by  a  #up- 
iKjn  D^T  be  pres3«tl  upon  by  onoiht-r,  capable  uf 
rpvolviniE  about  an  axm  C  with  a  Ibree  P  ;=  25U 
Iba^j  ih«  angle*  of  direcLiati  btfing  ihe  foUQWiug : 

Fitini  the  first  IbrTiiula  ihe  normal  pressure  be- 
tween the  I  wo  bmViei  b  deicmunwl  by 

1S7J^  lb»»;  from  the  set-one!  tJie  preisure  on  the 
RLiifi,  or  on  the  point  C\  ia 

144,47  }b«. ;  ami  by  combining  tbe  third  and  foaith 
er^iiaiiori,  tin-re  follows  Jijially  foi  tbe  coiin>oueiit 
oppo&ed  to  DEi 


JV*  *i«.  a^ 


#m.  5, 


*ia,  5U* 


Piff.  117. 


§  129,  Stability, ^When  a  body  pressing  against  a  horizontal 
plane  is  acted  upon  by  no  other  force  than  gravity,  it  has  no  tendency 
to  move  forwanl,  because  the  weight  acting  vertically  downwards  is 
exactly  sustained  by  this  plane;  nevertheless,  a  revolution  of  the 
body  is  pos&ible.     If  the  body  JlDBP^  Fig*  117,  rests  at  a  point  D 

upon  the  horizontal  plane  HR,  it  will  re- 
main at  rest,  if  its  centre  of  gravity  S  be 
supported,  ue*,  if  it  lie  in  the  vertical  line 
passing  through  D,  If  a  body  is  supported 
at  two  points  on  the  horizontal  surfnce  of 
another,  it  is  requisite  for  its  equilibrium 
that  the  vertical  line  of  gravity  should  inter- 
sect the  line  connecting  the  two  points. 
Lastly,  if  a  body  rests  at  three  or  more 
points  on  a  horizontal  plane,  equilibrium 
subsists  if  the  vertical  line  containing  the  centre  of  gravity  passes 
through  the  triangle  or  polygon  which  is  formed  by  the  straight  lines 
connecting  the  points  of  support. 

In  bodies  which  are  supported,  we  must  distinguish  between  stable 
and  unstable  equilibrium.  The  weight  G  of  a  body  •'^B,  Fig.  llS, 
draws  its  centre  of  gravity  downwards;  if  no  resistance  be  opposed 
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to  this  force  it  will  cause  the  body  to  turn  until 
its  centre  of  gravity  has  attained  its  lowest  po- 
rtion, and  equilibriuo)  will  then  be  restored. 
We  may  mention  that  the  equUibriutii  is  stable 
when  the  centre  of  gravity  is  in  its  lowest  pos* 
sible  position.  Fig,  119,  and  unstable  when  in 
its  highest^  Fig.  120j  and  indiflerent-^  when  the 
centre  of  gravity  in  every  position  of  the  botly 
remains  at  the  same  height^  Figi  12L 


Fig.  n8> 


Fig.  119. 


Fig.  130. 


FSg.  ISI, 


Fiff.  122. 


Exaw^,^}^  The  botnogetiecnis  body  jiDBFyCanmt^nu  o^«  hernispbefe  mnd  &  oylin- 
der,  Fig.  Ill,  rest*  upoo  a  horiaontal  plajie  BR.  Wljat  lieigLt  &F=^h  must  lU  oyUn- 
diiciLl  part  havej  that  ibe  body  may  he  in  equilibrium  *  The  radius  of  a  sphere  ii  p«r- 
peadioukr  lo  the  oofrc^ponding  plane  of  ct^ntnct:  now  the  bori^onml  plane  u  sucb  A 
one ;  coaieqaenlly  the  mdiua  SB  mum  he  perpemiktilar  to  the  horiswaial  plane,  atid  tha 
centre  of  g^Yiiy  of  the  body  lie  in  iL  The  aits  FSL  of  the  body  passing  tUmuKU  tlie 
centre  of  Ihe  sphere  is  itA  second  line  of  gr&vily ;  tbe  point  8,  the  latettaciiOn  of  the  t^o 
line*,  hi  iberefore  tli©  centre  of  gravity  of  the  body. 
Let  uf  now  pal  dae  nidina  of  the  sphere  and  cylia- 
dfT  SJ^SB^r,  and  the  height  of  (he  cylinder 
SF^^BEs^h,  we  then  htive  for  the  volume  of  tho 
Itemisphere  :  F,  ^^  J  »  r»,  for  ilie  volame  of  the  cy- 
ader  V^^wr*hi  tor  ihe  dietar^oe  of  the  centre  of 

■Tity  of  thp  ajihert?  S^SS^^^^r,  and  ibr  tliat  of 

J  cylinder  ^  SS^  ^  J  A.  That  the  centra  of  gra- 
vity of  the  wbole  btKJy  may  ftill  iii  S,  the  moment 
©f  the  sphere  f  wr*,  f  r  must  be  put  equal  io  the 
moment  of  the  cylinder}  v  r*  A  .  ^A;  from  which  we 
have: 

i^^iri,  J.  e,,  A  =  r  v^i=  0,7071 .  r. 

2.  The  preaBure  which  each  of  the  three  Jeijs^  Jf^ 
B%  C,Fig.  12 3|  of  any  k>aded  table  ha£  lo  Hisiaui,  is 

detennijied  in  Ihe  follow mg  Mjaaaer.  Lei  5  be  the  centre  of  gmviiy  of  the  (ubie  wiih 
iU  lottd,  and  SE^  €B,  perpdndiuulais  upon  JB.  If  O  be  the  weight  of  the  whole  table, 
an4  R  the  pretiure  on  C,  we  may,  considering  AB  as  the  aJLit^  put  the  moment  of  Jt  cs 

to  the  moment  of  G,  I  e.,  R .  CD^G .  SE,  and  we  then  obtein  R  ss  ..?-  *  G  s  -^-- 
,  €]  UkewiBe  also  the  pressure  on  J  =  Q  =t  .     ^^-^-^-  »  G,  and  that   on  *^  =  P  ^ 


aBcs 


£,Jhc 


aJMC 


§  130.  Let  us  now  take  the  ease  of  a  body  havicig  a  plane  base 
restiDg  00  a  borizontal  plane.     Such  a  body  possesses  stability,  or  is 
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in  stBble  equilibrium  when  its  centre  of  gravity  is  supported,  i*  €- 
when  ihe  vertical  line  containing  the  centre  of  gravity  of  the  body 
passes  thjough  its  base,  because,  in  this  case,  the  tendency  of  the 
weight  of  the  body  to  cause  it  to  turn  is  prevented  by  its  own  rigidity* 
When  the  line  of  gravity  passes  through  the  edge  of  the  base,  the 
body  is  then  in  unstable  equilibriam,  and  when  the  line  passes  out- 
side the  base,  no  equilibrium  subsists.  The  body  falls  to  one  side  and 
overturns.  The  triangular  prism  JIBCDE^  Fig,  123,  is,  according 
to  tlie  above,  stable,  because  the  vertical  SG  passes  through  a  point 
JV*of  the  base.     The  parallelopiped  JtBCG^  Fig.  124,  is  in  unstable 
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equilibrium,  because  SG  intersects  a  side   CD  of  the  base.     The 

cylinder  JiBCD,  Fig.  125,  13  without  sta- 
bility because  SG  no  where  intersects  the 
base  CD, 

Si  ability  is  the  power  of  a  body  to  pre- 
serve its  position  by  its  weight  alone,  and 
to  oppose  resistance  to  any  cause  tending 
to  overturn  it.  If  we  have  to  choose  a 
measure  of  the  stability  of  a  body,  we  must 
distinguish  whether  this  has  reference  to  a 
displacement  or  to  an  actual  overturning  of 
the  body*  Let  us  now  take  into  considera- 
tion the  first  only  of  these  circumstances* 
§  131.  ForrtmliE  of  StaMliti/,^^A  force, 
P,  not  directed  vertically,  tends  not  only  to  overturn  a  body  ABCD^ 

Fig,  126,  but  also  to  push  it  forward; 
let  us  assume  in  the  mean  time  that  a 
resistance  is  opposed  to  the  pushing  or 
pulling  forwards,  as  it  may  happen,  and 
have  regard  only  to  its  revolving  about 
one  of  its  edges  C  If  we  let  fall  from 
this  edge  C  a  perpendicular  CE  =  a 
upon  the  direction  of  the  force,  and  CM 
=z  upon  the  vertical  line  SG  passing 
through  the  centre  of  gravity,  we  have 


Fig.  136. 
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only  to  ronsider  a  bent  lever  ECJf,  for  is'hkh  Pfi=  Gr,  so  that  P  = 

-  G;  if  the  external  force  P  be  greater  than the  body  revolves 

G>  a 

about  the  point  C,  and,  therefore,  loses  its  stability.  Hence  the  sta- 
bility depends  upon  the  product  [Gx]  ot^he  weight  of  the  body,  and  ^ 
the  shortest  distance  between  a  side  of  the  perimeter  of  the  base  and 
the  vertical  line  passing  through  the  centre  of  gravity;  Gxniay  there- 
fore be  regarded  as  a  measure  of  the  stability,  and  for  this  reason  is 
properly  called  the  stability  itself 
Hence  we  see  that  the  stability  increases  simultaneously  with  the 
Iweight  G  and  the  rlistance  x^  and  may  conclude  that  under  otherwise 
[limilar  circumstances  a  body  twice  or  thrice  as  heavy  does  not  pos- 
sess more  stability  than  one  of  the  single  weight  with  twice  or  thrice 
the  distance  or  arm  ^,  &c, 

JI32.— 1.  In   a   parallelopiped  ABCF.Vig.  127,  of  the  length 
=  /,  breadth  ^B===Ci)=*,  and  height  jSD=BC^A,  the  weight 

.  Vr^bkly,  and  the  stability  S^G  ,  KJST  =  G.  ^  CD  ^  ~  =.  i 

|i*A/y,  provided  y  represent  the  density  of  the  mass  of  the  paraUelo- 
piped. 

2.  In  a  body  ^CFW' consisting  of  two  parallelopipedsi  Fi^.  128, 
the  stabilities  about  the  two  edges  of  the  base  C  and  E  are  different 


Fig.  127. 


Fig*  12S. 


1  t 

from  one  another-  Let  us  take  the  heights  BC  and  EF^h  and  A,* 
I  and  the  breadths  CD  and  DE  =  h  and  6j,  the  weights  of  the  parts  G 
and  Gj  =  bhly  and  h^hjy ;  then  the  arms  about  C  will  be  Kjy^  =  4 
b  and  KJf^  =  &^  +  |  6^,  and  those  about  £  =  Aj  +  i  ^  and  ^  6^. 
The  stabilities  accordingly  are:  first  for  the  revolution  about  C, 

^ ^  i  G6  +  G,  (&  +  i  b,),  =(i  b'k^bbA+Wh,)h. 
secondly  for  that  about  £, 

^,  =  G  (6,  +  i6)  +iG,6,  -  {lb,%  +  bbJi+lbV,)  h. 
The  latter  stability  is  limmt  S,—S^  (/i~A,)  bbjr  greater  than  the 
fonner;  if  we  wish  to  increase  the  stability  of  a  walTj^C  by  offsets, 
these  must  be  placed  on  that  side  of  the  wall  towards  which  the  force 
of  revolution  (wind,  water,  pressure  of  earth,  &c*)  acts. 
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3.  The  following  is  the  stabilirjr  of  a  wall  JiBCEF,  Fig.  129» 
battering  on  one  side.     The  tipper  breadth 
r^%.  m.  jjB  =  b,  the  height  BC=  A  and  the  length 


CH^  I;  and  the  batter  ^  n^  L  e.  upon  jJ/    J 
=^  a  height  of  1  foot ;  IL  =b  n  feet  oriflitas  /| 


of  batter,  therefore  upon  A  feet  ED  ^  nh. 
The  weight  of  the  parallebpiped  JICF  m 
Gj  =  bhiyf  that  of  the  three  sided  prism 
^^DE  =3  Gj  =  J  nA ,  ^^y,  the  arms  for  a  re vo* 
lution  about  E  are  =  DE  -{-  ^b^nh-\-  ^h 
and  I  D£=|  nA,  consequently  for  the  sta- 
bility we  ha%  e 

S^  G,  (nh+ib)  +  I  G,nh 
=  (i&'tnAHinW)A/y, 
A  parallelopipedical  wall  of  equal  vol- 
ume has  the  breadth  A  +  |  nA,  hence  the 
stability  is: 

^i  ^  i  (&+i«A)»  A/y=  (I  A'+i^AA+K^')  A/y; 
its  stability  isj  therefore »  ahMl  S — S^  —  (A+  r^a^A) .  |  iiA%,  less  than 
that  of  the  battered  wall. 

For  a  wall  sloped  upon  the  opposite  side,  the  stability  is  S^  ^ 
(A^+fiAA-hi^Vi*)  ^  i  A/y,  less  also  than  5,  and  indeed  aUtft  *— iS; 
=  (fi  + J«A)  .  ^nhHy,  as  well  as  abw^  -S^,— ^i  =  j^j  n^h%  less  than 
the  stability  of  the  paralldoptpedical  wall. 

Example.  What  is  the.  itablltiy  for  each  fixvt  in  length  of  a  atone  wall  of  ]0  feet  m 
tie^ht,  anci  J|  feet  of  upper  bmdtb  lAvith  bfttter  of  I  in  i^  un  the  Uick?  The  apecific 
gravity  of  \hh  wall  (§  ^W)  ia  taken  at  2,4,  iu  cl«D»Uy  y  i*^  ttieri^lbrc^  ^  62,5 ,  2,4,  ^" 
130  tbs.^  nov^  f  ^  t,  A  B  10,  £  =  1,25,  and  n  =  |  ^  0,2  j  hooce  il  JbUowi,  tliac  Uie  sta- 
bility tcnight  19 1 

S=  CJ .  [1.25]'+  0,2  .  L25  .  10  +  | .  [U,2]^ .  10^  10 , 1  .  130 
=  (0,7B125+  2,5+  1,3333)  130  =  4,t*i-ie  ,  130==  603,4  ft.  Iba. 
With  the  «ac]ie  quaadty  of  niBterial|  a^id  under  othcrwbe  simdaf  cm^umstaacea,  the 
stability  of  a  pnrallHnpipeflioal  wnll  would  be; 

S,  »  C4   [  l;^^TH-  i  •  '^>;i  *  1-25  ,  10  +  i  .  O^i .  10^)  ,  130 
IS  (0,'JSL;^5+  1,25  +  0,5)  .  130  =  2,531  .  130^329  ft  Iba. 
The  same  wal!,  with  a  alophig  froniT  would  have  the  atayiUy: 
5,=  CJ   [l.^&r  +  i  '  ^'^  *  '.3S  .  10  +  i  .[0,2p.  10»).  130 
=(0,7«  1 25  +  1 ,25  +  0,4166 . . .)  ■  ^  3*>  —  3,fi^79  . 1 30  «■  350,7  SI  lbs* 
Hemark. — h  i»  evident  from  the  foregoinj?  that  il  allows  of  a  mving  of  material  to 
batter  walls,  to  construct  them  widi  eounterfiyrto,  lo  give  them  off^tets,  or  to  place  them 
upon  plinihff,  &c.     Tlie  second  part  will  fpve  a  further  eiten»km  of  thb  subject,  wheti 
we  come  to  J  real  of  the  pressure  of  earth,  and  of  vaults,  chain  brid^S|  &e* 

§  133*  Dynamical  stabiliiy, — We  may  distinguish  from  the  mea- 
sure of  stability  treated  of  in  the  last  paragraph,  still  another  to  a 
certain  degree  dynamical  measure  of  stability,  when  we  consider  the 
effect  which  is  to  be  expended  in  order  to  overturn  a  body.  Now  the 
mechanical  effect  of  a  force  is  equal  to  the  product  of  the  force  and 
the  space,  but  the  force  of  a  heavy  body  is  its  weight  G^  and  the 
space  equal  to  the  vertical  projection  of  that  described  by  its  centre 
of  gravity,  we  may  consequently  take  for  the  dynamical  measure  of 
the  stability  of  a  body  the  product  Gsj  if  s  be  the  height  to  which  the 
centre  of  gravity  of  the  body  must  ascend  in  order  to  bring  the  body 
from  its  stable  condition  into  an  unstable  one. 
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Fig.  130. 


r-f-^ 


Let  C  he  the  axis  of  revolution  and  S  the  centre  of  gravity  of  a 
iy  JIBCD^  Fig,  130,  whose  dynaraical  stability  we  wish  to  find, 
we  cause  the  body  to  revolve  so  that 
ts  centre  of  gravity  comes  to  S^,  t,  e. 
rertically  over  C,  the  body  will  be  in 
I  unstable  equilibrium,  for  if  it  only  re- 
solve a  little  further  it  will  fall  over* 
llf  we  draw  the  horizontal  line  SA*,  this 
[will  cut  off  the  height  JV*5j=*  to  which 
^e  centre  of  gravity  has  ascended,  from 
[which  the  stability    Gs  is  given-      If 
Ijiow  CS^  CS^^z^  CM^  SjY^  X, 

Und  the  height  CJf^  MS  ^  y,  it  fol-  

flows  that  the  space  ^iJV=  s=  i  —  ^ 

s  v'^+y'  — yi  and  the  stability  in  the  last  form  of  expression  is 

If  the  body  is  a  prism  with  a  symmetrical  trapezoidal  transversa] 
'section,  as  Fig>  130  represents,  and  if  the  dimensions  are  the  follow- 
ing;  imfH^Vil  height  JtfO=  h^  lower  breadth  CD  ^  A,^  upper! 

breadth  AB^  6„  we  then  have  MS~y^  ^^J"/^/'  ,  -  ( §    105) 


rand  CM^  x  =  J6,,  hence 


*,+*, 


-J(^)'-(-i;^-3)* 


Fig.  131. 


and  the  dynamical  stability,  or  the  mechanical  effect,  required  to  over* 
tum  it:  ^ 

Extm^k. — What  ii  the  dynainical  Atabiliiy  or  th©  mechftniottl  effect  neeessuy  for  fh© 
OTertuminf  of  an  obelisk  JBCD^  Fig.  131,  of  granite,  if  it»  height 
A  ^  30  (V  jiB  upper  length  unci  breadth  /,  ^  l^h  and  6,  ^  1  ft, 
luid  lower  length  atid  bteadth  4  ^  4  IL,  ^^  ^  i§  ft.  ?     The  vo 
lum©  of  tlu*  body  ia  {§  1 15): 

13  40,25  *  S  ^  20 it's 5  cubic  feei.  Now  a  cubiii  foot  of  grnriite 
weighs ^^ 3 *  63»5 ^  J 87,0  lbs.;  the  whole  weight  of  tbLa  bo^iy  is : 
6  =  201,^5  ,  1S7,S  =  37734,3  lbs.  The  Jieight  of  the  c^niro  nf 
gnvitir  aborve  the  base  is: 

V.+  3V,  +  V.4-V.    A 

4.}  +  3-i-l+l-4+|  .  1     30      87,75.15 

-— 4028 -^-^-T 40;a6-=«».9«ft. 

Pr&vided  ii  b©  a  revolution  abo«t  the  longet  etige  of  the  base,  the 

bcirizontHl  distance  of  the  centre  of  gravity  from  this  edge  will  be : 

^^|^,^|,|=i:  |fL;;  hence,  the  distance  of  the  centre  of 

gnyity  ftom  the  ajiis  will  be : 

C5— «  — v^?-f~?=  v^(l,7a)»+(m343)'=  v^  110,002  «  10,489:  and  »he  height 

10  which  the  centre  of  gravity  must  be  raio«d  to  bring  aboal  an  overttirow  wUl  be: 

n 
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i  =a  £  ^^  ^  =i  10,4^9  —  10,34^  ^  0,147  ft ;  lastly-,  the  coneaponding  mechanical  effect 
or  Btobility  will  be;  G$  =^  37734J__0Ji4_7  =  5047  ft  lU. 

iJcwwrife.  The  fiictor  a  ^m  ^  x^  +  f*  —  y  giTea  iiir  y  ■»  0,  i  s=  a^  for  y  =  ^ 
I  ^  JT  (v^2  —  1)  s=  0,414  T,  for  y  =  ttjr,  *  =  (v'^  +  1  ^  n)  x,  appfoiknfttely  =s 
(m  -I-  J «)  i  ^  ^  abo  for  «  =  10  Jt,  *  s^  i,  antt  for  y  =  (»,  t  =  A  =  0;  the 

dynamieal  smbllity  is  JM^refnre  so  much  the  greater^  ilie  lower  the  centre  of  gravity  liea^ 
mad  it  apJJUojtitnatoB  moro  and  more  to  tii»ll,  the  higher  the  centre  of  gravity  lies  above 
tli-e  baBft.  Sle<if*?s,  carrioges  aliips,  floating  docks,  &c.j  must  on  thia  account  be  sj  coo- 
smiei^d  and  inaded,  tJiat  the  centre  of  gravity  may  He  aa  !ow  as  ptMsible,  a»d  bender, 
hCf  stmaie^  over  the  mid  J  Id  of  th(!i<  base. 


Fig.  m. 


§  134,   ITieory  o/tht  inclined  Plane.— A  hodyJC,  Fig,  132,  rest- 
^  ing  on  an  inclined  plane,  that  is,  on 

one  inclined  to  the  horizon,  may  take 
up  two  Diotiona;  it  may  slide  down  the 
inclined  plane,  and  it  may  also  rerolre 
about  one  of  the  edges  of  its  base  and 
overttirn*  If  the  body  is  left  to  itself, 
its  weight  O  is  resolved  into  a  force 
*?V''nonnalj  and  to  a  force  P  paiallel 
to  the  base,  the  first  is  resisted  by  the 
reaction  of  the  plane,  and  the  last 
urges  the  body  down  the  plane  *  Let  the  angle  of  inclination  FHR 
of  the  inclined  plane  to  the  horizon  =  o,  we  have  therefore  the  angle 
GSJf  ^  a,  and  hence  the  normal  pressure : 

JV=   G  CQS.  a, 

and  the  force  parallel  to  the  plane : 

P  =i  G  dn,  a* 
If  the  vertical  line  SG  passes  through  the  base  CD  as  in  Fi^.  132, 
a  sliding  motion  only  can  take  place,  but  if  this  line  passes  outside  the 
base,  as  in  Fig.  133,  an  overturn  ensues,  and  the  body,  therefore,  is 


Fij.  133. 


Fig.  134, 


mithout  stability.  Besides,  a  body  *^iC  resting  on  the  inclined  plane 
FlI^  Fig,  134,  has  a  stability  different  from  that  of  one  on  a  horizontal 
plane.  If  DM^x  and  MS=y  are  the  rectangular  co-ordinates  of 
the  centre  of  gravity  5,  we  have  the  arm  of  the  stability  DE=DO — 
J^LV=x  COS.  a — y  wn,  a,  while,  if  the  body  is  on  a  horizontal  plane, 
it  is  =  X*  Since  jc  >x  €6s,  & — y  nn.  o,  the  stability  with  reference 
to  the  lower  edge  JD  comes  out  less  for  the  inclined  than  for  the  hori- 
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Eonta]  plane;  it  is  null  for  x  cos,  a  =  y  sin*  a,  L  e.  for  tang,  a3=-. 

When  a  body  that  is  stable  C  a:  on  a  horizontal  plane  is  transferred 
^to  an  inclined  one,  whose  angle  of  inclination  corresponds  to  the  ex- 
pression tang,  a=-^  it  Will  lose  its  stability.     On  the  other  hand,  a 

body  may  acquire  on  an  inclined  plane  the  stability  which  is  wanting 
lo  it  on  a  horizontal  one.  For  a  turning  about  the  upper  edge  C,  the 
arm  CE^^CO^+MJVm^x^  cos.  a+y  sin.  »,  whilst  in  its  position  on 
the  horizontal  plane  it  is  =  x^.  If  now  x^  is  negative,  the  body  has 
.00  stability  so  long  as  it  remains  on  a  horizontal  plane^  but  if  it  rests 

[on  an  inclined  one,  for  whose  angle  of  inclination  iang, «  is  >^i  the 

Fbody  is  stable* 

If  another  force  besides  gravity  acts  upon  the  body  .^BCD^  Fig, 
135^  its  stability  continues  if  the  direction  of  the  resultant  JV*of  the 
t  weight  G  and  the  force  P  intersects  the  base  CD  of  the  body. 

£n]fi^£r.  Tbe  obeliak  tzi  th?  «(xannp]e  of  th«  preceding  pamgmpba  hi^  jf  ^  J  ft  ftnd 
Pf  ^  10,342  fit  And  wil[  lose  its  stabilityi  consequentlyi  if  iram&ferred  to  an  iDcUrted 
kplane,  fcr  whose  angle  of  mclinotion ; 
r  7  7nf)n 

fUng.  m  « 1 s  1.-L  ^  0,16923,  and  mclmaikm  •  =  9«  36', 

^      ^  4,10,342       4l3«i8 

§  135.  As  the  inclined  plane  only  counteracts  that  pressure  whici 

I  is  directed  perpendicularly  against  it,  the  force  P  which  is  necessar^ 

1  to  prevent  a  body  supported  upon  an  inclined  plane  from  overturning^ 

is  determined  by  the  condition  that  the 

^resultant  Jfof  P  and  G,  Fig.  135,  must 

>.be  at  right  angles  to  the  inclined  plane. 

^From  the  theory  of  tbe  parallelogram  of 

*  ,         P        sin.  OJVT  ,, 

Sarces wehave  -=-  =         „^^>  now  the 
G       sin,  POJf 

,  z  pjyo  ^  /  GOJf=^  FHE  =  a,   and 

I  z  POJ^^^  FOJf+AOJV^/SH-QO^  in  so 

far  aa  we  represent  by  ^  the  /  PEF= 

POK^  by  which  the  direction  of  the 

force  deviates  from  the  inclined  plane; 

hence  we  have 
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s%n.  a 


,U€, 


#l7t«  a 


G       sin.  (90  +  ^)  G       cos.  ^ 

therefore  the  force  which  maintains  the  body  on  the  plane  is: 
_      G  sin,  0. 

COS.  0  ' 

For  the  normal  pressure  JV 

^  =  ""•  n^'!!'.  btit  the  /  OGJ\r~  W-  (<.+3)  and 
G       sin,  OJ^G 

OJifG^POJir^  90+^,  hence  it  follows 

JT      sin.  [&(y  —  (a  +  jS)]  _  COS.  (ii+^) 

G^       «n,  (90^  — ^)       ^      cos.^ 
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and  for  the  normal  pressure  against  the  plane 

COS.  & 

If  the  force  P  is  parallel  to  the  plane j  i3  sx  0  and  cos,  ^  «  1,  since 

P^  G  iin,  a  and  JST^  G  cos,  a. 

UP  acts  Tertically  •+^  =  90%  hence 

cos,  ^  =  sin,  tt,  cos,  (ft+^}  =  0  and 

P  »  G  and  JV*=  0,  the  inclined  plane  has  then  no  control  over  the 

body. 

Lastly,  if  the  force  acts  horizontally,  ^  «  —  a,  and  cos.  ^  =  cos.  a^, 

hence 

n      G  sin.  a      ^  .                   ,   ,-     G  cos,  0         G 
P t±^  ^ =  G  ta^,a;  and  J\r« — -  -» 


C0f.  a 


caj.  Q        cOnf . » 


Ejt^impit.  To  maintBiii  a  body  of  500  Ibi.  upon,  an  inclined  plane  of  50°  indinalkm  ta 
t!]«^  liariJtOn,  9  lb rce  is  appti^  wbose  directiixi  mBice«  au  angie  of  Ib*^  with  ttie  borixorii, 
what  is  Ihc  miiifuitufle  of  thift  tbroej  aad  tl^e  preftBtue  of  the  body  KgKWil  Ihe  plaoe? 
The  Ibfce  it : 

P^ ^^_ — ^^^  ^  ___  ^  422^0   Ibi.;  and  the  prcBSure  era   the   plaii«: 


500  ,  toa.  73* 


.2a** 


€0#.  20* 


i  UQM 
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§  136.  Prindple  0/  Virtual  VelodOes. — U  we  combine  the  prin- 
ciple of  the  equality  of  action  and  reaction  set  forth  in  §  128,  with 
thalof  Tfirtual  velociiies  (§  80  and  §  93),  the  following  law  transpires. 

If  two  bodies  Jtf,  and  M^^  Fig. 
136,  hold  each  other  in  equili- 
briuoif  then  for  a  fiftMe  rectilinear 
or  injimttly  miall  curvilinear  Dun 
Hon  of  the  point  of  contact  or  pres- 
mre  A^  the  sum  of  the  mechanical 
effects  of  the  forces  of  the  one  body 
is  equivalent  to  the  mm  of  the  tjic- 
chanical  effects  of  those  of  the  otfter. 
If  P,  and  S^  be  the  forces  of  the 
one  body,  and  F^  and  S^  those  of 
the  other,  then,  for  a  displacement 
of  the  point  of  contact  from  Ji  to 
i?,  the  respective  distances   de* 


scribed  are  AD^^JiE^^JiD^^ixAAE^^  and  according  to  the  above  law: 
P,  .Jin^  +  8 .  AE^  =  P, ,  AD^  +  8^ .  AE^. 
The  correctness  of  this  proposition  may  be  proved  in  the  following 
manner.  As  the  normal  pressures  JV*  and  *AQ  are  equal,  there  is  also 
equilibrium  between  their  mechanical  effects,  Jf^  .AC  and  JV^.vfC, 
with  this  difference,  that  the  mechanical  effect  of  the  one  force  is  po- 
sitive, and  that  of  the  other  negative.  Now  from  what  has  preceded 
we  have  the  mechanical  effect  Jf^ .  AC  of  the  resultant  JV,  equivalent 
to  the  sum  P^AD^  +  S^.AE^  of  the  mechanical  effects  of  its  compo- 
nents Pj  and  5p  and  likewise  Jf^ .  AC  =^  P^ .  AD^  4-  S^,AE^\  hence 
also  P,  ,AD,  +  S^,  AE^  ^  P^ .  AJ)^  +  S^ ,  AE^, 


TKEOET  OP  Tl 


WEII6I, 


Fi».  137. 
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The  application  of  the  principle  of  virtual  velocitieathus  made  more 
general  possesses  great  advantage 
m  statical  investigations,  as  by  it 
lie  evolution  of  algebraical  expres- 
sions becomes  much  simpH^ed.  If, 
for  example,  we  move  a  body  Ji  up 
an  inclined  plane  FH^  Fig.  137,  a 
distance  ^£,the  corresponding  path 
of  the  weight  G,  =  MJ  =-  .m  rin. 
ABC  =  SB  .  sin.  FHR  ^  JB  Hn. 
a.  On  the  other  band,  the  path  of 
the  force  PhAD^JiE,  cos,  BAD 
SE  AB .  cof.iS,  and  lestlyf  that  of  the 
normal  force  JV*=  0;  now  the  roe» 
chanical  effect  of  JV  is  equivalent  to 
that  of  G  +  that  of  P,  hence  we  have  to  put  JV  •  0  -.  —  G  .  •^^C  + 

P  •  JD,  and  m  we  find  F  =.  —  .  G  «  ^i!!!i», 

'  AD  cof.4 

quite  in  accordance  with  the  former  paragraph* 

In  order  to  find  the  normal  pressure  J^\  we  must  move  forward  the 
inclined  plane  i/F,Fig,  138,  through 
a  space  AB  at  tight  angles  to  the 
direction  of  the  force  AP^  to  deter- 
mine the  corresponding  paths  of  the 
forces,  and  again  put  the  mechani- 
cal effect  of  JV  equivalent  lo  that  of 
G  +  the  mechanical  effect  of  P.  The 
path  of  JV  is  AD  =  AB  cm.  BAD 
=  ABcos.  0,  that  of  G  is^C  =  AB 
cas,  BAC  »  AB  cos.  (o  +  ^)  and 
that  of  P  =  0,  hence  the  mechani- 
cal etTect 
jr.  AD^  CAC-^  P,0,and  JV 

^  — ~rrr~  "^  ^  •  - — ~ ^  t  j^^  ^  ^^^  found  in  the  former  pa- 

AD  €os.^ 

ragraph. 

§  137,   Theory  of  the  Wedge. — After  this  the  theory  of  the  wedge 

comes  out  very  simply.     The  wedge  is  a  movable  inclined  plane^ 


4 


Fit.  138. 
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formed  by  a  triangular  prism  FHR^  Fig.  139,  generally  the  force  KP 
h  =  P*  and  at  right  angles  to  the  back  FR  of  the  wedge,  and  holds 
in  equilibrium  another  force  or  load  j}Q  »  Q,  which  presses  against 
its  lateral  surface  FH.  If  FHR  =  o  be  the  angle  measuring  the 
sharpness  of  its  edge^  and  further,  the  angle  by  which  the  direction 
of  the  force  KP  or  JiD  deviates  from  the  surface  fWy  tlwiifajiL  FHK 
=  IL'ID^  =  3,  and  lastly  the  angle  LJIH^  the  deviation  of  the  direc- 
tion of  Q  from  this  same  surface,  ^  ^,  then  the  paths  will  be  given 
which  are  described  by  the  advance  of  the  wedge  from  the  position 
FHR  into  that  of  FJi^R^^  in  the  following  manner.  The  path  of  the 
wedge  is  JB  ^  FF^^  HH^,  and  that  of  the  force  is  =  -^D  =  JB 
COS.  BAD  =  AB  cos,  {BAH—  DAK)  =  AB  cos.  (a— a) ;  further,  the 

.tj».tt       j)»       iJ-     an       AB  sin*  ABC        AB  siu,  <» 
path  of  the  bar  AL  or  load  is  AC  = 


AB  sin,  a 


sin*  ^ 


sin.  AC B  sin.  HA  C 

,  and  the  simultaneous  path  of  the  normal  pressure  JV  be- 


tween the  wedge  and  the  foot  of  the  bar  =  AE  =  ABsin,  a. 

By  the  advance  of  the  wedge  a  distance  ABj  the  normal  pressure 
JV produces  the  mechanical  effect  Jf.AE  =^  Jf.ABsin,  a,  the  force, 
however,  develops  the  mechanical  effect  P .  AD=^  P .  AB  cos,  (a — h) 

^,  hence 


and  the  resistance  the  mechanical  effect,  Q,AC 
Jf.  ABnn.^^P  .  AB  cob.  (»— »)  L  e,  Jfnn. 


Q.ABl 


also  JV*.  AB  sin. 


Q,AB 


stn. 


i.e.  JVm. a  = 


sin,^ 

P  COS.  (ft— 

Q-r-^,  and  from 
sin. 


I),  as 


Mm.  $  sin.  B 

these  equations  the  equation  between  the  power  and  resistance  sought 
is  given ; 

P  cos*  (a — J)=-^t — "t  or 


p^ 


Sin^  J3  COS.  (a — *)' 

which  may  likewise  be  obtained  by  the  decomposition  of  the  forces. 
If  the  direction  of  the  force  is  parallel  to  the  base  or  lateral  surface 
Qsin. 


HH,«= 


hence  Ps 


-,  and  if,  further,  the  direction  of  the  load 
stn.  ^ 

is  perpendicular  to  the  side  FH,  ^s 


=  9<f,  and  P  follows  =  Q  sin.  a. 


Exatrqtit.  The  *d^  FHR  of  a  wedge  =  ■  ^  25**,  Uie  foroc  h  directed  piij*nel  to 
the  base  MR^  thete.^t^  t  z=  «t  ^^  the  weight  Q  acta  m  right  angles  to  the  siile  FH^ 
iheTeiore  ^^90^^  in  what  proportions  are  ihe  power  and  weight  toea^h  othor  ?  Pia^ 

p 
Q  tin.  mj  tbeit^ibre  ^  =a  fin.  25°  s  0,4220,    For  a  weight  Q  of  130  lbs.  the  power  P 

oome»  out  =  130  .  0,4220  ^  &4,93S  lbs.    Id  order  to  drive  forward  the  weight  or  bar  1 

4€  1 

fool,  the  wedge  iiioJBt  past  over  the  space  JS^  4- —  s^ 2,3662  feeu 

linm       0,4226 
Jtaiutrk.  The  theories  of  the  inctineci  plane  and  tbe  wedge  will  be  more  fully  dcve- 
oped  in  the  fifth  chapter,  where  the  effect  of  frictioQ  i&  taken  into  account. 
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CHAPTER    IV. 


EQtnLIBRlUM  IN  FUNICULAH  MACHINES. 


10.  137  I 

assumed   that   1 


§  138.  Funicular  Machines. — We  have  hiiherto 
bodieSf  on  which  forces  act,  do  not  change  their  form  in  consequence 
of  this  action  ;  we  will  now  take  up  the  equilibrium  of  such  bodies  as 
suffer  a  change  in  their  form  by  the  smallest  forces.  The  former  are 
called  solid  or  rigid,  the  latter  flexible  bodies.  In  truth  there  is  no 
body  perfectly  flexible;  many  of  them,  however,  such  as  strings, 
ropes,  cords,  &.C.,  and  tn  some  respects  chains  also^  require  so  small 
a  force  to  bend  them  that  they  may  in  many  cases  be  regarded  as 
perfectly  flexible.  Such  bodies,  which  are  raoreoirer  extensible,  will 
be  the  subject  of  the  following  investigations. 

We  understand  by  a  funicular  machine,  a  cord  or  a  connection  of 
cords  (the  word  cord  taken  in  its  general  sense)  which  becomes 
stretched  by  forces,  and  in  this  chapter  we  will  consider  the  theory  of 
the  equilibrium  of  these  machines. 

That  point  of  a  funicular  machine  to  which  the  force  is  applied,  and 
where  the  cord  forms  an  angle  with  the  direction  of  the  force,  is  called 
a  knot  or  node.  This  may  be  either  fixed  or  movable.  Tension  is 
the  force  which  a  stretched  cord  transmits  in  the  direction  of  its  axis. 
The  tensions  at  the  ends  of  a  straight  cord  or  portion  of  a  cord  are 
equal  and  opposite,  §  83 ;  also  a  straight  cord  cannot  transmit  other 
forces  than  the  tension  acting  in  the  direction  of  its  axis,  because  it 
must  otherwise  bend,  and,  therefore,  cannot  remain  straight, 

§  130P  Knots  or  JVotks, — Equilibrium  obtains  in  a  funicular  ma- 
chine, when  there  is  equilibrium  at  each  of  its  nodes.  Hence  we 
must  next  find  what  are  the  relations  of  equilibrium  at  any  one  node. 

Equilibrium  takes  place  at  a  node  if,  which  a  portion  of  a  cord 
jJifB,  Fig,  140,  forms,  when  the 
resultant  KS  of  the  tensions  of  the 
cord  KS^  ^  S^  and  KS^  =  S^  are 
equal  and  opposite  to  the  force  P 
applied  at  the  node  if, for  tbetensions 
Si  and  S^  produce  the  same  eflects 
as  equal  and  opposite  forces,  and 
three  forces  hold  each  other  in  equi- 
librium, if  one  of  them  is  equal  to 
and  acts  opposite  to  the  resultant  of 
the  other  two  (§  75),  The  resultant 
R  of  the  force  P  and  the  first  tension 
S^  is  equal  and  opposite  to  the  second 
tension  S^^  &c*  In  every  case  this 
equation  may  be  used  to  find  out  two 
of  the  quantities  to  be  determined^  viz. 
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its  direction.  Let,  for  example,  the  force  be  P,  the  tension  S^  an3 
the  i  betwecD  the  two  ^AF«18(F— ^AS-=18C^— a,  we  have  for 
the  other  tension. 


S. 


^F^+S,^—2PS^cos.^. 


and  for  its  direction  or  de%']ation  from  KS^  BKS^ 
^     ^       S,  sin. 


si3,  and 


nn. 


5. 


Fiff.  HK 


Examptt,  If  the  cotd  JKB^  Fig.  140,  is  fixed  a,t  ibe  exuemhy  B^  and  at  the  extremity 
^i§tretch&d  by  a  weight  G  =  135  tU.,  and  llie  middle  JT  by  m  force  P  =  1U9  tbs.,  which 
piille  upwards  under  an  nngle  of  25°  f  required  ibe  ilireutioi)  afid  leneioii  of  llus  purtiott 
of  oofd  KB.     The  magnitude  of  the  tetision  m  i 

=  Villas  I  +  l!*-2.2&  — 29430,  «w.d5='  =  ^  17668,3=135,9-3  Jbs. 
For  Hie  ftagle  ^,  tin,  tf  »  S,nn.m  ^  I35.ftii.65°^    Jk>^.  ti*,  g  =  0,er)40 17  ^  I,  hence  f 

^67*  0^,  und  tJie  incHnBtkin  of  ihe  ponUm  of  ihe  cord  to  the  borizon  ^a-^  0  —90°  ^ 
a5«-f  $7*  — «fO*»  =  4a* 

§  140,  If  the  node  JCis  a  running  or  movable  one,  or  the  force  P 
acts  by  means  of  a  ring  running  along  The 
cord^XB^  Fig,  141,  the  resuhant  -S  of 
the  tensions  S^  and  S^  is  equal  and  oppo- 
site to  the  force  P  at  the  ring;  besides 
this,  the  tensions  are  equal,  for  if  the  cord 
be  drawn  a  certain  space  s  through  the 
ring,  each  of  the  tensions  S^  and  \  will 
pass  over  the  5pace  *,  and  the  force  P 
over  a  space  ^  0;  consequently,  provided 
there  is  perfect  flexibility,  the  mechanical 
effect  P.0=  S,,s—  S^.i,  L  e.  5j  *  = 
S^  s  and  S^  =  Sj.  From  this  equality  of 
the  tensions  there  follows  the  equality  of 
the  angles  ^KS  and  BKS^  by  which  the  resultant  S  deviates  from  the 

directions  of  the  cords.  If  we  put  these 
angles  ==  o,  the  resolution  of  the  rhomb 
KS  SS\,  gives 

5  =  P  =  2S^ CQS.  a  and  inversely 

S,  =  ^,  =  -I—, 

2  cos,  a 

,4  and  B  are  the  fixed  points  of  a  cord 
JIKB  of  given  length  (2  a)  with  a  mova- 
ble node  if,  the  place  of  this  node  may 
be  found  by  constructing  an  ellipse,  whose 
foci  are  Ji  and  B,  and  whose  major  a%i« 
is  equal  to  the  length  of  the  cord  2  d,  and 
if  a  tangent  is  drawn  to  this  curve  at 
right  angles  to  the  giv^en  direction  of  the 
force,  the  resulting  point  of  contact  is  the  place  of  the  node,  because 
the  normal  to  the  ellipse  KS  makes  equal  angles  with  the  radii  vec* 
tores  KJ  and  KB^  as  does  the  resultant  S  with  the  tensions  of  the 
cord  5j  and  S^. 
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If  ^0  be  drawn  parallel  to  the  given  direction  of  the  force,  and  BD 
be  made  equal  to  the  riven  length  of  the  cord,  ./JD  bisected  at  3f  and 
the  perpendicular  JVfJfhe  raised,  the  place  of  the  node  /f  may  likewise 
be  obtaioed  without  the  construction  of  an  ellipse,  for  since  the  z  JJKM 
=  I  DKM  and  JlK  ^  DK,  it  follows  that  ^  JKS  also  =  ^  BKS  and 
MK-{^KB=  DK+  KB^DB, 

Exam^.  Between  the  polnia  ^nnd  B,  Fig.  14 3^  a  ft>pe  of  9  feet  m  length  U  stretclied 
by  u  weight  G  of  170  lb».  »iijpciwJed  to  h  by  »  rttig ; 
lit*  horizontal  diftAOCe  JiC  of  the  two  pointi  is  61  A,, 
and  th&  vertical]  dbtaiK^  BC  ^  2  A. ;  lo  lind  Ihe  fio- 
litkniofthe  nodet  the  tensions  find  direclions  nC  ilie 
rope.  From  the  length  JD  ^  W  ft  as  hyt*othetJtiM 
and  ihe  horizontal  line  jiC^tS^  ft,;  ii  folluws  tJia^t 
the  vertical  CD  =  v^  —  6,^*  =^  ^^S  1  —  4^^,25  = 
y^{^75is$,22&  feet;  arid  0q«i  this  the  bose  BD  of 
thee^ultettKt triangle  BDK, ^CD  —  €B=  6,"a25— 
2  «B  4^35  ft."   The  similarity  of  tlio  triangles  UA'Jf 

a»d  mC  givfts  DK^  BK=EE.  D^  ^^^^^^ 

nv  zem^ 

^3^54  (i ;  hejioe  it  ibllows,  thmt  JK^  9  —  3,054= 
5,910  feet;  am]  for  the  angles  *,  by  which  the  aide*  of 
the  n>p«  &I9  inclined  lo  the  Ydrticalt 
CM.        J^       _aa|35       06917' 
'"   BIT  ^    3,054   ^    '        * 

hence,  «^  46*  14';  and  lastly,  the  tension  of  the  rope  S|  =s^s 
=  122,^  Iba.' 


_170 
,0,6917 


"  If  ^«  damonatmtioni  applied  m  the  teitt  to  the  simple  fnnkutar  michine,  where 
a  iiogle  weight  is  represented  aa  sustained  by  tneans  of  two  parl$  of  n  flexible  cord, 
attached  to  two  fixed  tupporta,  be  applied  to  the  ease  of  two  ti^id  planes  hmged  toge- 
ther Bt  a  niiddle  point,  and  also  joined  b/  hinges  to  two  other  planes  caiptible  of 
sliding  to  and  friiitn  each  odter,  but  in  opposite  directions,  then  will  ^e  pnDctpleij  of  die 
formDla?  abovo  given,  be  found  to  afford  die  relntion  Iwtween  the  force  applied  and 
the  resistance  which  it  is  ca[mble  of  overcoming,  in  the  we  I  h  known  raacbiue  called 
the  fnjfordo,  vulgarly  tlie  "*  toggle  joijii/'  which  haa  been  much  applied  of  late  years  in 
the  conecnH^ion  of  printing,  coining,  ^id  other  presses. 

When  two  topca  hung  parallel  to  each  other,  the  whole  gravitating  power  of  ih« 
tmsihi  is  divided  between  dtenit  and  equally  go  between  d*e  points  of  support  which  sus- 
tain theii  upper  extremities.  The  limit  of  the  weight  is  the  absolute  strength  of  the 
rope«,  and,  in  case  of  die  crlcardoj  the  force  which  win  Id  be  applied  to  the  planet 
iKWlldi  in  that  ptmiiim^he  limited  by  the  crush  ing  force  of  the  mate  rials  of  the  planes. 

In  the  funicular  machine,  the  question  general ly  relates  to  the  tension  on  the  curds,  not 
lo  the  force  teridinu  to  bring  together  the  points  of  supfiorl,  while,  in  the  tricardo,  the 
effort  to  separate  the  opposite  extremities  of  the  movable  pltines  is  the  thing  to  be  calcu- 
laied.    The  foUowing  figure  (143*)  may  render  this  mom  evident* 

Fig.  143*. 


Let  a  and  6  be  the  two  planes  of  the  tricajuu^  lan^ird  at  >i  and  B  to  two  otlier  planci 


130 


FUNICULAR  FOLYGOlf. 


§  141. 


Pig*  144, 


Funiadar  Polygon, — The  relatiaes  of  equilibrium  in  the 

fiinictilar  polygon,  u  e.  in  a 
stretrhed  cord  which  is  acted 
upon  by  forces  applied  to  dif* 
ferent  points,  are  in  accordance 
lyith  those  of  the  equilibrium  of 
forces,  which  are  applied  to  one 
point.  Let  ^KB,  Fig.  144,  be 
a  cord  stretched  by  the  forces 


P    P 


P„  P^,P,:  let  P,  and 


Pj  act  at  ^,  Pj  at  K,  and  P, 
and  P,  at  B.  Let  us  put  the 
tension  of  the  portion  JiK=  S^ 
and  that  of  BK  =  S^,  we  shall 
then  obtain  S^  for  the  resuUant 
of  P,  and  P,  applied  to  A^  and 
if  we  carry  the  point  of  appli- 
cation ^^  of  this  tension  from  Jt 
to  Jt,  we  shall  again  get  S^  for  the  resultant  of  S^  and  P3,  or  of  Pj, 
Pj,  P^\  lastly,  if  we  transport  the  point  of  application  of  5,  from  K  to 
By  we  shall  then  obtain  in  S',,  P^  and  P^,  or  since  6^^  is  the  resultant 
of  Pj,  Pj,  P^,  also  in  Pj,  Pj,  P^*  P^,  P,  a  set  of  forces  balancing  each 
other.  We  may  accordingly  assert  that,  when  certain  Jbrces  Pj,  P^j 
P^,  4Cm  A^^^  a  funicular  polygon  in  equililtriumt  they  will  hold  earn 
other  in  equilibrium  alsOf  if  applied  at  a  single  poiTit  C,  their  direction 
and  magnitude  remaimng  invariable. 

ff  the  cord  JiK^  K^ ,  *  *  B,  Fig.  145,  be  stretched  at  the  points  or 
nodes,  If^  K^  by  weights  G^^  G^  ,  , .  and  the  extremities  J  and  B  by 
the  vertical  forces  Fj  and  V*  ^  and  the  horizontal  forces  H^  and  //■,  the 
snro  of  the  vertical  forces  will  be  :  F^  +  F, —  (Gj  +  G^  +  G^  -f  , , .) 
and  of  the  horizontal  forces:  Hj  —  H.,  The  condition  of  equilibrium 
requires  that  both  sums  =  0 ;  therefore 

1.   F,  +  F.=  G,  +  G,  +  G,+  ...  and 

In  a  funicular  polygon  stretched  by  weights^  the  mm  of  the  vertical 
forces  or  vertical  leimom  ai  the  extremities  or  points  of  suspennon  is 


t  and  d^  ^uppof<^d  10  be  capable  of  moTing  freely  to  and  ftom  eacii  other  along  the  plane 
MK  The  hinge  of  a  and  6  at  P  being  supposed  to  be  acted  on  by  thts  small  constant 
force  /*,  the  pracJtical  question  is  tbe  relation  of  the  rpsisrances  P,,  P^  to  thii  <x>n&ianr  foroe 
P,  in  the  diifpTcni  po9Uio[9.3  of  the  two  plar^es  a  and  h.  If  the  angle  PJiC  or  PBC  ^  a 
repfe*enl  the  angle  of  divergence  of  the  planes  a  and  b  from  the  straight  line  QQ^,  it  ia 
evideni  that  the  force  P  will  be  repreijenced  hy,CE^  S  CP ^  2  «iti.  «^ ond  the  fames  Pt 
and  P,  ««ich  by  AB  ^  2  cm.  «.  Hen™  P  :  P^  ^  nn,  4:  ra*.  a;  or  as  tang,  m  :  raif» 
II  is  ihuB  sljown  dial  the  foroe  applied  at  the  centrfll  hinge  of  the  "  tc^gle  joint"  has 
10  the  force  which  refists  the  thrtist  of  die  planes,  die  reiaiion  c^f  the  sine  to  the  cosine 
of  the  angle  uf  incUtiaiioii,  or,  what  U  the  iame,  that  of  tangent  to  radium;  or,  la  the 
{•ase  of  the  moTable  planes  forming  one  and  die  mtn^.  plane,  that  of  0  id  L  or  t  to  w  * 
This  Hibject  will  be  found  more  fnlJy  treated  of,  and  illustrated  with  fteuren  of 
die  iricardO)  in  a  pwper  by  the  writer  of  this  note  in  the  jQuftitit  of  the  Franktin  Iiali' 
iuit,  VOL  iii.  p.  354,  for  May,  1629— A«.  Ed. 


If  the  dir€ctton3  of  the  teasions  S^  and  S^  at  the  cords  A  and  B  be 
prolonged  to  their  intersection  C,  and  the  points  of  application  of  these 
tensions  be  transferred  to  this  point,  we  shall  then  hare  the  single 
force  i>  =  F^  -(-  Fn,  because  the  hori2iontal  forces  H^  and  If,  counter- 
act each  other.  Since  this  force  holds  in  equilibrium  the  sum  G^  + 
C,  +  Gj  +  . .  •  of  the  suspended  weights,  the  point  of  application,  or 
centre  of  gravity  of  these  weights  must,  therefore,  lie  in  the  direction 
of  the  same,  i.  e.,  in  the  vertical  line  passing  through  the  point  C 

§  142,  From  the  tension  S^  of  the  first  portion  ^if,  whose  angle  of 
inclination  5^  JiH^  =  a^  the  vertical  tension  follows ;  V^  =  S^  sin,  »p 
and  the  horizontal  H^  =  S^  cos.  Sj.  If,  now,  we  transfer  the  point  of 
application  of  these  ibrces  from  Jl  to  the  first  node  if,,  the  weight  G^ 
acting  vertically  downwards  meets  these  tensions,  and  now  for  the 
following  portion  K^  if,,  the  vertical  tension  F,  =  K,  —  Gj  =  S^  sin. 
a  —  G^,  for  which  the  horizontal  tension  H^=  H^^  H  remains  un- 
changed. Both  forces  united  give  the  tension  of  the  axis  of  the 
second  portion  S^  =  v'Fj*  +  //*  and  its  inclination  o^  by  the  formula 


tang.^^=  ij  = 


s%n. 


G. 


tang. 


H 


, ».  e. 


If  the  point  of  application  of  the  forces  V^  and  11^  is  transferred  from 
K^  to  Jifj,  we  obtain  in  the  weight  G,  meeting  them  another  new  ver- 
tieal  force,  and  therefore  the  vertical  force  of  the  third  portion  of  the 
cord 
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whilst  the  horizontal  force  H^  remains  ^ 

the  third  portion  is 


1  A     The  whole  tension  of 


S^  =  s/V^^  +  //*,  aatl  for  its  angle  of  inclination  n^,  we  have 


tang.  .X,  =  -^  = 


S^  sin. 


,.-(G.+  G,) 


ianga^  =  tog.  ©4  — 


jS*!  cos. 


f.e. 


H 


For  the  angle  of  inclination  of  the  fourth  portion  of  the  cord| 


tang,  ( 


tang,  »j  — 


if 


»&€. 


Fig.  146. 


Besides*  the  tensions  S^^  S^,  S^,  &c.,  as  well  as  the  angles  of  incli- 
nation Op  a^,  03,  &c.,  of  the  separate  portions  of  the  cord  may  easily 
be  represented  geometrically.     If  we  make  the  horizontal  line  C/^= 

CB,  Fig*  146,  =  the  horizontal  ten- 
sion H  and  the  vertical  CK^  =  verti- 
cal tension  V^  at  the  point  of  suspen- 
sion *'?,  the  hypothenuse  JiK^  gives  the 
whole  tension  S^  and  the  /  CJiK^^  also 
its  inclination  to  ihe  horizon;  if  now 
further  we  apply  the  weights  G^,  G^, 
G3,  &c.,  as  parts  /f^Kj,  AjJiTg,  &c.,  of 
Cif,  and  draw  the  transversal  lines 
AK^^  AKp  Slc,^  we  shall  have  in  them 
the  tensioDs  of  the  successive  portions 
of  the  cord  J  and  in  the  angles  K^C^ 
K^Ct  &c,,  the  angles  of  inclination 
fl^j  flj,  &c.  of  these  portions. 
§  143,  From  the  investigations  of  the  preceding  paragraph,  the 
law  for  the  equilibrium  of  cords  stretched  by  weights,  comes  out 
thus: 

1.  Th€  korizontal  tension  is  at  all  points  of  tfm  cm^d  one  and  the 
saM0f  tdz* : 

H  =  Sj  COS.  ttj  =  S.  COS.  fH* 

2,  The  vertical  tension  at  any  ont  point  is  equal  to  the  vertical  ten- 
sion at  the  other  extremity  ahove  ity  less  the  sum  of  the  intermediate 
suspended  weights^  therefore 

If  the  angle  ^  be  known  and  the  horizontal  tension  H^  the  vertical 
tension  at  the  extremity  */f  isTcnown;  V^  =  H  ,tang.  Oj,  and  accord- 
ingly that  at  the  extremity  fi!  F.  =  (G^  +  G^  +  .,.  +GJ  —  F, 

If^  on  the  other  hand»  the  angles  of  inclination  a,  and  a.  at  both 
points  of  suspension  A  and  B  are  known  >  the  horizontal  and  vertical 
tensions  are  given  at  the  same  tioae,  viz, : 
F.       tang. 


tang. 


'j  and,  therefore, 


tang,  o^ 
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Since  V,  +  V. «  G 
V  titng. 


,  it  follows  that : 


iG,+  G,  +  .,,)tang.^^  ^^  ^^  ^1^.^^ 


tang,  u^  +  £ff7^,  a. 
If  both  sides  have  the  same  inclination  »> 


G. 


»^,  then  F^ 


F.= 


-L       /^         ^  Am,       f^ 

— — lZ-LLL-Z — ?  J  and  the  one  extremity  ^  supports  as  much  as 


2 
the  other  B. 

For  the  rest,  these  laws  hold  good  also  for  the  funicular  polygon, 
especially  when  stretched  by  forces^  if  the  directions  of  the  forces  are 
substituted  for  the  verticals, 

E^itmpk,  The  funicular  polygon  JK^  K^  K^  B,  Fig,  147^  is  stJPBfclied  by  three  weiglits 
G,  ^  aO,  G,  =  30,  and  G,  ^  1 6  Ibi ^ 
Eu  w^LI  as  by  Uie  horizon  ta  I  force  Hi 
^22  Ibjt.;  required  la  find  ibe  ten> 
sbns  of  th«  axis  and  the  angled  of  in- 
choati&n  of  the  aides,  in  the  hypotlie- 
si»  that  tbe  ends  of  the  string  have  the 
mm^  inclination.  Here  the  vertical 
itmkmv  are  eqijalj  viz^^  ''i  ^  J^  ^= 
gj+Qj  +  gs  _  20^  30+  iti  _ 
2  ^  2  ^ 

33  lbs»  The  Terticat  tension  of  the 
Bea>mi  portioti  of  tlie  string  is  F,  zt 
i;  — G,  a.  33  —  20^  13  lbs,  that  of 
the  Ihird  Fj=  F^—  G^or  (G,-|-  G, 
-^F,)«33  — 16  =  17  Jbs.;  the  an^ 
gles  of  inclination  m^  itm)  m^of  the  end^ 
are  determined  by  'ang.^i  ^  fsiif, «. 

F        '?1 
te  li  =  fl  =  1.32;  Ihftt  of  the  ie- 

Good  and  thifd  portions  by  the  timg.  s^  i 


Fin.  H7. 

H 

W^Km 

^^H 

H 

«aitg.»^^teiif-*t  — 


5?. 


-r-^-.-^ 


1.32  _,?!!, 

as 


0,52,  and 


16 


1,32  _  i:^  «  0,68  J  hence  a,  ^*,:=  5a<»5l';  *,  =  57«tiS' 


a,  =  34°  13^1  Ittstty,  tJie  tenaiona^f  the  axis  are  5,  =  g^ss  v/r,'4-  /f'^  ^^33-  +  25* 
^y^TrU^m  41,40  lbg.,S,  =  ^y;V^-/ii  =  ^O^  +  ^&a  „  ^7^4^28,18  Ibs-jaod  ^  « 
v/^'j^+iA^   ^17^+ 25'=^  30,^3  lbs. 

§  144,  rA€  Parabola  as  Ca* 
ItTmry,  —  Let  us  suppose  that 
the  string  ACB,  Fig.  148,  is 
stretched  by  equal  weights  G^, 
Gj»  &.C,,  suspended   at    equal 


Fif.  l«. 


horizontal  distances  from  each 
other.  Let  us  represt^nt  by  b^ 
the  horizontal  distance  ^M  be- 
tween the  point  of  suspension  A 
and  the  lowest  C,  but  the  ver- 
tical distance  CM  by  a.  Let 
13 


'-•'^JU 


-f ,1 
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US  put  further  for  another  point  O  of  the  polygon,  the  corresponding 
co-ordinates  OJVsb  y  and  CJ^T^x.    If,  now,  the  vertical  tension  of 

^  be  =  F,  that  of  0  will  be  =  |^  .  F,  and  hence  for  the  angle  of  in- 
clination to  the  horizon,  JfOT^  2Z0Q  s  t  of  the  portion  of  the  string 
OQj  we  shall  have  tang,  t »  r^  •  -^ji  where  H is  the  constant  of  the 

horizontal  tension. 

1/     V 
Hence  Q-R  »  OH  .  tang.  ^  a  OH  .  |  .  --  is  the  vertical  distance 

of  two  adjacent  angles  of  the  funicular  polygon.  If  we  substitute  for 
y  OR^  2  OH,  3  OH,  &c.,  the  last  equation  will  give  the  corresponding 
vertical  distances  of  the  first,  second,  and  thini  angles,  &c.,  reckoned 
from  below  upwards ;  then,  if  we  add  together  all  these  values,  whose 
amount  mav  be  »■  m,  we  shall  obtain  the  height  CJV*of  the  point  O 
yerticaUy  above  the  lowest  point  C,  viz. : 
V  OR 
x^CJ^~,jj.  -g-  iOR  +  2  0R  +  3  0R+...  +  m.OR) 

_.__(l  +  2  +  3+...  +  m)-^.-L_J.-^, 

in  accordance  with  the  theory  of  arithmetical  series. 
Lastly,  if  OR  be  put  »  -^  we  shall  have  : 

971 

V     OT(m+l)     y« 
*  "  F  •      2«i»      •  T' 
If  the  number  of  weights  be  very  great,  m  +  1  may  be  taken  =s  m, 
-whence  we  shall  hare : 

For  X  at  a,  y  »  6y  hence  also : 

a  ss  --  .  ',  and  more  simply : 
H     2 

-  ss  -^9  which  is  the  equation  to  a  parabola. 

a  Or 

If,  therefore,  a  string  devoid  of  weight  be  stretched  by  infinitely 
many  weights  applied  at  equal  horizontal  distances,  the  funicular 
polygon  will  pass  into  a  parabola. 

For  the  angle  of  inclination  t  "we  have  besides: 

tang,  t  »^.  —  -2y._  —  2y._=_,  asalso 
0      0  6*  f        y 

tang.  on--?. 

0 

Therefore  the  tangent  OTcuts  the  axis  of  the  abscissae,  so  that  CT 
»  CJV-  X. 
If  the  chains  and  rods  of  a  cham  bridge,  Fig.  149,  were  without 
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whilst  the  horizontal  force  H^  remains  =  H,     The  whole  tension  of 

the  ihird  portion  is 

S^  =  %/V^^  +  iP>  and  for  its  angle  of  inclination  «„  we  have 


tang.  ^,  =  jf 


S^stn, 


«,-(G,+  G,) 


f.  e. 


iofigt^  =  tang.o.^  — 


G.+ 


H 


For  the  angle  of  inclination  of  the  fourth  portion  of  the  cordj 


(ang,  o^  ^  tang.  Oj  — 


H 


,&c- 


Fig.  146, 


Besides^  the  tensions  Sj,  S^,  5^,  &c.,  as  well  as  the  andes  of  incli- 
nation lEj^  iij,  a^,  Slc,  of  the  separate  portions  of  the  cord  may  easily 
be  represented  geometrical  ly»     If  we  make  the  horizontal  line  Cj1= 

CB^  Fig*  146t  =  the  horizontal  ten- 
sion H  and  the  vertical  CK^  =  verti- 
cal tension  V^  at  the  point  of  suspen* 
sion  Mf  the  hypotheniise*'3A"^  gives  the 
whole  tension  S^  and  the  z  CAK^^  also 
its  inclination  to  the  horizon;  if  now 
further  we  apply  the  weights  G^^  G,, 
Gj,  &c*,  as  parts  K^K^^  ^2^$*  ^^-f  ^^ 
CK^  and  draw  the  transversal  lines 
J}K^,  JiK^^  &c,,  we  shall  have  in  them 
the  tensions  of  the  successive  portions 
of  the  cord,  and  in  the  angles  JT^jf  C, 
A'jjfG,  &c,j  the  angles  of  inclination 
&JJ,  ttjj  &c*  of  these  portions, 
§  143,  From  the  investigations  of  the  preceding  paragraph »  the 
law  for  the  equilibrium  of  cords  stretched  by  weights,  comes  out 
thus: 

1 .  The  korizonial  tension  is  at  all  points  of  the  cord  one  and  the 
sam€t  viz.  : 

H  =  L?j  COS.  dj  =  Si  cos,  tH* 

2.  The  vertical  tension  at  any  one  point  is  equal  to  the  vertical  ten^ 
sion  at  the  other  extremity  above  if,  less  the  sum  of  the  intermediate 
suspended  weights^  there/ore 

If  the  angle  a^  be  known  and  the  horizontal  tension  H^  the  vertical 
tensba  at  the  extremity  ^  is  [known ;  Fj  =  H  *  tang*  o^,  and  accord* 
ingly  that  at  the  extremity  S ;  F„  «  (Gj  +  G^  +  .  •  •  +  G.)  ~  V . 

If,  on  the  other  hand,  the  angles  of  inclination  ®^  and  «.  at  both 
points  of  suspension  ^  and  ^  are  known ^  the  horizontal  and  vertical 
tensions  are  given  at  the  same  time,  viz,  i 

"  _     ng.  ft.  ^  ^^j^  therefore, 


• .        V\  tang,  a, 
tang,  ft^ 
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f  it  follows  that  i 


Since  V^  -h  r,  =  Gj  +  C,  +  ,.-  ,K^. 
V  fang-,  ftj  / 

y    ^  iGt+  G,  +  '")  ^g^^<>i^ 

tang.  0.^  +  /<inj^,  ,», 

If  both  sides  have  the  same  inclination  »,  »  »,,  then  Fj  =s  V„  ^ 
^1  "T  'Jj  -r  *  >  *  -r — m^  ^^j  ^|jg  Qjjg  extremity  •^  supports  as  much  as 


the  other  B* 

For  the  rest,  these  laws  hold  good  also  fnr  the  funicular  polygon, 
eapecially  when  stretched  by  forces,  if  the  directions  of  the  forces  are 
substituted  for  the  verticals. 

Eumf^,  Tbe   funicular  polygon  JK^  £,  IT,  B^  Fig.  147,  tf  9t;«iched  t^  three  weights 
G,  s^y,  G^  8  30,  ttiut  &,«  16  lb«., 
ta  well  as  by  the  tiorixofilsl  force  H^ 

£s^5  Ibe.;  required  lo  ilnd  the  leu'^ 
fiofis  of  the  8X11  aurl  the  atigle^  of  m- 
elttjation  of  the  ftiiles^  in  the  hypoihe" 
■19  that  the  endiof  the  siring  hnve  the 
sime  incti nation.  Here  the  venical 
lennioni  nre  equalt  viz^  F^  ^  1^''^  ^ 
G^+Q^-^G^       gO-f  30  +  m 

33  tba»  The  vertical  tertiion  of  the 
•eOdOirl  portion  of  the  string  i?  J\  ^ 
Fj— G,  =  33  — 2U»=l3lbs.  thAi  of 
the  thirrl  Fjsa  r^<~G,or  (0,+  G^ 
—  Fj  ^33— 16k  17  lbs,;  the  nn- 
g1«i  of  inelinatjon  «,  and  a^  of  ttie  emh 
ue  determined  by  i^nf .  aj  s;  (aw^.  a^ 

»  J^  «  !?  «  1,32  ■  that  of  the  w- 

ir     25 

ocmkI  aed  ibird  poniom  by  the  tang. «,  ^  fotif.  a^ J  ^1,32 _^  0,52,  etid 

If  24> 

ri»H^.«,  =s  '«if.«4  _  £?■■  1,32_  1£  ^  0,68  J  hetioe.,  »  .^™  53°  5!'^  *4S»27"28' 
^  «5 


Fiu.  HX 

■^^34*  13' J  lastly,  tiie  tetiwonf  of  the  a  lis  ure  S^ 


S^»^r.'+JP^^33-  +  -i5^ 

41^01ba.^^^^rV  +  jaa  =  ^l3*+^&i»s^/?5T^28,[Slbfr^anJ5,= 


§  144.  The  Parabola  as  Ca* 
ttnary,  —  Let  us  suppose  that 
the  string  ACB,  Fig,  148,  is 
stretched  by  equal  weights  Gj, 
Gj,  &iC,,  suspended  at  equal 
horizontal  distances  from  each 
other.  Let  us  represent  by  b^ 
the  horizontal  distance  JiM  be- 
tween the  point  of  suspension  A 
and  the  lowest  C,  but  the  ver* 
tical  distance  CM  by  a*  Let 
IS 


Fiif.  148. 

iJBS^Br^^^^^^^^B^j^^^^B 

P-^^*^  <5<»#'  * 


?-^e»X 


3.^ 


.,.  y. 


4 
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I  c     y  f-^        ^v^   >;«.  ^-- <<<    t^  /  ^  «.  »  /  /  ?'       ./^^^  ♦♦  <?f-<j^ 


'/' 


e^^<^ 


/ 


*  7  *  ap*^  '     fr^-  ^-.^-g^.  e^^    >^*.,    ^  «- 


7 


^ry    r-« 


";^ 


/" 


"Z^^!^  t><^ 


^^-/^  t*^<l^ 


A 


..^W 


*>-         ^^: 


^^^       .  V  ^  r 


/    r 


/f<^^ 


,^/ 


^-     /   .   >^y^  i 


/T 


—  <^^  /^^^         <:'  *>  V  ^^         ^ 


-r-?    "A/'T    -  t-^     *^ 


/'  f 

./ 


7 


^^  /  •  ? ,'  -^   .^  .<^^  ^* 


y  ^  ^ 


-^ .      jZr^/  /^        ^>     /^<'^ 


-V  . 


/:i^  ^    ^    .'    r      ^ 


/ 


^^y  y- 


/ 


^  r  t  /  t^    <-  y  > 


y-yi 


A,  ^vir 


\ 


^ 


■-^/'       A 


'/ 


f^  /:  . 


.V  ^r/C  -  . 


y 


/ 


/ 


t  '^  /  '  >>^'''  y  i  -*  •^ 


^■-  y ^>><  J-  y  ^j'  ^ 


f^t  -t  'it  *-^ 


■r-^^z^te^'^f'^         ys    ^ 


^^  ^/^.^ 


9 


—        ^r  J-'^y         /^-e.«.^^        /^yt     I.  4^  -t*  y\/'^'  *-^^'/  /le^-l^        ^.     ^i^f^: 

y-^y  '       y 


/ 


/■y^^ 


y 


't  r  y^ 


/<^  /- 1  t^y     .i^/<j.  ^-^^  '^  y'O  ^(T^ 


y 


.  /^ 


-.v  <-  >^ . 


^'y'y^.  I. 


y. 


/  ?,  -r.  -f  ^<^.  ->/^^  r    7  r  ^  y^       r    " /- 


.^..d>^^ 


-^^  ^xc^  ^y^ 


^v-   ^0=^  -^  .^r^a-"    y/    y^^ 


.1'  '  «^V  '-  r^ 


^ 


ZT^  /^y/ 1:^^      y^z-^    y  yi  r 


/i:^^v 


CATBNABT.  135 


^.<i.    />c<-,      .;^^'-''  ^^^  ^ 


/  .V 

/ 


^;.    ...^-      r-     -   .,  ^'-^^     -• 


/ 


^^-  /'-         ^'/rr.^<.rt^ 


.>4 


./:-^.  f  f '  ': 


^ 


-^  /<^t  •    ,  ^.  T  ^.'    ^y 


rr.r^    ^'     V     -^^^^ 


%-^^.  , 


1^ 


^>'      .^      -^ 


^^M^         ^f^^B-     ^-*^^ 


/^ 


i    -^  - 


y 


/: 


';?•>  /.  " 


^>' 


z- 


vr         ^  "O- 


/'/'  ,^1  t    V 


>/  .  f  #^ 


^^  / ' 


v,.^    .. 


^^   r?^  ^'  /^>'»  '  ' 


c^    ^  /<  r  t  ^  f  f 


"     '>  .'  -    *' 


/r. 


'  )  y     ''' 


rr^  i^^ 


/ 


.■^/7\:://^  y 


"     •    <^         /*    .'   r      f.  ^    ^  ^     *' 


X 


7"  .  ■* 


v»^-^  ^rA^^  .r*E^^   ,#<!£#^  ^t-t- ^ 


/ 


.-^ 


\ 


^^ 


7 


'.4^^ 


X^ 


->/.  ^ 


^^^ 


r-v/  y  y  ^  ^  /t  c^*^\^,  '6>^ 


y'  ^;^.t/£^^^f^      ^-^t^      v^   ^t-^Z/ ^9  /f  .^y    ^t^*/*    '<^^ 


''^^fc  .V-^       ^-^     ^   /iii^ 


/ 


T-  ^ 


I 
I 


/rr/     /A<^^ 


r^<r    /-, 


*  I  y    ^  /  '  C  ^-^t  t.  ^X^^  r  '^ 


C'     y^y        /yi^t^      /^f  I  y 


y/ti 


/f^t'^ 


~  /:>       /J 


/*        X«         ^,  ^^  *     r-      ,>/  y  y     , 


"  > 


^*^      y  e^/  r 


■^  /  f '     ^v  <f.#-^-^  y^k  At  y    y^^ 


A 


^  '  r  / . 


J^W*  ^y'    :'  f    *r     ^  /^^  ^t^  ^^^^0,^0^^,'        ^i^^ 


r^rt^  m^  *y--,j^-^ 


.^^c. 


f 


f,  ^  ^^^«^»-*-    ^-'^i^A-^  &^m^*^  ♦^^-iB'  ^^.^^^ 


.**#^M  ^-■"p' 


^^-i<-.*i^/^***^"*-«; 


^^-^. 


S**!*-*^        7~  *^  ^i^jT   ^  ~'^  * 


r^    ^-^  — 


f  ^^.      -iitiv^  ^^  -  y v^  y^-  >?^  ^  ^ 


,4^*^  ^    T^>^jJ 


^ 


Jiit-^^tfW'  /V^  ^^^-«  .^y^i:^ 


r 


CAT £N ART. 


135 


^ 


weight,  or  light  enough  in  respect  io  the  weight  of  the  loaded  bridge 
BEF^  which  only  is  to  be  taken  into  consideration^  then  the  chain 
^CB  would  form  a  parabok* 


Fig,  149* 


~Trrr^ 


Ex^mpk.  The  whole  load  of  a  chain-bridge  in  Fi^.  149,  2=32tXK>0  lU^  tlie  span«Jfi 
=r2A^  150  feet,  and  the  height  of  the  arch  CM^a^^  15  fe^l;  I©  find  the  leneioiia 
tmd  oUner  relatian^  of  the  chains.     Tlie  int;linntiHDns  of  the  ends  of  the  chain  to  ttie  horl- 

nn         2^        0,4jberefore,  .  =  21*> 

a 


mm  11  determined  by  the  formuta^  tt^ng.  m.  ^  ^~  i 

b 


iB\    The  yerti^  tensidii  at  «aeh  point  of  suspenslDn  b  F|  ^  )  ^m  weight  ^  J60O00 


Ibi.-  tke  borizontaJ,  B^  V^  «>rgr.«=  160000  .  —  =  400000  Ibi-i  Iwily,  iho  whole  tefi- 


i  at  one  end  t 


0,4 


S«^|l+  H*  =  Fy'l  +  t^g.  .•  ss  160000 


j'*(i)' 


ar  leOOOO  J—  «s^  80000^9  =  430813  lbs. 


5  145,  Catenary. — When  a  perfectly  flexible  and  extensible  string 
suspended  from  two  points,  or  a  chain  consisting  of  short  links,  is 
stretched  by  its  own  weight,  its  axis  forms  a  curved  line,  to  which  the 
name  of  catenary  has  been  given-  The  imperfectly  elastic  and  ex- 
tensible cords,  ropes,  bands^  chains^  &-c.,  met  with  in  practice^  give 
carved  lines  which  approximate  to  the  catenary  only,  btit  may  usually 
be  treated  as  such*  From  the  foregoing,  the  horizontal  tension  of  the 
catenary  is  equally  great  at  all  points,  on  the  other  hand,  the  vertical 
tension  is  equivalent  to  the  vertical  tension  of  the  points  of  suspension 
lying  above  it,  less  the  weight  of  the  portions  of  the  chain  above. 
Since  the  tension  at  the  vertex,  where  the  catenary  is  horizontal,  is 
null,  the  vertical  tension^  there- 
fere,  at  the  point  of  suspension,  ^'t-  i^o 
is  equivalent  to  the  weight  of 
the  chain  from  that  point  to 
the  vertex;  and  the  vertical 
tension  at  each  place  also 
equivalent  to  the  weight  of  the 
portion  of  the  rope  or  chain 
lying  below  it. 

If  equal  lengths  of  the  chain 
be  equally  heavy,  we  have  then 
the  common  catenary,  which 
re  will  now  consider.    If 
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a  portion  of  the  rope^or  chain  one  foot  in  length,  weighs  y,  and  if  the 
arc  corresponding  to  the  co-ordinates  CM=a  and  MJI=b^  Fig,  150, 
AOC=l^  we  then  have  the  weight  of  the  portion  of  the  chain  J^OC 
=-/y;  if,  on  the  other  hand,  the  length  of  the  arc  {/)  corresponding 
to  the  co-ordinates  [CM^x^  and  JSCO=y)  =5,  we  have  the  weight  of 
this  arc  -»*  7.  If  we  put  the  length  of  a  similar  portion,  whose 
weight  =  H^  ^  c^  (the  horizontal  tension,)  we  have  further  H=c  y, 
and,  therefore,  for  the  angles  of  inclination  o  and  f  at  the  points  *4 
and  0: 

tmg,  d  =  tang.  SJH  =  ^  =  ^  .=  i,  and 

If  we  make  the  horizontal  line  Ci/,  Fig*  151,  =  the  length 
c  of  the  portion  of  chain  measuring  the  ho- 
rizontal tension*  and  CG  =  the  length  /  of 
the  arc  of  the  chain  on  one  side,  we  have, 
in  accordance  with  §  145,  in  the  hypothe- 
nuse  GH,  the  measure  and  direction  of  the 
funicular  tension  at  the  point  vf ,  for 

iuTig.  CHG  S3  ^^-^  s  —  and 

Co  C 


tnng.  ^  =  tang.  JfOT^  !-? 


§  146. 


Fig.  101. 


I 


GH=^  CG^+CIP^  ^P^, 
or  S  =  v'  G'  +  W*  =  ^P-r^^  *  i 

=    GH.y. 
If  now  we  divide  CG  into  equal 


parts 


and  draw  from  H  to  the  points  1,  2, 3,  &.c. 
straight  lines,  these  will  give  the  measure 
and  direct  ions  of  the  tensions  of  those  points 
of  the  catenary  which  we  obtain  when  we 
divide  the  length  of  the  catenary  arc  ^C  into  as  many  equal  parts. 
So,  for  example,  the  line  H3  gives  the  measure  and  direction  of  the 
tension  or  the  tangents  at  the  point  (3)  to  the  arc  jJC,  because  in  this 
point  the  veriical  tension  =  C*3  .  y,  whilst  the  horizontal  tension  re- 

C  3   V      C  B 
mains  the  same  =c ,  y,  therefore  for  this  point  tang,  f  =  _, — -*  a  7=rf>» 

€y         C  if 
which  the  figure  actually  gives* 

This  peculiarity  of  the  catenary  is  of  nse  in  constructing  this  curve 
mechanically,  with  an  approximation  to  correctness  After  the  given 
length  CG  of  Ihe  catenary  arc  for  construction  has  been  divided  into 
very  many  equal  parts,  the  line  CH=^€  measuring  the  horizontal 
tension  is  applied  to  it,  and  the  transversal  lines  HI,  H2,  /f3,  &c., 
drawn;  if  a  part  Cl  of  the  arc  be  placed  upon  CH^  and  through  the 
point  of  division  obtained  (1)  a  parallel  to  HI  be  drawn,  which  cuts 
oif  from  it  a  part  (12);  and  likewise  ihrough  the  point  {2}  another 
tine  parallel  to  112  be  drawn,  ^nd  which  cuts  off  from  it  a  point  (23) 
equal  to  a  part  of  the  arc,  and  again  through  this  (3)  another,  parallel 


^--^^      r^    J^/   ^-^ 

-^St-t./*^         l^»  .:i^%^r'<-«-^^  ^^St-y*-**.^  v'^^'''!#*--«-V  ^^-^      *J*_-^t--^^^--«^'»*r  ^, 
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to  H3,  and  (34)  be  made  equal  to  another  part  of  the  arc»  and  we 

pmceed  in  this  manner^  We  shall  obtain  a  polygon  (C  1  2  3  4  *  . .) ; 

[ss  we  have  taken  these  sid^s  very  smallf  we  may  consider  it  as  a 

rcurve  and  easily  find  the  curve  to  it,  if  we  connect  the  middle  points 

of  the  small  sides  (C 1),  (12),  (23),  by  a  trace  or  line. 

For  practical  purposes,  a  finely  linked  chain  suspended  against  a 
perpendicular  wall  enables  us  to  determine  accurately  enough  a 
catenary  answering  certain  conditions,  as  those  of  given  length  and 
height,  or  of  giren  width  or  length  of  the  arc. 

§  147,  In  many  cases,  and  also  in  applications  to  architecture  and 
to  machineSf  the  horizontal  tension  of  the  catenary  is  very  great,  and 
the  height  of  the  arc  small  in  comparison  with  the  width.     Under 
this  supposition,  an  equation  to  this  curve  is  obtained  in  the  folio winj 
manner. 

Let  s  be  the  length,  z  =  CM  the  absciss,  and  y  ^  ^M  the  ordi- 
nate of  a  very  compressed  arc  ^C,  Fig,  152.  If  we  make  J^K^  CK^ 
we  may  consider  this  arc  as  a  circular  one  described  from  K  as  a 
centre.  Since  from  the  known  equation  of  the  circle  js^=iZf(2f^-;r)» 
it  follows  that  the  radius  CK  of  the  circle. 

If*  X 

r  ^  |-  +  ^  or  more  siraply,  if  we  neglect 

^  as  small*  in  comparison  with  iL,  r  =  ^* 

For  the  angle  JlKC  =  p\  subtended  at  the 

jm      y       2^ 

1     .       .3 

6  ^-  ♦^  +  ro 

f *  +  *  • ,  t  if  we  have  regard  only  to  the  two 
first  members,  it  therefore  follows  that: 
2x    .    1     /2ar\^      Itx    .   4 


Fif.  152. 


eentre  by  JB:sin.  f  = 


and 


the  arc  f  =  sin.  f  +  ^  sin.  f^  +  77;  ^1* 


6 


(f) 


(,-)• 


Nowthe  arc  j3C=  s^ 


But  inversely,  y 


|1  - f  J  hence i 


1  + 


|,  which  may  be  put! 


jl  —  ^  i~\   j,  and  on  the  other  hand ; 


=  J|y(*-y). 


Extaaph  The  width  of  a  very  eompreawd  arCt  whose  law  for  ihe  tmt  is  not  known, 
it  2  5  ^  3^5  feet,  aijd  the  hejghi  «  =5  0,26  feet  j  its  letigth,  therefore,  ifl : 


Sh 


"^[■+i©"]' 


.  3,5(14-1-.  O.U3«). 
12» 


E  3,»  -f  3,3 . 0,01 36  >s  3,548  ft. 
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§  148.  We  will  now  apply  the  formula  s  ^  y 


C'-IQ'] 


for 


the  length  of  a  compres.sr  .  strongly  stretched  catenary  ^CB, 

Fig*  153t  while  we  put  the  vertical  tension  at  a  potut  0,  =  V  «  sy 

—  y  fl  +  Q  (~)    1  *  ^'  ^"^  therefore  for  the  angle  made  hy  the  tan- 

If  we  diTide  the  ordinate  y  into  m  equal  parts,  we  find  the  portion 
RQ  ^  JfU  of  the  absciss  x  corresponding  to  one  such  part  OR, 

when  we  put  RQ  =  OR  .  tang,  f^  OR^lVl  +  (-)*T 
Since  a:  is  small  in  comparison  with  y,  RQ  is  approximately  =  OR  . 

^^     If  now  we  put  OR  =  X  and  successively  for  y :  -?^,  -?,  ^,  &c,, 

c  w*  m    m    m 

we  obtain  by  degrees  the  several  parts  of  x^  whose  sum,  therefore,  is 

x=.-^(l  +  2  +  3+..>  +  m),j;,^t^+^)(§  144)- 
cm^  cm*  2  ^ 

^j  and  which  corresponds  with  the  equation  to  the  parabola. 

But  if  we  wish  to  attain  greater  accuracy^  we  must  put  QR^b  OR  , 

^[l  +  ^(- 1    h  substitute  for  x  its  value  last  found  ^,  and  we  rfiall 
cL        3\y;  J  2c' 

then  obtain  : 

Let  us  again  successively  put  y  =  X,  ^,  ^^  &c.,  and  for  OR 

171    ?7i    m 

likewise  X^  we  shall  then  find  the  several  values  of  x,  and  the  sum 
m 

itself: 

Now  for  a  very  great  number  of  members,  the  sum  of  the  natural 
numbers  from  1  to  ffi 


cordingly : 


_,  and  the  sum  of  their  cubes  s^  ^,  ao 
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Stretched  catenary. 
By  inversion  it  follows  that  y*— 2  ex  —  -^-—  a  2  c  x 

x* 
«  2  ex 5",  therefore: 

2.  y—  J2cx— 5",  or  approximately  «  ^2  c  a;  n  —  jl-V 
The  measure  of  the  horizontal  tension  is  farther  given: 

._y'  1       y*      ^y*  .    y*    1^  < « 

2ar'^2«.12c»      2ar ^  24a;  *   y«  *  '  * 

q    /.-^   4.* 
^•*"2i  +  6' 

The  angle  of  the  tangent  t  is  determined  by: 

Lastly,  we  must  here  place  the  formula  of  rectification  found  in  the 
former  paragraph : 

ExampUr^l,  For  a  apan  2  6  8  16  feet  and  height  of  aic  a  ■■  2^  feet,  the  length 
2  2  is  ■■  16  fl  4-  i^^yi  a.  16+  16  .  0,065  ms  17,04  feet,  the  length  of  the  portioQ 

of  chain  which  measores  the  horizontal  teniioD  :«■■—- 4-  f.  kb-- 4- kb  12,84-0,417 

8a^6        5^12  ^^ 

B  13,217  ieet;  the  tangent  of  the  angle  of  nupenikm:  ttmg.  •«  ^C^  ~^  ?  (x)  1 
^ifi  + 1.  (-^yi«g^  '  ^'^^*'^^  —0,6453  . . . ,  the  angle  of  trnpenwrn,  therefive, 
«  CB  32®  50^.-2.  A  chain  of  10  feet  length  and  H  span,  has  the  height  of  its  are 

^'"J2^^^^'°^/2— 2— T'°n/T-T6'"J32 
SB  ^  1,7812  B  1,335  feet,  and  the  measure  of  the  horisoQtal  tension: 

c^!il+t i!5!«  +  i2??L-8,673feet 

2a^6        2.1,335^       6 
3.  If  a  line  30  feet  long  and  weighing  8  Ifas^  be  stretched  horizontally  by  a  force  of 
20  Ibs^  the  vertical  tension  F—  ^  G  «  4  lbs.;  the  horizontal  fiffce  H  xs  v^5^— r* 
B  V^On— 4*  s  y/384  ■■  19,596  lbs.    The  tangent  of  the  angle  of  suspension: 

tang,  f  mm  Z.  ■■ — 1 — ■■  0,20412,  the  angle  f  itself  »  11®  32^;  the  measure  of 
Ja         19,596 
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the  horisoota]  tention  c^^  sa  H  -i wbb  zL  H  sa  73,485  feet;  the  span  3  6 


and  the  height  of  the  are  a  ■>    /i6([-^)»    /i2?l 


,7*2  .  0,208 


2.2 


s  V^9,792  . 0,078  8  1,924  feet 

§  149.  The  higher  calculus  gives  the  following  general  formulae 
for  the  catenaiy,  and  which  hold  good  for  all  tensions. 


1.  i  wm  ^  2  c  X  +  a?.  9ini  inversely,  x-«v'c*  +  **— <?  and 

5*  — «» 

C  mm . 

2x 


2.  5—  £/^7_77\,  inversely  y— c  L  n  /*+^    +    V  where  e  is 

the  base  2,71828  of  the  natural  system  of  logarithms,  and  X  n  the 
logarithm  ■■  2,30258  times  the  common  logariuim. 

3.  y-cl»(£±f±^^££±f^),  inre»ely  x  - 1  (e? +^ ')-c. 

^        2a:  \8—x/ 

The  use  of  these  formulae  is  very  troublesome,  especially  in  com- 
plicated problems,  where  a  direct  solution  is  generally  not  possible. 

Example.  The  two  co-ordinates  of  a  catenarj  are  x  cs  2  feet,  and  y  cs  3  feet; 

required  the  horizontal  tension  c  of  this  ounref    Approximately  from  No.  3  of  the 

^       X       9       2 
former  paragraphs  c^^-f---^--^.-.^  2,58.    From  No.  3  of  the  present  pni^- 

If  c  be  here  put  »«  2,68,  we  then  have  the  error  /=■  3  —  2,58  Ln  ^iH+?>^:^) 

/  8,3642  \ 
«s3  — 2,58Xii  (  ^;m")  ■■  ^  "  ^"^^  -■— 0,035;  but  if  c  be  put  =»  2,53,  we 

ass  3  —  S^009  Ml  —  0^008.    Ib  onler  ncnr  to  find  the  true  Talue  of  c,  if;  according  to  a 
known  Mks  w«  put 

^Zl^mmL^^^^llfi;  in  AU  maimer  it  will  follow  that: 
»— 3,53       /,      0,002  ' 

16,5  .  c  «s  17^  .  2,53—2,^  mm  41,69;  therefore : 

Remark,  Practical  applications  of  the  catenarj  will  be  given  when,  in  the  Second  Part, 
we  come  to  treat  of  the  construction  of  vaults,  chain-bridges,  &c. 

§  160.  The  Pulley. — Ropes,  cords,  &c.,  are  the  usual  means  by 
which  forces  are  transmitted  over  the  wheel  and  axle.  We  will  here 
develop  what  is  most  general  in  the  theories  of  these  two  arrange- 
ments, without,  however^  taking  into  account  friction  and  rigidity  of 
cords. 

A  pulley  is  a  circular  disc,  JIBC^  Fig.  164  and  Fi^.  166,  turning 
about  an  axis  on  whose  circumference  lies  a  ccmi  or  string,  and  whose 
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extremities  are  stretched  by  the  forces  P  fed  Q,  Ie  a  fixed  pulley, 
the  block  in  which  the  axis  or  pivot  reposes  is  immovable  j  in  a  free 
pulley^  OD  the  other  hand^  it  is  movable. 


Fig.  m. 


Fig.  155. 


In  the  condition  of  equilibrium  of  a  pulley,  the  forces  P  and  Q  at 
the  extremities  of  the  string  are  equal ;  for  every  pulley  is  a  bent 
lerer,  the  arms  of  which  are  equal  in  length,  which  we  may  abtain 
if  we  let  fail  perpendiculars  Cj^  and  CM  from  the  axis  C  on  the 
directions  of  the  forces,  or  of  the  strings  DP  and  DQ,  It  is  clear  that 
the  forces  P  and  Q  in  any  revolution  about  C  describe  the  same  space, 
viz*  r  f ,  if  r  be  the  radius  CM^CB  and  ^^  the  angle  of  revolution; 
and  that  from  this  we  may  infer  the  equality  between  Pand  Q,  From 
the  forces  P  and  Q  there  arises  the  resultant  CR^R^  which  is  taken 
up  by  the  block  and  is  dependent  on  the  angle  ADB^m^  which  the 
directions  of  the  string  include;  and  moreover  it  gives  as  the  diagonal 

of  the  rhomb  CP^RQ,  constructed  from  P  and  t^TR^2  P  cos,  |, 

§  151.  In  the  fixed  pulley,  Fig,  154,  the  force  Q  consists  of  the 

weight  to  be  overcome  or  raised  at  one  extremity  of  ihe  string ;  here, 

therefore,  the  force  is  equal  to  the  weight,  and  the  application  of  this 

pulley  eflfects  nothing  but   a  change  of  direclion.     In  the  movable 

pulley,  Fig,  155,  on  the  other  hand,  the  weight  on  the  hook  R  acts  at 

the  extremity  of  the  blockj  whilst  the  one  extremity  of  the  string  is 

fastened  to  a  fixed  object ;  here,  thereforce,  the  force  P  is  to  be  put  = 

R 
— .     If  we  represent  the  chord  AMB^  which  corresponds  to  the 

2  C05.  -- 

are  over  which  the  string  passes,  by  a,  the  radius  CA'^  CB^  as  before 
=  r,  then  a  =  2A^f  =  2  ,  CA  cos.  CAM  =  2  CA  cos.  ADM  =  2  r 

cos,  -,  hence  -  may  be  put^  ,  and  likewise  — -  ^  ^,     From 

^  a  A        a  if      a 
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tliit,  tber«foret  Uiepmmr  h  /Ae  aumaUe  puileif  ig  t^  the  wogki  at  IA» 
ridtttf  of  £Ae  jittUry  io  the  chord  0/  iie  dre  of^^ 
>%-  >^  toAtcA  fifc  flrei^  passes. 

If  a  s  2  r,  the  string  passes  orer  a  semieirde^ 
Fig.  136,  the  force  tiien  is  at  a  minimuiD  ;  viz^ 
P  =  J  Jl;  if  a  =  r,  that  is  60*  of  the  pift  of  the 
pfiUej  OTcr  which  the  string  passest  we  hare  F=l  R; 
ihe  smaller,  therefore,  a  becomes,  the  greater  is  P, 
and  for  a  infinitely  small,  the  force  P  becomes  10- 
finitelf  great.  An  inrerse  proportion  takes  place 
in  the  spaces;  if  s  is  the  space  of  P,  which  cor- 
respoads  to  a  space  ft  =  A,  we  have  then  Ps  =  ftA, 

therefore,  ^  =  -• 
A        r 

The  movable  pulley  is  thus  a  meatisof  modifying 

force;  for  example,  a  gi^en  weight  may  by  this 

means  be  raised  by  a  smaller  forc€»  but  in  pmpor- 

tioa  as  there  is  gain  in  force,  there  is  loss  in  space. 

RmtaHL  We  ibaU  uew  of  tlie  oomppsision  of  poltcys  aod  sysietnt  of  potlejs,  si  well 
tt»  of  the  rtflitiwices  anting  from  friccioci  nnd  rigidity,  morn  fully  in  k  vubaoqueat  Pmu 

§  152.  7%e  Wh$el  and  Jlxk. — The  wheel  and  axle  is  a  rigid  con- 
nection of  two  fixed  puUeys  or  wheeUt  capable  of  revolving  about  a 
common  axis  ABFEj  Fig.  157.     The  smaller  of  these  wheels  is 

called    the    axle,    the 
^*^'  ^^^*  greater  one  the  wheel. 

The  round  extremities 
£  and  f,  on  which  this 
arrangement  rests,  are 
called  gudgeons,  Tlie 
axis  of  revolution  of  the 
wheel  and  axle  is  either 
horizontal,  or  vertical^ 
or  inclined.  Here  we 
shall  only  speak  of  the 
wheel  and  axle  which 
revolves  about  a  hori- 
zontal axis.  We  shall 
also  here  suppose,  that 
the  forces  P  and  Q,  or 
the  power  P  and  the 
.  weight  Q  act  at  the  ex- 
tremities of  a  perfectly  flexible  string,  which  passes  round  the  cir- 
cumference of  the  wheel  and  axle*  The  qnestioos  to  be  answered 
are,  in  what  relations  the  powers  and  weights  are  to  each  other,  and 
what  pressures  the  gudgeons  E  and  Fhave  to  sustain? 

Let  us  imagine  a  horizontal  plane  passed  through  the  axis  CD  and 
the  points  of  applicalion  .//  and  B  of  the  power  P,  and  the  weight  Q 
transferred  to  this  plane,  and  therefore  P  and  Q  applied  at  ^^  and  B,. 
If  the  angles  ^^Jl\C  and  BBfi^  which  both  forces  make  with  the 
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horizon  ■■  a  and  fi^  these  forces  may  be  replaced  by  the  horizontal 
forces  R^  P  cos.  a^  S*^  Q  cos.  fi^  and  by  the  vertical  forces  Pt'^^P 
gin.  a,  Q.  a  Q  sin.  fi.  The  horizontal  forces  are  directed  towaras  the 
axis,  and  beinjg  applied  at  C  and  D,  become  perfectly  counteracted 
by  the  axis.  The  vertical  forces  P^  and  Q^,  on  the  other  hand,  tend 
to  turn  the  wheel  and  axle  about  its  axis.  If  iT  be  the  intersection 
with  the  axis  of  the  line  connecting  the  points  A^  and  j5|,  KA^  and 
KB^  are  the  arms  of  P^  and  Q^,  and  equilibrium  subsists  about  K^ 
and  also  about  CD^  if: 

P,.KA,^Q,.  KB,,  or,  since  ^»  -  ^S  if 
P,  .  CA,^  Q,  .  DB,,  or,  as  J-^, and 

Q'^DB,' 

PCA    ^j.       Q.DB    j.^    . 

P.CA^Q.DB.orPa^Qb, 
if  a  and  b  represent  the  arms  of  the  power  and  weight,  or  the  radii 
of  the  wheel  and  axle.    In  the  wheel  and  axle,  thereu>re,  as  in  every 
lever,  the  moment  of  the  power  is  equivalent  to  the  moment  of  the 
weight. 

§  153.  The  forces  P,  and  Q,  give  at  iT  a  vertical  pressure  P,+  Q^ 
wiUi  which  must  also  be  associated  the  weight  G  of  the  whole  wheel 
and  axle  applied  at  the  centre  of  gravity  S.  The  supports  of  the 
gudgeons  at  E  and  F  have  also  to  sustain  the  vertical  pressure 
fi+  Qi+  G^P  sin.  a  + Qsin.fi +  G.  If  we  put  the  whole  length 
of  the  wheel  and  axle  measured  from  Eto  F^m  L^ihe  part  EC  a  /^, 
CD  —  /,  Dfs.  /,,  therefore  L  —  l+L+l^j  and  the  distances  ES  and 
FS  of  the  centre  of  gravity  S  from  tne  supports  d^  and  d,,  therefore 
also  L^  d.  +  d^fWe  shall  obtain  since 

DC    p,+q;  P+Q, 

&r  the  vertical  pressure  X  at  the  gudgeon  E : 
X,.EF^G.FS+{P,+  QJ  FK, 

-Ajas ,  V.r. 

On  the  other  hand,  for  the  vertical  pressure  X^at  F: 
X,  .  EF=n  G.ES+  (P,+  Q,)  EK,  i.  e. 

X, ^ £VM^!_J:,  i.  e. 

A, 
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The  horizontal  forces  JR  and  S  have  the  moments  about  Fj  R  . 
FC^  R  (/+  /,),  and  iS  .  F2>  =»  5  .  Z„  and  about  E  :  S .  ED  ^  S 
(/  +  'i)>  and  R  .  EC^  Rl^ ;  if,  therefore,  we  put  the  horizontal  pres- 
sures upon  E  and  F  effected  by  them  =  F.  and  F,,  we  shall  obtain : 
F,  .  FE^R  .  FC—S.  FD,  as 

Y^.FE^ S.ED— R. EC,  as 

From  X^  and  F^  the  total  pressure  at  £  is: 

Zj  -■  ^/X*+  F|%  aod  likewise  from  -X,  and  F,,  the  same  at  F: 

Z,-  ^/X,«+F,«. 
Lastly,  if  t  and  4  be  the  angles  which  the  directions  of  these  pres- 
sures make  with  the  horizon,  we  shall  then  have 

X  JL 

tang,  t  —  y  and  tang  4  —  ^. 

ExampU,  The  weight  Q  of  a  wheel  and  axle  pulls  perpendieularly  downwards,  and 
amounts  to  365  lbs. ;  the  radius  of  the  wheel  a  as  1}  ft ;  that  of  the  axle  6  as  }  ft;  the 
weifl^t  of  the  macMne  itself  is  200  lbs. ;  ito  centre  of  gravity  5  lies  distant  from  E  and 
F,  di  ss  1^,  and  d^  as  2^  ft;  the  middle  of  the  wheel  is  about  /,  ^  }  ft  from  the  gud- 
geon Rf  aiid  the  vertical  plane  in  which  the  weight  acts  is  about  ^  sa  2  ft  from  the 
gudgeon  JP.  Now  if  the  force  P  necessary  for  restoring  the  equilibrium  at  the  wheel 
inclined  to  the  horizon  at  an  angle  50®  ss  «,  pulls  downwards,  what  will  this  be,  and 
what  wiU  be  the  pressures  on  the  gudgeons  ?  Q  ss  365,  0  as  90®,  consequently  Q,  as  Q 
fin.  ^  ss  Q  and  8^Qeo$,  ^  cs  0 ;  further,  P  being  unknown,  and  «  kb  50®,  conse- 
quendy  Pjas  P  sm.  «  s  0,7660  .P  and  i{  s  P  cot.  ««  0,6428  .P;  but  now  a  a  1} 

»  J  and  6  ai },  it  follows,  therefinre,  P  «»  ^  Q  as  f  .  365  ms  156,4  lbs.,  P,  ss  119,8 

a 
and  jR  B  100,5.    Further, because  6  a  200,  d^xs},  d,  >■  (f,  /,  s  },  f,  a  2,  £  « |  ^. 
f  xs  4,  and  2  ■■  L —  ft+y  ■s4—  V  ai  f ,  so  that  the  vertical  pressure  at  JB  is: 
200  .  t  +  ( 365  +  U 9,8) .  2  +  1 1 9,8  .  t        1619,35       ^^^  ^  ^ 
-*!  ^  A "^  — .        «B  404,8  lbs. 

and  that  at  F: 

^^  ^  200  .  t+  (365  +  119,8)  . }  +  365  .  {  ^  1119,85  ^  ^^^^  ^ 

Both  of  these  foroes  together  give : 

X  +  i^  —  Q+ 0+ P,  .8  684,8  lbs. 
The  horizontal  force  at  £  is : 

the  sum  of  these  is  exactly  ss  jR  -f-  5  ^  100,5  lbs. 
The  pressure  at  £  is  inclined  at  an  angle  f  to  the  horizon,  for  which  we  have : 

f«ig.  t «  :5l  «  i^  Log.  tang,  t  »  0,69502,  f  «»  78®  35'. 
Jr,  81,7 

The  pressure  itself:  Z.  k        «   .  cs  413,0  lbs. 

On  the  other  hand,  for  the  inclination  4  of  the  pressure  at  P: 

tang.  +  --£•-  .^,  Xcg.  <•*.  +  -  1,X7300,  +  -  86<>,  9',  6  j 

XT 

and  the  pressure :  2^  ^        *  ,  ^280,6  lbs. 
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CHAPTER  V. 


ON  THE  EEStSTANCES  OF  FRICTlOlff  AJfD  EIGIBITY, 


§  154.  We  hare  hitherto  assumed  that  two  hodies  can  only  act 
upon  each  other  by  forces  at  right  angles  to  the  plane  of  contact.  If 
the  surfaces  at  the  point  of  contact  were  perfectly  mathematical,  L  e. 
not  interrupted  by  the  smallest  irregular  elevations  or  depressions, 
this  law  would  also  be  fully  confirmed  by  experience;  but  because 
everybody  possesses  a  certain  degree  of  elasticity  or  softness,  and 
because  the  surface  of  every  body>  even  if  it  is  smoothed  or  polished 
in  a  high  degree^  has  still  some  small  elevations  or  indentsiBB,  and 
in  consequence  of  the  porosity  of  matter,  no  continuity ;  therefore, 
by  the  reciprocal  action  of  two  bodies  in  contact^  reciprocal  impres- 
sions and  partial  penetration  of  the  parts  take  place  at  the  point  of 
contact,  by  which  an  adhesion  of  the  two  bodies  is  caused,  which  can 
only  be  overcome  by  a  distinct  force,  whose  direction  coincides  with 
the  plane  of  contact. 

This  adhesion,  produced  by  the  impression  and  partial  penetration 
of  the  bodies  in  contact,  and  the  resistance  on  the  plane  of  contact 
arising  from  it,  has  obtained  the  name  of  friction.  Friction  presents 
itself  m  the  motion  of  bodies  as  a  passive  power  or  resistance,  because 
it  only  impedes  and  checks  motion,  but  never  produces  nor  promotes 
it.  It  is  introduced  into  investigations  in  mechanics  as  a  force  which 
is  opposed  to  every  motion,  whose  direction  lies  in  the  plane  of  con* 
tact  of  two  bodies.  In  whatever  direction  we  move  forward  a  body 
resting  on  a  horizontal  or  inclined  plane*  friction  will  always  act 
opposite  to  the  direction  of  motion  ;  for  example,  it  will  impede  the 
ascent  as  much  as  the  descent  of  a  body  on  an  inclined  plane.  The 
smallest  addition  of  force  produces  motion  in  a  system  of  forces  in 
equilibrium,  so  long  as  friction  is  not  called  into  action;  but  when 
the  same  exerts  its  efTect,  a  greater  addition  of  force,  dependent  on 
the  friction,  is  required  to  disturb  the  equilibrium. 

§  155,  On  overcoming  friction,  the  parts  in  contact  are  compressed, 
and  those  which  protrude,  bent  down,  torn,  or  broken  off,  &c.  Fric* 
tion  is  not  only  dependent  on  the  roughness  or  smoothness  of  the  sur- 
faces in  contact,  but  also  on  the  physical  properties  of  the  bodies  them- 
selves. Hard  metals,  for  instance,  cause  less  friction  than  soft.  We 
can,  however,  lay  down  no  general  rules  a  priori  of  the  dependence 
of  friction  on  the  physical  properties  of  bodies;  it  is,  on  the  contrary, 
necessary  to  make  experiments  on  friction  with  bodies  of  difTerent 
substances  in  order  to  find  out  the  friction  which  takes  place  under 
various  circumstances  between  bodies  of  the  same  substance. 

The  unguents  which  are  applied  to  the  rubbing  surfaces  exert  a 
particular  influence  upon  the  friction  and  on  the  abrasions  arising 
13 
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fmm  the  contact  of  bodies.  The  porea  are  filled  up  and  other  aspe- 
rities diminished,  and  in  general,  the  further  penetration  of  the  bodies 
prevented  by  the  fluid  or  semi-fluid  unguents,  such  as  oil,  tallow,  fat, 
soap,  &.C.,  for  which  reason  these  occasion  a  considerable  diminution 
of  friction.* 

Friction  must  not,  howeverj  be  confounded  with  adhesion,  t,  e, 
with  that  holding  together  of  two  bodies,  which  takes  place  when 
they  come  into  contact  at  many  points  without  reciprocal  pressure- 
Adhesion  increases  with  the  size  of  the  surface  in  contact,  and  is  in- 
dependent of  the  pressure,  whilst  the  contrary  is  the  case  with  frio* 
tion.  If  the  pressure  be  slight,  the  adhesion  will  be^considerable  in 
proportion  to  the  friction ;  but  if  the  pressure  be  considerable,  then  it 
win  constitute  but  a  small  part  of  the  friction^  and,  therefore,  gene- 
rally may  be  neglected.  Unguents,  like  all  fluid  bodies,  increase  the 
adhesion,  because  they  increase  the  number  of  the  points  of  contact. 

§  156.  Kindi  of  Friction. — ^Two  kinds  of  friction  are  distinguish- 
able, viz.,  the  rolling  and  the  sliding.  Sliding  friction  ts  that  kind 
of  resistance  which  is  given  out  when  a  body  so  moves  that  all  its 
points  describe  parallel  lines.  Rolling  friction,  on  the  other  hand,  is 
that  resistance  which  arises  from  rolling,  i.  e.  that  motion  of  a  body 
which  moves  progressively  and  rolls  at  the  same  time,  and  whose 
point  of  contact  describes  as  great  a  space  upon  the  body  in  motion 
as  upon  the  body  at  rest-  A  Iwdy  M  supporting  itself  upon  the  plane 
HR|  Fig.  158,  for  instance,  moves  sliding  over  the  plane^  and  conse- 
quently has  to  overcome  sliding  friction  when  its  points,  ^^  B^  C  de- 
scribe parallel  spaces  jM^  BB^^  CCj,  &c.,  and  therefore  aU  these 


Fig,  IflS, 


Fig.  I5ff. 


points  of  the  moving  body  come  into  contact  with  others  of  the  sup- 
port* The  body  M^  Fig,  159,  on  the  other  hand^  rolls  upon  the 
plane  HR,  and  has  to  overcome  rolling  friction,  when  the  points 
J^,  J3,  &c.,  of  the  surface  so  move  that  the  space  AB^  =  ^B^jJ^B^, 
likewise  ^D  =  J£,  and  B,E  =  B,D^,  &c. 

The  friction  of  axles  is  a  particular  kind  of  sliding  friction,  which 
^iaes  when  a  cylindrical  axle  revolves  in  its  bearing.     We  distin- 

«ish  two  kinds  of  axles,  the  gudgeon  and  the  pivot.     The  gudgeon 
IS  against  its  support  or  envelop,  whilst  its  other  points  always 
successively  come  into  contact  with  the  same  points  of  the  support « 

•  The  ^'  anti  atirkion  metal  "  mm  posed  of  copper  1  lb ,  ajititiiotiy  2  lbs  ^  and  tin  3  Iba., 
(anerwaids  lentpered  or  softened  byre*meltbi»  with  more  tiaj  now  verf  generally  used 
hf  nittcihirtiaiB^  in  the  United  SiateH^  perfornts  the  sarne  office,  &nd  pteTe&ta  Ihe  heating 
of  jpjiLi^eojiSi  boxes,  &g.^Am.  En. 
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The  pivot^  on  the  other  hand,  presses  with  its  circular  base  against 
its  support,  where  its  points  rei-olve  in  concentric  circles. 

Further,  particular  frictions  arise  when  a  body  oscillates  upon  a 
sharp  edge,  as  in  the  balance,  or  when  a  vibrating  body  reposes  upon 
a  point,  as  in  the  magnetic  needle^ 

Lastly,  we  distinguish  the  friction  of  quiescence  which  is  to  be 
overcome,  when  a  body  at  rest  is  put  into  motion  >  from  the  friction 
of  motion  which  opposes  itself  to  the  transmission  of  motion, 

§  157-  Law$  cf  Friction. — The  general  laws  to  which  friction  is 
subject^  are  the  foJlowiiig ; 

1.  Friction  is  proportional  to  the  normal  pressure  between  the  rub- 
bing bodies.  If  a  body  be  pressed  against  another  by  a  double  force, 
the  friction  is  as  great  again;  three  times  the  pressure  gives  three 
times  the  friction.  If  in  small  pressures  this  law  varies  from  ob- 
fervation,  it  must  be  attributed  to  the  proportionately  greater  effect  of 
adhesion* 

2.  Friction  is  independent  of  the  extent  of  the  surfaces  of  contact. 
The  greater  the  surfaces  are,  the  greater  is  the  number  of  parts  which 
rub  against  each  other;  the  smaller  the  pressure,  the  less  the  friction 
of  each  part;  the  sum  of  the  frictions  of  all  the  parts  is  the  same  for 
a  greater  as  for  a  less  surface,  in  so  far  as  the  pressure  and  the  other 
circumstances  remain  the  same.  If  the  side  surfaces  of  a  parallelo- 
pipedical  brick  are  of  the  same  quality^  the  force  necessary  to  push  it 
along  a  horizontal  plane  is  the  same,  whether  it  rest  upon  the  least, 
the  mean,  or  the  greatest  surface.  With  very  large  side  surfaces  and 
with  small  pressures,  this  law  has  exceptions^  in  consequence  of  the 
effect  of  adhesion. 

3.  The  friction  of  quiescence  is  indeed  generally  greater  than  that 
of  motion  ;  the  last,  however,  is  independent  of  the  velocity ;  it  is  the 
same  In  small  as  in  great  velocities, 

4.  The  friction  of  greased  surfaces  is  generally  less  than  that  of  nn* 
greased,  and  depends  less  on  the  rubbing  bodies  than  on  the  unguents. 

5.  The  friction  of  gudgeons  revolving  on  their  bearings  is  less  than 
the  common  sliding  friction;  the  friction  of  rolling  is  in  most  cases  so 
small»  that  it  need  hardly  be  taken  into  account  in  comparison  with 
the  sliding  friction* 

§  158.  CO'€ffi€i£ni  of  Fridion, — 
From  the  first  law  laid  down  in  the 
former  paragraph,  the  following  may 
be  deduced.  A  body  JC\  Fig.  160, 
presses  against  its  support,  first  with 
the  force  JV,  and  requires  to  draw  it 
along,  t.  €*  to  overcome  its  friction,  the 
exertion  of  a  certain  force  F^  and  se- 
condly with  the  force  JV,,  and  requires 
the  force  F^  to  cause  it  to  pass  from  a 
state  of  rest  into  one  of  motion*   From  the  foregoing  we  have ; 

^        ^,,  and  therefore  F=  :^  .  JV* 


Fig.  160* 


11 


j^: 


JV, 
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If,  by  experiment,  we  have  found  the  friction  F^  correspODding  to 
a  certain  pressure  -ATj^  we  hence  find,  if  the  rubbing  bodiesj  and  the 
other  circumstances  are  the  same,  the  friction  F  corresponding  to 
another  pressure  JV  when   we   multiply  this  pressure  by  the  ratio 

{-=^\  of  the  values  f,  and  JVj  corresponding  to  the  first  obser* 

Tation. 

The  ratio  of  the  friction  to  the  pressure,  or  the  friction  for  a  pres- 
sure as  unity,  a  pound,  for  instance,  is  called  the  m^tffiaent  offric- 
Hon^  and  will  in  the  sequel  be  expressed  by^,  wheretore  we  mayge« 
nerally  put  i^  —  / ,  JVl 

The  co*efficient  of  friction  is  different  for  different  substances  and 
different  conditions  of  friction,  and  must  therefore  be  found  out  by 
experiment  for  each  particular  case. 

When  a  body  AC  is  drawn  a  distance  s  over  a  surface,  there  is  a 
mechanical  effect  Fs  to  perform ;  the  mechanical  effect  or  work  re-^ 
quired  to  overcome  friction  is,  therefore, yjVjf,  equal  to  the  product  of 
the  co-efficient  of  friction,  the  normal  pressure,  and  the  distance  along 
the  plane  of  contact*  When  the  plane  is  also  moving,  we  must  then 
understand  by  s  the  relative  distance. 

Ejcample. — L  If  by  a  prettare  of  360  Ibi^,  the  frictkm  amDuntB  lo  91  lbs.,  the  coir^ 

91  7 

fponding  oo*ffldent  of  fticikm  U/^  — -  «=  —  ^  0,35, — 2.  To  dmw  a  iledge  of 

600  lbs.  weight  alcmg  B  horizon iaI  and  very  aniootb  mir&cfl  of  mow,  the  co-efficiflDt  of 
friction  in /=  0,04,  ihe  required  force  ^'  =  0,04  .  500  =  30  lbs. — 3.  If  the  co-efficient  of 
friciiofi  of  a  cart  drawn  over  a  paved  road  is  0^45  and  the  load  funoaota  to  SCO  Iba.,  the 
niechanieal  effect  required  to  dmw  it  4S4J  feet  b  =/3V  »  0,45  .  500  .  480  «  lO&OOO 
It  lbs. 

§  159»  ITie  Angle  of  Friction  and  the  Cone  of  Friction, — A  body 

JiC,  Fig.  161,  lies  on  an  inclined  plane 
FHf  whose  angle  of  inclination  FHR 
=  »,  its  weight  G  resolves  itself  into 
the  normal  pressure  JV  =  G  co$,  a  and 
into  the  parallel  force  P  ^  G  iin.  «, 
From  the  first  force  there  arises  the 
friction  F  =  fG  cos.  »,  which  is  op- 
posed to  every  motion  upon  the  plane, 
wherefore  the  force  to  push  it  upwards 
on  the  plane  ^  F  +  P  =/  G  cos.  »  +  G  sin.  a  =  (sin.  a  +fcos,  a) 
G,  on  the  other  hand,  the  force  to  push  it  downwards  is  =  F —  P  ^ 
{/cos.  a —  sin.  a)  G ;  the  last  force  is  null,t.  e.  the  body  is  sustained 
by  its  friction  on  the  plane,  when  sin,  a  =  /  cos.  a,  L  e,  when  the  tang. 
o  ^f.  As  long  as  the  inclined  plane  has  an  angle  of  inclination, 
whose  tangent  is  less  than  J\  the  body  remains  at  rest  on  the  plane, 
but  when  the  tangent  of  this  angle  is  a  little  greater  than^i  the  body 
immediately  begins  to  slide  down*  The  angle,  whose  tangent  is  equal 
to  the  co-efficient  of  friction,  is  called  the  angle  of  friction  or  the  angle 
of  repose.  The  co-efficient  of  friction  is  given  by  observing  the  angle 
of  friction  p  (for  the  friction  of  repose),  when/ is  put  =  tang,  p. 


Fig.  161. 


EXPERIMENTS   ON  PRlCTrON, 


149 


Ftg.  les. 


Itt  consequence  of  friction,  the  surface  FH^  Fig.  162,  reacts  not 
only  agniDst  the  normal  pressure  JVof  another 
body  ^B I  but  also  against  its  oblique  pres- 
sure P,  when  the  deviation  J^BP  =  f  of  the 
direction  of  this  pressure  from  the  normal  BJii* 
does  not  exeeed  the  angle  of  friction,  for  since 
the  force  P  gives  the  normal  pressure  B.\*  ^ 
P .  cos,  ff  and  the  lateral  or  tangential  pressure 
BS  ^  S  =  P  sin,  t,  and  there  arises  from  the 
normal  pressure  P  cos.  p  the  friction  f  P  cos,  f 
opposed  to  every  motion  in  the  plane  FH^  S 
will  therefore  be  unable  to  pve  rise  to  motion, 
and  will  remain  in  equilibrium  soIongas^P 
cos,  fl)>  P  sin*  f,  or  J^  cos,  t>  sin^  Pr^*^*  ^^^g* 
t  is  <;/*,  or  t  <  p.  If  the  angle  of  repose  CBD=p  be  made  to  revolve 
about  the  normal  CB,  it  will  describe  a  conCt  which  we  may  call  the 
cone  of  friction  or  resistance.  The  cone  of  resistance  includes  all 
those  directions  of  force  by  which  a  perfect  counteraction  of  the  ob- 
lique pressure  takes  place, 

ExatJ^k.  To  t]mw  a  Alted  cmik  w^igbing  200  Ibi.  up  an  InnHned  wooden  plan^  of 
SO^'.tlie  force  required  wiihaeo-elliCLetnor  friction /s=  0,4  8  ias^Pe=  (/cm.A-\-*in.*}  G 
=  (0,48  m,  50*+  '^^  ^^)  ■  200  ==  (0,306  +  0,76(i)  .2<XJ  i=  2 15  tbs. ;  to  Itit  it  down,  or 
to  prevetil  iu  sliding  «iow«t11ielbrf:^j-er|uired,  on  the  other  handfb:  CP^/mi.« — Jin.*) 
G^~  (iin.  50^  —  0,4 8  .  «w.  50*^)  200  =—  (0,766  —  0,308)  .  200  =  ^  9 1 ,5  Ibe, 

§  160.  E^^perimenis  on  Friction, — Experiments  on  friction  have 
been  made  by  many  philosopberSj  the  most  extensive  of  which,  and 
on  the  greatest  scale j  are  those  of  Coulomb  and  Morin,  To  find  out 
the  co*efficients  of  friction  for  sliding  motion,  these  two  made  use  of 
a  sledge  sliding  on  a  horizontal  surface,  which  was  pulled  forward  by 
a  cold,  passing  over  a  fixed  pulley,  from  which  weights  were  sns- 
pendedf  as  in  Fig.  163,  where  J?^  represents  the  way,  CD  the  sledge, 
£  the  pulley  J  and  G  the  weight. 

To  obtain  the  co-efficient  of  fric-  ^''ff-  ^®** 

tion  for  different  substances,  the 
surfaces  in  contact,  not  only  of 
the  sledge*  but  also  of  the  way 
forming  the  support,  were  cov- 
ered unth  the  smoothest  possible 
pieces  of  the  substances  under 
experiment,  such  as  wood,  iron,  rr- 
Itc,  &c.  The  co-efficients  of 
the  friction  of  repose  were  given  by  the  weight  which  was  necessary 
to  cause  the  sledge  to  pass  from  a  state  of  rest  into  one  of  motion,  and 
the  co-efficient  of  the  friction  of  motion  by  the  time  /,  which  the  sledge 
required  to  pass  over  a  certain  space  s.  If  G  be  the  weight  of  the 
sledge,  and  P  the  weight  required  to  draw  it,  we  have  the  friction  = 


/  G,  the  motive  force  ^  P — /  G,  and  the  mass  *M = 


P  +J^ 

g 


,  it  there- 


fore follows  from  §  65,  that  the  acceleration  of  the  uniformly  accele- 

13* 
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rated  motion  aristng,  is  :  p  3 


^     g,  and  inversely^  the  co-effi- 
cient  of  friction/  =  ^  —  ^  t,  ^  .  ^ .    But  *  »  J  jj(*  (§  1 1),  tbere- 

fore,,.=_.and/  =  ^-_g_._^. 

To  measure  the  co-efficient  of  friction,  for  axle  friction,  a  fixed 
pulley  ACB^  Fig.  164,  is  made  use  of,  over 

♦        Fig,  164.  ^hich  a  cord  passes,  which  is  stretched  by  the 

*tfflifh  weights  P  and  Q>   From  the  sum  of  the  weights, 

the  pressure  P  +  Q  is  given,  and  from  their  dif- 
ference P  —  Q  the  force  at  the  circumference  of 
the  pulley,  which  is  in  equilibrium  with  the  fric- 
tion of  the  axle,  F^f{P  +  Q),  if  now  CA  = 
a  the  radius  of  the  pulleyi  and  CD  ^  r  that  of 
the  axle,  we  have  from  the  equality  of  moments 
{P—Q)a=^  Ft  =f{P+  Q)  r,  and  therefore 

^"  the  friction  of  repose ;  f  = ',       ^  <  -,   on  the 

^      '^      P+  Q     r 

other  hand,  for  that  of  motion,  if  the  weight  P  falls  a  space  $  in  the 
time  {t)t  and  Q  rises  as  much,  /  =  (n  '^  ^  —  -5)  '  ^' 

Jkmarh  Before  Coiiloml>,  Amontoni,  Camiajt  Bulflinger,  Muschei^bfoekf  Ferguson ^ 
Vince^  and  others  tumeil  their  atti^alioD  to  Rnd  mode  ezperimenta  on  frk^ioni.  The  r&- 
m\ts  of  aU  the»e  inveitigaiions  are  of  Uitle  value  in  praccjce,  becftuise  tUey  were  coi> 
dueted  upon  too  small  n  scale.  The  experiments  of  Ximenes,  which  were  made  abontthe 
same  time  as  those  of  Coo  tomb,  also  Mi  iti  this  respect  The  reBidts  are  to  be  foutid  in 
a  work,  "■  Teoria  e  Pzmtica  deUe  reaistenze  de^  solid!  ne'  loro  attriti/^  Pisa^  17B2,  The 
expeiimenta  of  G^loinb  are  ItiUj  described  m  hia  work,  "  Th^rie  des  Machmefl  siin- 
plesi,''  1821.  The  latest  experiments  upon  friction  are  those  of  Rennie  and  Morin^ 
Rennie  used  for  his  experimieiits  pBrdy,  »  sledge  upon  a  horizontal  surfacet  and  panl/ 
upon  an  inclined  plane,  from  which  the  bodies  were  aUowed  to  slide  down,  and  by 
which  die  amount  of  the  friction  was  deduced  from  the  aufleof  frlctioii.  Eennie's  ex* 
perimcnts  extend  to  substanceei  of  rariouB  kinds  met  with  in  practice,  as  cloth,  1eathei| 
wood,  stones,  and  rue  tali;  they  give  important  results  upon  the  abrasion  of  bodies^  but 
from  the  apparatus  and  the  mode  of  eonducting  these  experiments,  we  cannot  rely  upon 
them  for  that  aocuracy  which  tho«e  of  Morin  appear  to  have  attained.  The  experimemta 
of  Rennie  are  10  be  found  in  the  *'  Philosophical  Transactions"  of  1&18.  The  most  eai- 
tciLSive  experiments^  and  promiiirtg  a  high  degree  of  accuracy,  haye  been  coin  pleted  bj 
Morio,  although  it  cajUKM  be  denied  that  they  leave  some  doubts  and  uncertainties  and 
somewhat  to  be  desired.  This  is  not  the  place  to  describe  the  methods  and  apparatus  of 
these  experiments;  we  can  only  refer  to  the  author's  wrilings,  "Nouvelie-a  Experiences 
sur  le  Frottement^"  par  Morin.  An  excellent  article  on  Friction,  and  a  full  description 
of  ail  the  experiments  upon  it^  esf>eeiallytho^  of  Morin,  is  given  by  Brix  in  the  ^'^Trans- 
actions of  the  Society  for  the  Promotion  of  Man  ufacty ring  Industry  in  Pruasia,*'  10  and  17 
Jahrgangi  Beriitt,  1837-^  • 


•  A  series  of  eiperiments  on  the  resistance  of  frictioUj  paitjcularly  as  applied  to  rail- 
way cars,  will  bo  found  in  **  Wood's  Treatise  on  Railways,"  2decL,  1832,  chap.  6j  Vid, 
Smith's  Am.  od,  pp.  171-226.— Am.  Ef. 
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§  161.  The  following  tables  contain  a  condensed  summary  of  the 
co-efficients  of/iricHon  the  most  useful  in  practice. 

TABLE  I. 
CO-EFFICIENTS  OF  THE  FRICTION  OF  REFOSE. 


XAMU  «T   lIHfelM. 


Nature  of  the  sqrfaceo  and  migu«ntSi> 


I 


Wood  upcM^  wood    • 

Metal  Qpoa  ni«tal    - 

Wood  upou  tuettJ    * 

HempeQ  rop«Bf  twisted  J 
or  Quotedf  upon  wood  1 

Thidc  nolo  leather,  apoa  ( 
wood  or  ifon  } 

Black     strap     leacheij 
upon  pulleys 

StonoB  or  bricks  upoo 
itonea  or  bricks, 

mooth  worked 


ieiuif 

meaI^ 

grcetest, 

vattte*, 

least, 
fnea4fi| 


Sloneiafid  wfought 
Oik  upon  muidiekalk 


ifoaJ 


greatest, 
vmjues, 

high  at  the 
flat  or  amootk, 

of  wood, 
of  iron, 

least, 

greaietl, 

Tnlae, 

least, 

greatest, 

ralue, 


0,30 
0,50 
0,70 

0,15 

0,38 
0,24 

0,ftO 

0,50 
0,63 

0,B0 

0,43 
0,62 

0,47 
0,54 

0,67 
0,75 

0,4S 
0^9 

0,64 


0,65 
0,68 
0,71 


0,65 
0,87 


0,6S 
0,80 


0,11 

0»13 
0,16 

0,10 


0,111 
0,13 


0,21 


0,10 


0,12 


0,14 
0,1  & 
0,25 


0,11 


0,19 


0,22 
0,36 
0,44 


0,30 
0,35 
0,40 


0,15 


0,10 


0,28 


0,27 

0,38 


^^l^^^^^^^^^^iScUFrED  plSeT^^^^^^^^^^^^^H 

^^^H^                                                                       ^^^^^ 

"                    CO-EFnClENTg  or   THE  FEICTION   OF  MOTIOI?*                            ^^^H 

^_           / 

Nature  of  tlie  surfaces  and  unguents.                 ^H 

1 

1 

1 

Ij 

^^^F                      HAKEt   &t 

T^ 

.* 

^ 

w 

d 

^  ^^^H 

^ 

1 

O 

Si 

> 

1 

1 

1 
1 

1 

1 

'1 

' 

4 

1 

"  1 

riewt. 

0,20 

.^ 

, 

0,06 

0,06 



, 

0,14 

0,06         ■ 

■        W«o.lup«.wood    .    J~^ 

0,36 

0,25 

.^ 

0,07 
0,07 

0,07 
0,08 

— 

^ 

0,15 
0,16 

0,15         ■ 

^^K                                                       (,  VBtue, 

■ 

^V                    rie<ut, 

0,15 

— 

Q,OG 

0,07 

0,07 

0,06 

0,12 

— 

0,U       •■ 

■^M«al.a»Bme»l    -    j  ^;^ 

0,18 
0,24 

0,31 

0.07 
0,08 

0,01* 
0,11 

0,09 
0,11 

0,0S 
0,00 

0,15 
0,17 

0,20 

■ 

0,17        ■ 

^^^L                                        [valuo, 

■ 

^H                           ri«»«t, 

0,20 

- 

0,05 

0,07 

0,06 



— 

_ 

0.10        ■ 

V        Woodupoameml    -    i^^^ 

0,42 

G/i4 

0,06 

0,07 

ops 

0^8 

0,10 

0,20 

■ 

0,62 

— 

0.08 

0^8 

0,10 

— 

—  , 

— 

0,16         ■ 

H                                                    [v&lue. 

■ 

^B           lee.                              (on  Iron, 

o^;> 

0,33 

■ 

— 

— 

0,15 

—  . 

0,19 

* 

■ 

H         Sole  leather,  emooth,      J  ^;^'       ^ 

0.54 
0,30 

o»3e 

0,25 

0,16 

*^ 

0,20 

1 

^1         Th«  mme,  bi^^h  at  the  (  dry, 
H            edges,  ice,                      J  gpe«7, 

0,34 

0,31 

0,14 

— . 

0,14 

■ 

^- 

0,24 

1 

^1             ^fworfc.  The  po-efBdenii  of  fnctMjn  for  porpu*  m&siei  will  be  given  in  ibe  Sooond        ^H 

^B          Part,  in  ihe  iheoty  of  the  preasure  of  earth.                                                                                      ^H 

H           §  162,  Indimd  Plane. — The  theo^  of  sliding  frictioa  has  its  chief       H 

H                                                        application  in  the  inv estimation  of  the       H 

Fig.  165. 

equilibrium  of  a  body  ^C,  on  an  in-       ■ 
clined  plane  FH,  Fig.  165,     If  in        ■ 

"^^l^^^^^HH^^^H ' 

^^^^^^^^Ifli^^^l 

accordance  with  ^  135,  FHR  =  a,       ■ 
the   angle  of  inclination  of  the  in-       H 

^^^Vi^^IB^B^hH 

^  ^^^B|mHH^5|HD 

clined  plane,  and  P05j=|J,the  angle        H 

^^^^SbrS^h^^^II 

which  the  force  P  makes  with  the  in*       H 

^■pg^HI 

clined  plane,  we    have  the    normal       H 
force  arising  from  the  weight   G  of       H 

HH^Bl 

the  body  JVt=  G  cos,  o,  on  the  other       H 
hand,  the  force  for  sliding  down  »        H 
S^  G  nn.  o,  further  the  force  JV^        H 

^^■BHIHIi 

with  which  P  strives  to  draw  the       H 

^1                                                          body  down  the  plane  is  =  P  sin.  p|       H 

INCLINED    PLANE. 
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and  the  force  S^  witli  which  it  pushes  the  body  up  the  plane  ^  P 
€09.  ^.  The  remainiDg  normal  pressure  is:  Jf — JV\=  G  cos,  a — P 
tin,  ^,  coasequently  the  frictioD  F^/(G  cos.  a — P  sin,  /3).  If  it  be 
required  to  find  the  force  P  drawing  the  body  up  the  ptane,  then  there 
-will  be  friction  to  overcomej  and  it  must  therefore  be  S^  =  5+  F,  t\  e. 
P  C0$,  |J  =  G  sin.  *  +  /{C?  COS.  a  —  P  sin.  ^}. 

But  if  the  force,  which  is  to  prevent  the  body  from  sliding  down  is 

to  be  determined,  then  friction  comes  to  its  assistance,  and  the  force  is: 

5^  +  F^  S,  i,  e.  P  cos,  /)  +/(G  cos,  n  —  i*  m.  jl)  =  Gsin,  », 

From  this  the  force  may  be  determined : 

For  the  first  case:  P  —  ^^ 


For  the  second:  P  = 


iin.a—^cos,  © 


G, 


€QS,^—fsin,^ 
If  the  angle  of  friction  pbe  introduced,  whilst  we  put^  s 


fin.  j> 


we  shall  obtain  P  = 


nn.  tk .  COS,  p+  CO*,*,  stn,  ^ 


tang,  p ; 
f,  or  froml 


COS.  p  sm.  ^.  COS.  p  + 

the  known  rules  of  trigonometry:  P  — 


sm,  p 


G,  and  thef 

COS.  i^+  p) 

upper  signs  are  to  be  taken,  when  motion  is  to  be  brought  about;! 
the  lower,  on  the  other  hand,  when  motion  is  to  be  impeded. 

The  last  formula  is  found  by  a  simple  application  of  the  paral-« 

lelogram  of  forces*     Since  a  body  counteracts  that  force  of  another 

,  body,  which  deviates  by  the  angle  of  friction  p  from  the  normal  to  il$ 

'surface  (§  159),  equilibrium  in  the  foregoing  case  can  subsist  if  the 

resultant  OQ  :^   Q  of  the  components  P  and  G   makes  with   the 

normal  OJf  the  angle  J^TOQ  ^  p.     If  now  we  put  in  the  general 

formula^  =  ^^-  ^.^%  GOl^=^   GOJf  +  J^OQ^  *  +  p, 
G        sin.  POQ 

S,Oq  =  j3  +  90^  —  p,  we  then  have  ^ 

G 


and 


POQ 


sin. 


.  POS,  + 

(-  +  P) 


^71. 


(- 


nn. 


sin,  (or — p) 


COS, 


~^,  and  for  a  negatii^e  value  of  p : 


t^-f) 


,  —  ,         ~,  quite  in  accordance  with  the  above, 

?       COS.  Ip  +  p)'  ^ 

If  the  body  reposes  on  a  horizontal  plane  <*  =  0,  therefore,  the 

force  to  push  P  forward  is :  P  =  Z^ =  -L^^Ull^, 

COS.  ^-^/ sin.fi       cos,  (4 — ^) 
If  the  force  acts  parallel  to  tfae  inclined  plane,  then  ^  >=  0,  and] 

-  ^  _         ^    ,  -  «  i^^i  *  "I"  P  ) 

therefore,  P  =  (sin.  m  -^  f  cos,  *)  G,  = — =-^  .  G.    (compare 

COS.   p 

§  159)*     If  the  force  acts  horizontally  |J  ■»  —  ^\  cos.  ^  =  cos 
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a  and  sin.   0 
img.  ^  +f 


=  —  sin  a,  therefore,  P  » 
G,  also  =  iuTig*  («  +p)  G, 


G 


1  +/  f an^g^.  a 

Afaiiij  the  force  to  push  a  body  upwards  is  least  whan  the  de- 
nominator COS.  (jl— (*}  is  greatest,  viz.  =  1,  thereforCj^  —  ^  =  0,  ue. 
^  =  p.  When,  tberefore  the  direction  of  force  deviates  by  the  angle 
of  friction  from  the  inclined  plane,  the  force  itself  is  the  least  and  = 
rifi*  (»  +  p)  .  G, 

MxaiT^€.  Wb»i  preesiif«  on  the  ntig  h&u  the  pTop  AE^  Fig,  160,  lo  suatBtn,  m  order 
to  prevent  a  block  qC  stone  (a  wall)  J  BCD,  of  OOOO  Iba. 
weight  fVom  slipping  <lowii  the  ioc lined  plane  Ci?, 
BuppoEiag  the  angle  of  the  prop  to  ihe  horizon  to  be 
35*,  that  of  the  jnc lined  plone  CD,  50°,  and  die  oo- 
efEcietit  of  friction  /=  0,75  ?  Here  G  s=s  5000,  s  = 
^0^,  8  35**  —  5U*  =  —  16*  nod/ =  0,75  J  ihereforo 
the  farrnulfi  gives : 

p^««.  it— /  tw,  •  #iit.50^— 0,75«3i*60*  ^^ 

^m$,S—/nn,0^      ^«w.  15*^+0,75 «ii.  15*  " 


Fijt.  166. 


0,766—0,482 


&000  ;=  ~  =  1224  lbs. 
1,160 


Fig.  167, 


0,966+0,194 
If  the  prop  were  horieonta],  we  ehoukl  have  /3  ^^^  — 
&0*,  and  iung,  f  ^  0,75;  hence  f  =  36*  52';  Instly, 
P=i  G  tang.  (*— f)  =  5000  tang.  (50*^36*"  52^)  ^ 
5000  tang.  13*  8'  «  50O0  ,  0,3333  s=  HGG  llis.  To 
pu»h  qp  the  Bame  wall  upon  the  tupponing  one  by  a 
horizontal  forcc^  u nder  otherwise  aim Ua r  drcumfltnncf^  a  forc^e  F  wouhl  be  aecesaaiy^^ 
G  ^dng,  (.+f)  :=  5000  IrtPi^.  8d*  52'  =  StXXl ,  1S,2670  =  91338  lb*. 

§  163,  Wedge. ^In  the  wedge,  friction  exerts  a  considerable  in- 
fluence upon  the  statical  relations. 
The  section  of  a  wedge  forms  an 
isosceles  triap'gle  FHR^  Fig.  167, 
with  Xh^^  FHR  =  a,  the  force 
/*  acts  at  right  angles  to  t_he_back 
and  the  weight  Q  at  right  an^lesjo 
the  side  FH.  If  we  drive  the  wedge 
ypon  the  base  HR  a  space  *  =  FF^^ 
=  HH^  =  RR^,  the  weight  Q  is 
raised  through  a  space  CC^  =3  DD^ 
=  HL  ^  HH^ .  sin.  HH^  L  =  s  dn. 
a,  and  force  passes  over  IIK  ^  HH^ , 


cot.  H^  HK  ^  *  cos,  -;  according  to  the  principle  of  virtual  veloci- 
lies,  and  without  regard  to  frictioDi  P  ♦  HK  =  Q  .  DD^^  i.  e.  Psccs. 

2  Q  nn.  -  .cos.- 


Qs  dn,  a,  therefore  P  = 


Qiin, 


€0S, 


■ 

^^--^c 

^^1 

^^^^^^^^^^^^Ri 

^ 

^^^^^^^^^^^^^H 

>cr^: 

^H 

^^^H  '.€**'  ^ 

fv'^  ^ 

• 

/  ^  ,^^     -y^,   ^^^ 

^^ 

^^^ 

^^^^Hr 

" 

^^^  ^  f 

^^^^^^<^ 

i^ 

*^  <*4^^^^^  <£:^'     -^'^  *^       ^^1 

• 

^H 

^^^^^BT^'^^ 

Hi^      < 

^H 

^^^^^^^^^^^  '^ 

^ 

.^                   ,.     . 

.^ 

/ 

.      *  _-       ^'^  <^ 

.#    <t  c^   ^   .• 

,.'  4 

-  .   ^          yT 

*^^^€ 

^        ■   1 

^M^^a^m.^   ^t^  ^ 

t  «  ^^:     i 

^^ 

^^^H^  < 

^^^^^^^^^^H 

-  J^  f  Xf  ^ 

i^— 
.^^  . 

^^g  "^Y-^ 

r^^##;^ 

^.  -^^ 

--^/^*.^ 

.-^  >fc*^  ^ 

^m         m.    ^'^  JS^  e.**  f        1/ 

=   /fe^'^^n^  ^^ 

'^•^^;  -^ 

^^.^   w  **  ^^  ^^ 

^^K  Jy^jiu, 

•p^^^^^^     ^^^*f*«>     ^^^j/^<S,^J^ 

^^m    ^  £<i/. 

at. 

L 

^.  -  -  ^' 

A 
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Q  «n-  5,  which  also  follows  from  the  formula  in  §  137,  if  we  put  in  it 

^  a«  1,  and  COS.  (a^ — i)  =  COS.    ^. 

There  are  oow,  however,  three  frictions  which  come  into  play, 
liz.,  the  friction  against  the  sides  HF  and  HR,  and  the  friction  of 
the  body  JlBCD  m  its  constrained  motion.  As  the  directions  of  1 
the  force  on  both  sides  of  the  wedge  deviate  equally,  the  pressure 
against  both  is  equal,  namely  =  Q,  and  the  friction  arising  =/  Q. 
The  spaces  of  these  frictions,  however,  are  different.  For  the  fric- 
tion upon  HR  I  B  =  HH^f  for  that  upon  HF^  H^L  =  s  cos,  4;  accord- 
ingly the  mechanical  effects  of  both  frictions  are ;  =5/  Q  1  +/  Q  s 

.fQsil  +  COS.  ^)  =  2fQs  (cas.  ^\\    Lastly,  the  friction 

between  CD  and  FW  presses  upon  the  body  ABCD  at  right  angles  . 

■to  its  direction,  and  there  produces  the  frictiony^  ,yQ,  iff  represent,' 
the  co-efficient  of  friction  for  its  constrained  motion.  This  friction, 
however,  has  the  same  space  as  the  weight  Q,  viz.,  DD^  =  s  sin.  a; 
and  to  it  corresponds  the  mechanical  effect/^  /  Q  *  ^^-  *»•  '^  ^^^^^ 
now  to  find  the  extreme  limits  of  the  condition  of  equilibrium,  we 
must  put  the  mechanical  effect  of  the  force  P  equal  to  that  of  the 

r  weight  Q,  plus  the  mechanical  effects  of  (he  friction,  therefore, 

Pj  coi.  I  -  Q«  ^»t-  <*+2  Q/s  (cos.  -)%/;  Qs  . 
and  we  obtain  the  force: 

P  =  2  Q  (^n.  t  +/COM.  ^  +/;  m,  |). 

In  a  wedge  JiBC^  Fig.  168,  as  it  is  used 

for  the  splitting  asunder  and  compression  of 

'  odies,  the  force  at  the  back  corresponding  to 

be  normal  pressure  Q  against  the  sides  JIC 

and  BC,  is  P  =  2  Q  inn,  |  +/cos.  ^V  which 

fit  giren  if  we  put  the  sum  of  the  vertical  com* 
ponents  of  Q  and  F  =  /  Q,  I  e,  2  F^  «  2  Q 


Sin,  ttf 


2  /  Q  COS.  -  equivalent  to 


Fig.  I&8. 

1 

1 

sin,  %  and  2  F,  '■ 

2  ^ 

the  force  P. 

Exampii.  The  load  of  the  wedge  Q  in  Fig,  167  «  650  lbs.,  the  edge  «  =  25**,  the 
oo-effiderii  of  frictioti  /  =/f=£0,36.  Required,  the  mechanical  eflTecl  neeeawiry  to  Riove 
the  lottd  Q  forward  about  f  a  foot. 

The    force    ii    P  3=    2  .  650   [nn.    12 J*  +   0,36  «if.  I2i*    -f-    (0,36)  ■  fin,  12i*»] 

=  1300  .  (0,2164  +  0.36  .  0.0763  +  0,12^6  .  0,2164) 

»  1300  ,  (0,2164  +  0,35!  5  +  0,0281)  ==  1300  .  0,5960  =  774,8  lbs.     For,  to  the  apace 

CC  m. 

of  the  load  Cr,«i  i  foot,  eorre^potwis  the  apaco  of  the  force  HK=.t  =  ^^  >  ««^  -^ 

£•£?  1 

" '     —  IS  tfl55  feet  J  therefore  the  mechanical  effect  and  weight  U 


2  fin.:? 


4  .0/il64 
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P$  w  7743  . 1,155  w  895  ft.  lbs.  Without  regud  to  friction,  it  would  only  be  650  .  i 
BB  335  ft  Ibt.  In  consequence  of  fHction,  the  mechanical  eflfect  expended  would  be 
nearly  tripled.  * 

§  164.  ^le  Friction. — In  axles,  the  friction  of  motion  only  is  of 
importance,  on  which  account  experiments  on  this  only  exist. 

From  the  following  table  very  important  results  for  practice  may 
be  drawn,  with  axles  of  wrought  or  cast  iron,  moving  in  bearings  of 
cast  iron  or  brass,  coated  with  oil,  tallow  or  hog's  lard,  the  co-efficient 
of  friction  is 

By  continuous  greasing  «■  0,064, 
In  the  usual  manner  »  0,070  to  0,080. 
The  values  found  by  Coulomb  vary  partially  from  the  annexed. 

TABLE  m. 

CO-EFnCIENTS  OF  AXLE  FRICTION,  FROM  MORIN. 


■AMU  or  TKE 


Hatnre  of  the  Bur&i>ai  and  unguenu. 


Bell  Tii«tB]  on  tfafl  >an]« 
Cant  iron   upon  bell 

metal  ...  «  «  . 
Witnafht    itfOtt   upon 

bell  metal .... 


ca«t  ixon «  .  .  .  . 
Caat  iron    upon  caat 

iron  ....... 

Cui   inm    Qpon   bell 

metal  ,,.... 
Wrought    iron    upon 

lifnDm  Yitm  *  *  ^ 
Cast    iron   upon    lig^ 

num  viiip  .... 
lignam     vitze     Upon 

GSiSt  iron 

Lignum    vitiB     upon 

iignumvitffl.  ,  . 


I 


m 


0^51 


0,194 
0,188 


0,189 

0,137 

0.161 


I. 
1* 


0,079 


Oil,  Mllow,  Of 
laid. 


i 


0^7 

0,075 
0,075 
0^75 
0,075 
0,135 
0,100 
0,116 


I 


o,04g 

0,054 
0,054 
0,054 
0^54 

0,092 

0,070 


Oj090 


0,065 


1 

I 


0,11! 


0,109 


I 


0,137 
0,166 

0,140 
0,153 


^  165.  If  we  know  the  pressure  /{between  an  axle  and  its  bearing, 
and  if  further  the  radius  r  of  the  axle.  Fig.  169,  be  given,  the  mecha- 
nical effect  which  the  friction  of  the  axle  counteracts  in  every  revolu- 
tion may  be  calculated.  The  friction  jP»/2i,  the  space  correspond- 
ing to  it,  the  circumference  2  f<  r  of  the  axle;  it  therefore  follows 
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m 


that  the  meehanica]  effect  lost  by  friction  in  each  reTolution  is  ^/R* 
2  *f  r  =  2  ^/i?  n     If  the  axle  makes  onerevo- 
Jtition  per  tninyte  u,  the  mechanical  effect  ex-  ^^i- 1^* 

pended  in  each  second 


•^  60 


u/Rr 


30 


0,105.«/flr. 


The  mechanical  effect  consumed  by  friction 
increases,  therefore,  with  the  pressure  on  the 
axle^  in  proportion  to  the  radius  of  the  axle  and 
the  nnmber  of  reWutions.  It  is,  therefore,  a 
rule  in  practice,  not  to  augment  unnecessarily 
the  pressure  on  the  axis  in  rotating  machines  by  _ 

heavy  weights,  to  make  the  axles  no  stronger 
than  the  solidity  required  for  durability,  and  likewise  not  to  make  a 
great  many  revolutions  in  a  minutef  at  leasts  not  unless  other  circum- 
stances require  it. 

By  the  application  of  friction  wheels,  which  are  substituted  for 
the  bearings,  the  meehanica]  effect  of  friction  is  much  diminished. 
In  Fig,  170,  ^^B  is  a  wheel  which  reposes  by  its  axle  CEE^  on 
the  circumferences  J?//,  E^^  H\  lying  close 
to  each  other  of  the  friction  wheels  revolv- 
ing about  D  and  Dj.  From  the  given  pres- 
sure Jlof  the  wheel,  there  follow  the  pres- 
R 


Fig.  170* 


suies  JV«  JV, 


.,  if  a  be  the  angle 


2  €0$.  - 
2 


DCD^  which  the  central  lines,  or  lines  of 
pressure^  CD  and  CD^  make  between  them. 
From  the  rolling  friction  between  the  axle  C 
and  the  circumferences  of  the  wheels,  these 
latter  revolve  with  the  axle,  and  there  arise  at 
the  bearings  JO  and  Uj  the  frictions/ JV  and 

/  JVj,  which  together  amount  to    "^     ■-     If  the  radius  of  the  wheel 


J>je=I>j  E^  be  represented  by  a,,  and  that  of  the  axle  DK^D^  K^  by 
r,,  we  shall  have  the  force  at  the  circumference  of  the  wheels,  or  at 
the  circumference  of  the  axle  Cresting  upon  these,  which  is  requisite 

to  overcome  ^  :  F^^  -^  .  -/^-    whilst  it  will  he  ^/R,  if 


the  axle  C  rest  immediately  in  a  socket.    If  we  disregard  the  %vetght& 
of  the  friction  w^heels,  the  mechanical  effect  of  the  friction  by  the  ap* 


plication  of  these  wheels  is  - 


times  as  great  as  without  them. 


c,co..^ 


14 
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If  we  oppose  to  the  pressure  of  the  axle  R  a  single  friction  wheel 
GHj  Fig.  171,  and  prevent  any  accidental  lateral  forces,  by  the  fixed 

cheeks  K  and  Lj  a 


f/ 


Fii.ni. 


K  Ot  cos,  ^  =  1,  and  the  above  relations  =  -i- 

ffon^.  A  wbi^^l  weighs  30000  lbs,,  its  radiuB  «  »  1&  a 
and  ibat  of  ii:^  axle  r  ^  5  inches,  what  is  the  amoimt  of 
foioG  at  the  ciroujiifer^nce  of  the  wheel  neccs^ry  lo  ovcwsm^ 
the  friction  of  tUe  axle,  antl  to  mnintain  it  in  uniJbrtn  motioti, 
and  what  19  the  oarre^pondinj^  expenditure  of  m^ebankal 
efieat  if  it  makes  5  reirolutiont  k  minute  ?  We  ma/  assume 
the  eo-eflicient  of  fiictkmf  hejc  s=  0^75,  wherefpte  tbe  fric- 
tion/i?  ^=  Os075  .  30000  =  2250  lbs.     Since  the  diameiet  of 

the  wheel  is  —1 —  k  ^^—  ^  38,4  times  ur  gamt  as  the 

5  5 

diameter  of  the  axle  or  the  arm  of  the  frSction,  the  axle  frio- 

tion  petliicad  to  the  ctr<?umferenc«  of  the  wheel  ^J. —  s= 

3M 

;  58,59  lba»   The  drcumfeTence  of  ih©  nxle  is  ,    ' 


2250 

1m' 


n 


second: 


S,61S.5 


m 


5,618  feet;  conwqtiently  the  padi  of  tbe  ftictiofl  in  one 
^  0^21^2  feet,  and  it^  tneehaniqal  eflecl  dunng  one  second  =s 


0,31  Sa  .  /  JZ  =  0,2 1 82.2250  s  49  L  a  lbs.    If  the  axles  of  this  wheel  rest  tipoQ^&icliaiv 
wheel!  whose  radii  ate  5  times  is  gteat  as  those  of  the  axle*  amd  tbeiefore  H  ^^  ^^ 


I  power  expend edi  referred  to  the  cincuroferetKe  of  the  wheel,  will  oijly  be^  ♦  38,4  = 

5 


4m 


7,68  fl.  lbs.,  and  Uit  medwnical  effect  of  friction  expended  only  ___  »  98,2  ft  Ibi^ 


Fig.  ITi. 


§  166,  The  frictioE  of  an  axle  ^CB^  Fig.  172>  which  presses  on 
its  bearing  in  one  point  M  only,  is  less  than 
that  of  a  new  axle  resting  on  all  points  of  the 
bearing.  If  no  revolution  takes  place,  the  axle 
then  presses  on  the  point  B,  through  which 
passes  the  direction  of  the  mean  pressure  R ; 
but  if  revolution  begins  in  the  direction  ^B^  the 
axle  by  its  friction  will  rise  just  so  high  in  itg 
bearing  until  the  sliding  force  com&s  into  equi- 
librium  with  the  friction.  The  mean  pressure 
R  is  decomposed  into  a  normal  pressurt^  JVand 
a  tangential  S;  JV*passes  into  the  bearing  and  gives  rise  to  F  —fJ^t 
acting  tangentially  ;  S  puts  itself  in  equilibrium  with  F\  S\%  there- 
fore ^fJ^.  According  to  the  Pythagorean  doctrinCj  JP  is  =  JV^+ 5*, 
therefore  fi*  is  here  =»  (1  +/')^'^;  inversely  the  normal  pressure  J\r=- 
R  ,    ,  fR 

,  and  the  friction  F^m  --====  \  or,  if  the  angle  of  friction 


p  be  introduced^y  1 
_  tang,  ^ 


v^l   +/^ 


iang,  p  COS,  p  R  =  R  sin,  p. 


^1  +  tmg.p' 

If  the  axle  begins  to  move,  the  point  of  pressure  B  moves  forward 
in  the  bearing  by  the  angle  ACB  ^  p  in  tbe  opposite  direction. 
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If  tEA  tamotuL  tA  tliA.nssianwA  of  the.  sfxle.  R  a  sincle  frictian  wkftrf 
G 

ch 


w) 
th. 
7, 


a 

ai 
fb 


V 
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If  BO  forward  raotion  took  place>  F  would  be  =  /R  =  R  tang.  ^  = 
'  ^;  consequently  the  frictioji  is  the  eof,  p  times  as  great  after 

€05.  fi 

moring  forward  as  before  the  motion.     Generally,^  =s  tang,  ^  not 

1  5 

quite  ^^  and  cas.  p  >  0,995,  therefore  the  difference  is  not  quite 


10 


200 


1000 
therefore,  in  ordinary  cases  of  application,  we  need  have 


Fig.  174. 


no  regard  to  the  effect  of  this  motion. 

If  the  wheel  AB  revolTesin  a  nave  or  eye^  Fig.  173,  about  a  fixed 
axis  .fkC^  the  friction  is  the  same  as  if  the  axis 
moves  in  a  roomy  nave*  only  the  arm  of  the  fric-  ^'g*  '"^3, 

tion  is  the  arm  of  the  nave,  not  that  of  the  fixed 
ale. 

§  167.  If  the  axle  lies  in  a  prismatic  bearing, 
there  is  greater  pressure,  and  consequently  more 
friction,  than  in  a  round  bearing.     If  the  bearing 
JIDB^  Fig,  174,  is  triangular^  the  axle  lies  on  two 
points  ^  and  B^  and  at  each  there  is  the  same 
fricrion  to  overcome^  the  mean  pressure  R  is  de- 
composed into  two  lateral  forces  Q  and  Q^,  and  each  of  these  gives  a 
normal  pressure  JV  and  JVp  and   each  a 
tangential  force  F  =  /JVand  F^  =/JV*i 
equal  to  the  friction.     According  to  the 
former  §,  these  frictions  may  be  put  »  Q 
nn.  p  and  =  Q^  sin,  f,  we  have  then  the 
whole  friction  =  (Q  +  QJ  jrtn.  p.     The 
forces  Q  and  Q^  are  given  by  the  resolution 
of  a  parallelogram  constructed  from  Q  and 
Qi  with  the  aid  of  the  mean  pressure  R^ 
the  angle  of  friction  p,  and  the  angle  ACB 
=  2  *,  which  corresponds  to  the  arc  JiB^ 

lying  in  the  bearing,  II  QOR  ^  ACD  —  CAO  ^  o,—  p,  Q^OR 
BCD  +  CBO  =  A  +  p ;  lastly,  QOQ^  ^a  —  p  +  n+  p=2 
The  application  of  the  formula  §  75,  gives : 

*tM:i^i)  .  fl  and  Q.  _  f*2lMf}  .  B; 
stn,  2  A  m.  2  a 

hence  the  friction  sought  is: 

F+  F^  -  (Q  +  Q,)  sin.  p  =  {sin.  [^  — p]  +  sin.  [a  +  p]) 

But  the  sin,  (« —  p)  +  sm.  (a  -f  p)  ™  2 


Rsin. 


2  sin.  a  cos 
Rdn.  2 


»,  therefore  F  +  F,  ^ 


^fl.    R   COS,  p 

2   sin.  «  R 


sin. 


^,  which  from  the  smallness  of  p  may  be  put 

1 


2  Hn.  a  COS.  u 

R  sin. 


2  cos.  Ok 
The  friction  of  a  triangular  bearing  is  from  this 
as  that  of  a  cylindrical  one. 


COS. 


times  as  great 


COS.  €L 

If,  for  example,  JDB  =  60^,  ACB 


160 


AXLB  wmcTion, 


180*  —  60^ 
1 


120%  and  ^CD  ^  a  =  B(f,  we  then  have: 

_  twice  the  friction  of  that  of  a  cylindrical  bearine, 
COS.  60^  ^  ^ 

§  168.  With  the  aid  of  the  last  formula,  the  friction  loay  be  found 

for  a  new  round  bearing  which  the  axle  touches  at  aO  points.*     Let 

ABBi  Fig,  175,  be  such  a  hearing*     Let  us 

divide  the  arc  ADB^  in  which  lie  the  axle 

and  the  bearing,  into  many  parts,  such  as  AJ^^ 

JVO,  &c,,  which  have  equal  projections  on  the 

chord  JiB^  and  let  us  suppose  that  each  of 

these  parts  supports  an  equal  amount  of  the 

a 

whole  pressure  R^  viz.,  »  _,  {n  being  the 

n 

number  of  parts)  of  the  axle  on  the  bearing. 

According  to  the  former  §>  the  friction  of  two 


opposite  parts  JV*0  and  J^^O^  »  — 

n 


R       #tn.  2  p 


eos.jrCD 


But  €0$,  JfCD 


COS.  OJyP  =  — — ,  where  JfP  represents  the  projection  of  the 


part  JVO,  and  JfP . 


chard.  AB 


It  therefore  follows  that  the  fric- 
R  sin,  2  p 


tion  corresponding  to  the  parts   JVO  and  J^^O^ 

7* 

.  —^ s       \  '     ^  ,  J'ifO.     In  order  now  to  find  the  friction  for 

chard  cfiord 

the  whole  arc  ADB  instead  of  JV*0,  we  must  put  in  the  arc  ^D= 

kJlDBf  because  the  sum  of  all  the  frictions  is  - — '  *     ** 
^  chord 


times  the 


sum  of  all  the  parts  of  the  arc^  it  follows  that  the  friction  in  a  new 

hearing  is;  F=mR  sin,  2  p  ,  — g--,  or  if  we  put  the  angle  ACB 

chord  AB 

subtended  at  the  centre  by  AB^  which  corresponds  to  the  arc  of  the 

hearing,  =  2  a%  therefore  the  chord  JiB  =  2  AC .  sin,  a, 

^     Rsin.%p 


taken  approximately 

F^Rnn.^, 


nn.tk 


-,  or  sin,  2  p  =  2  rin.  ^ 


nn.  a 


•  If  a  bearing  be  of  an  acute  wmlge-Bhape  it  ii  eorwwiviible  that  an  axle  pressefl  into 
pjch  we^ge^Bbaped  cavity  would  create  an  additional  friction ;  but  aa  friction  depends 
on  uxighi^  not  on  extent  of  surface,  the  demonatrntioti^  of  thi»  section  relative  to  bearingB 
in  cylindrical  cavj(ie«  in  which  there  li  no  wedging  or  tightening,  but  only  a  distribution 
of  the  tteighi.  over  the  several  paita  of  the  lur/iict  of  contact,  the  effect  of  the  moving  force 
in  a  "  flfw  Ijearing**  will  be  to  relieve  the  preaaure  on  one  part  and  tranj fer  it  to  anotUer 
at  the  «une  distance  fttim  the  centre  of  motion,  or  centre  of  the  aJtle.  To  a  oortaid  extent, 
that  J8, 10  the  depth  of  the  senii^lia meter  of  the  axle,  this  surface  inereaiea,  but  if  there 
lie  a  diAttibution  of  pressure  over  a  greater  niiTnb<?r  of  elements  or  units  of  surface^  «>  19 
there  a  iess  an>omu  of  prcsaure  on  each  point  rubbed.  Tliii  law  of  frictioof  luicordingtc 
prei^ure^  and  not  according  10  surface  rubbed,  agrees  with  nil  eipefimeati.^ — Am,  Eo. 
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a1.  .   -_.i .  i;>-.  2_  i*._ 


•-  -'*     It  ff  /  /  - 
/  ^ 


,        ■-'  ^  '  /«  .• 


v     ^    —    -y  ^^^       ,A.£  r>v.^'  x^/ 


'/-'/^        r'*       //■       '' 


u.-^. 


-'  .^ 


-Td 


/ 


/-■^  ^  y     .  v- 


/v. 


>  ,   .'  / 


"/'  / 


/'x-.  ..- 


/  ■  • 


A 


^«A     .  oc 


"jVVt    -g?  JO/',       .V 
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From  this  the  friction  is  the  greater  the  deeper  the  axle  lies  in  its 
bearing*    If>  for  instance,  the  bearing  is  half  the  circumference  of  the 

axle,  »  is  tlien  ^  ^  h  and  nn.  a  *^  1,  we  then  have  F^^.Rsin.p^ 

and  because  ^=>  1,57,  therefore  1,57  times  as  great  as  that  of  the  free 

bearing.     In  an  axle  which  does  not  rest  deep  in  its  bearing,  a  is 

small,  therefore  the  na.  ^  may  be  put  ^^  —  '^~  *{^  —  "rP  whence 

it  follows  that : 

F=  n  +  ~\  jR  m.  p,  or  =  fi  mn.  p,  if  o  be  very  smalU 

§  169,  The  axle  pressure  R  is  given  generally  as  the  resultant 
of  two  forces  P  and  Q,  directed  at  right  angles  to  each  other,  and 
is  therefore  =  %/  P^  +  (?**  Provided  we  require  it  only  for  the  de- 
termination of  the  friction  / 1^  =/ v'  P"  -h  Q^,  we  may  be  satisfied 
with  an  approximate  value  of  it,  partly  because  the  co*efficient  f 
can  never  be  so  accurately  determined  and  depends  upon  so  many 
accidental  circumstances,  and  partly  because  the  whole  product  of 
the  friction^  R  is  mostly  only  a  small  part  of  the  remaining  forces 
of  the  machine  resting  upon  the  axle  bearing,  as  the  lever,  pulley, 
wheel  and  axle,  &c.  The  doctrine  which  teaches  us  to  find  an 
approximate  expression  of  v^P*H-  Q*  is  known  under  the  name  of 
Poncelet^s  theorem,  and  may  be  developed  in  the  following  manner: 

^p=+<?^pj  1  +  (-^)  =  P  ^TT^,  whereby  x  ^  (-^)ij 

which  supposes  that  P  is  the  smaller  force,  therefore,  x  is  a  mere 
fraction.     We  may  now  put: 

v^l  +  ac*  =j*  +  KF,  and  determine  the  co-efficients  ^  and  i^,  answer* 
ing  certain  conditions*     The  relative  error  is: 

v^l+^  —  ^^^X  p-^^X 

y  = — -  -         ^  I  —    ^- 

for  tbe  smallest  lvalue  of  ar,  viz.,  ar  —  0,  jf  =  1  —  ^,  and  for  the  great- 


1 ^=*    If  we  make  these  errors, 

v^2 


est,  \\z.  a:  =  1,  we  have  y  i 

corresponding  to  the  limits  of  x,  equal,  we  then  obtain  an  equation  of 

condition  u  =  ^     1  ,  or  *  =  ^  %/2  —  ^  =»  0,414  .  ^.     If  we  take 


X  =  *  ,  the  result  is,  that  3^  =  1  —  %/^'  -h  ^  =«  — (v^/i**  -h  ^  —  l)y 

as  a  negative  error,  is  greater  than  any  other  which  arises  by  assum* 

ing  X  «  -+  A,  that  is,  a  little  greater,  or  a  little  less  than  -  3  for  in 

the  latter  case  we  have 

14* 
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y-- 


■) 


(y«  +  *'jy>A)» 


/»*  +  »»  +  2;irA  +  /.*A» 


-U^^--^-->)- 


If  now  we  make  this  greatest  negative  error  equal  to  the  greatest 
poaitiYe  error,  we  shall  then  obtain  the  following  second  equation  of 
condition : 

s/y  +  ^—  1-1  — /*;  orf.  +  v'^*  +  r*  -  2. 
But  the  first  equation  gives  »  —  0,414  ^ ;  it,  therefore,  follows  that 

m(1  +  s/l  +  0,414*)  -  2,  t.  e. 

'  »  » ^  .  0,96  and  .^  .  0,414 . 0,96  -  0,40. 

I  +  ^1,1714  

We  may,  therefore,  put  approximately  y/\  +  ^  «■  0,96  +  0,40  •  x, 
and  in  like  manner  the  resultant  As  0,96  P  +  0,40  Q,  knowing  that 
we  thereby  commit,  at  most,  the  error  +  y  ■■  1  —  f»  «  1  —  0,96  =s 
0,04  «■  four  per  cent,  of  the  true  value. 

This  determination  supposes  that  we  know  which  is  the  greater  of 
the^ forces;  but  if  this  be  unknown,  we  may  assume  \/l  +  x*  =  /» 
(1  +  ar),  and  so  obtain  y  «  1  —  ^  ^    -r  x)  ^    jj^^^  ^^^  ^^^  ^^  y^j^ 

x/l  +  x" 
X  as  0  gives  the  error  =  1  —  /i,  but  also  the  limit  x  «  oo ,  the  same 

error  «-  1  —  ^  n  1  — /^t;  but  if  we  put  x  »  ^  s  1,  we  then  ob- 

tain  the  greatest  negative  error  n ( — ^  —  1  W— (^^^2  — 1,) 

and  by  making  these  errtMrs  equal:  1  — f»  »  f»  \/2 —  1,  therefore, 
"  "  T:^  -  2^4.  -  ijr2  -  0.825,  forwhich0,83maybe put. 

In  the  case  where  we  do  not  know  which  is  the  greater  of  the  forces, 
R  may  be  put  «  0,83  (P  +  Q),  and  we  know  that  the  greatest  error 

committed  will  be  +  y  =  1  —  0,83  «  0,17  per  cent.  »  -of  the  true 

6 

n^ue. 

If,  lastly,  we  know  that  x  does  not  exceed  0,2,  we  may  disregard  it 

altogether,^  and  write  \/P*  +  Q^mm  P^  but  if  x  exceeds  0,2,  then 


LEVER* 
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^ 


V^i»  +  Q*  is  inore  accurately  —  0,888 .  P  +  0>490  .  Q;  in  both  cases 
the  greatest  error  is  about  two  per  cent.* 

§  no.  Lever, — The  theory  of  friction  above  developed  finds  its 
application  in  the  material  lerer,  the  wheel  and  axle,  and  in  other 
tnachines.  Let  us,  in  the  first  place*  treat  of  the  lever,  and  take  the 
general  case,  viz,,  that  of  the  bfnt  lever  ^iCB,  Fig,  176.  Let  us  re- 
present as  before  (§  127)  the  arm 
CA  of  the  |)OW€r  P  by  a,  the  arm 
CB  of  the  weight  Qby  b,  and  the 
radius  of  the  axle  CM  by  r,  let  us 
put  the  weight  of  the  lever  =  G, 
its  arm  C£  =  i,  and  the  angles 
JPK  and  BQK,  by  which  the 
directions  of  the  forces  deviate 
ffom  the  horizon  =  a  and  B.  The 
power  P  gives  the  vertical  pres- 
sure P  dn,  a^  and  the  weight  =  Q  nn.  ^ ;  the  whole  vertical  pres- 
sure is,  therefore,  V=i  G+  P sin.  »  +  Q dn* ^.  The  power P  gives 
further  the  horizontal  pressure  P  cos.  a,  and  the  weight  Q  an  opposite 
pressure  Q  cos,  ^ :  since  there  remains  for  the  horizontal  pressure^ 
//3B  P  COS.  » —  Q  COS.  jd,  we  may  put  the  whole  pressure  on  the  axle ; 
R  =  fi  V^pH^f^{G-\-P  sin.  a-h  Q  dn.  ^)+*'(P  cos.  u^Q  cos,  ^), 
of  which  the  second  part  *  (P  cos.  a — Q  cos.  ^)  must  never  be  taken 
negative,  and,  therefore,  in  the  case  where  Q  cos.  ^  k  >■  P  co$,  ^^ 
the  sign  must  be  changed*  or  rather  P  cos.  a  must  be  subtracted  from 
Q  COS.  i3.  In  order  to  find  that  value  of  the  power  which  corresponds 
to  unstable  equilibrium,  so  that  the  smallest  addition  of  force  produces 
motion,  we  must  put  the  moment  of  power  equal  to  the  moment  of 
weight,  plus  or  minus  the  moment  of  weight  of  the  machine  (§  127) 
plus  the  moment  of  friction,  therefore, 
Pu^C^+^Gs+fRr 

=  Q6+^Gs4-/(^  ^+r  H)r,  from  which  follows 
Qb+^Q$+f[f,{G+Qsin.  ^)'+Qcos.  ^]  r 


-^/r  sin,  m+v/r  cos.  n 

If  J*  and  Q  act  vertically,  R  is  simply  —  P+  Q+  G,  therefore, 
Pa=  Qb+_  Gi+/{P-h  Q+  G)  r.  If  the  lever  is  one-armed,  P  and  Q 
.«ct  opposite  to  each  other,  then  R^=P — Q+G^  and  consequently  the 
friction  is  less»  Besides  R  must  be  put  constantly  positive  in  the 
calculation,  because  the  friction  /R  only  impedes,  but  does  not  pro- 
duce motion.  From  this  we  see  that  a  one-armed,  is  mechanicaily 
more  perfect  than  a  two-armed  lever. 

Mxampk.  If  the  arms  of  a  bent  lever,  Fig*  176,  flje  :  a  ^  6  ft.^  £  ^4  R.^  t  ^  )  ft  wid 
r  ^  1|  iDCh&s,  the  angle  of  incliDatioEi  a^  70<^|^^5O^,and  furtlier  the  weight  Q=±5600 
lbs*,  aiad  that  of  the  lever  G  ^  900  lbs.,  the  power  required  to  restore  the  unat&bte 
eqnilibrvum  h  the  fol  lowing.     Without  regard  to  friction  Pa  '^  Gt  t^  Q6,  therefore, 


*  Pbljtechniflche  Mittheilunien,  H^  1,  1844^. 
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Qh—Gt        &«M),4  — 9O0,i 


t  3658  lb«.     If  we  put  |a  ^  0,96  aui!  t  ^  0,40, 


we  dbttin  ^*  (G  +  Q  iw.  |)  =  0,96  (900  +  5600  fin.  SO")  =  4983  Ibd^  t  Q  toi.  S 
K  0,40  ,  6600.  coi.  Soe  -^  J440  lbs.;  ^  im.  «  ss  0,96  .  rt'it  1(P  ^  0,902,  r  nm,  «  s  0,40, 
cm.  70*  «i  0,137.  It  is  «if/  to  see,  tlmt  htte  F  co».  .  i«  leu  than  Q  €ot,  d,  for  tiaoe 
appffjiimaidy  F  »  3656,  we  have  F  coi.  *  ss  1251  ibi,  mid  Q  ct?t.  0  s  3600  Jb«<, 
let  liH  therefbEe  mke  fot  t  Q  tm.  0^  &nd  t  nM;  a  ihe  tpwer  lugn  amS  put 
5600  .4  — 900-1 +/r  (49524-  H40) 


0  — ^  (0.902  —  0,173) 

lion  /*=  0i075,  and  we  iLaU  ha  re  fr 

g2400^450+60       32010 


Let  at  furiher  take  the  co^effidem  of  fnc* 


:  0,075 ,  Z.  s  0|00^375)  wad  the  fM»w«f  lougjic, 


^  3673  Ibi.    Here  the  Tertiisal  pressure^  if  we  «ub^ 


6  -^  0,006S3  5,9932 

8tieali&  the  vmltie  P^  3653  Ibi.,  bdcI  i^e^lect  iHctipn,  k  F^  3658  .fin.  lOfi  -|^  5600  tin. 

500  4-  900  SE  3437  ^  42'^  -|-  HOO  =  BOS?  )bs.,  on  th«  other  bund,  the  h^mzonuU  pte»ure : 

H==56U0  tm.  So  —  3658  £0i.  70«  «  3800—  1251 «  334§  lb». 

Here  tf  11  >  0,3  V,  ihereibre,  more  csorrectlv ; 

M  ==  038^.  H+  0,490  r=:  0,888.  8627  +  0,490  .2349  =i  8S1I» 

%td  it  £jlk>w«  that  tlie  moment  of  friction  ^frR^  0,009375.  8911  sas  82,6  fr.  Ibi., 

,   ,    .1     .1.                   »        22400  —  450  +  82,6 
a£id  tattiXt  the  power  P  = ^- 


^  3672  ibs.,  which  ralue  VBfie» 


Fig.  177. 


little  from  the  abore. 

§  171.  Pwot  Friction. — When  in  the  wheel  and  axle  a  presmre 
takes  place  in  the  direction  of  the  axis,  as  in  the  case,  for  examplet 
of  upright  axles,  in  consequence  of  their  weight,  there  is  a  friction  on 
the  base  of  the  one  axle*  Because  pressure  is  there  exertetl  on  points 
between  the  pivot  and  its  step,  this  friction  approximates  to  the  simple 
sliding  friction,  and  to  the  axle  friction  which  we  have  hitherto  con- 
sideredj  and  we  must  put  for  it  the  co-efficients  of  friction  given  in 
Table  IL  To  find  the  mechanical  effect  absorbed  by  this  friction, 
we  must  know  the  mean  space  which  the  base  JiB^  Fig*  177,  of  such 
an  upright  axle  describes  in  a  revolution.  Let  us 
assume  that  the  pressure  R  is  equally  distributed 
over  the  whole  surface,  let  us  also  suppose  that  on 
equal  parts  of  the  bases  the  frictions  aje  equal. 
Let  us  further  divide  the  base  by  radii  CD,  CE^ 
&c.>  into  equal  sectors  or  triangles  DCE;  to  these 
will  correspond  not  only  equal  amounts  of  friction^ 
but  also  equal  moments,  therefore,  it  will  be  neces- 
sary only  to  find  the  moment  of  friction  of  one  of 
these  tnangles.  The  frictions  of  such  a  triangle 
may  be  regarded  as  parallel  forces,  for  they  all  act 
tangentially,  »•  e.  at  right  angles  to  the  radius  CD^ 
and  since  the  centre  of  gravity  of  a  body  or  a  surface 
is  nothing  more  than  the  point  of  application  of  the 
resultant  of  the  parallel  forces  equally  distributed 
over  this  body  or  surface,  accordingly  the  centre  of  gravity  S  of  the 
sector  or  triangle  DCE  is  here  the  point  of  application  of  the  result- 
ant arising  from  its  different  frictions.     If  now  the  pressure  on  this 

sector  -=  — ,  and  the  radius  CD  =  C£,  the  base  =  r,  it  follows 
n 

that  (from  §  104)  the  moment  of  friction  of  this  sector  =  CS  » ^ 


A 

-_  >          Ji- 
lt        i 

mr 
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^z.r.  i—t  and  lastly,  the  momeDt  of  the  entire  friction  of  the  axle 

Sometimes  the  rubbing  surface  is  a  ring  JiBED^  Fig.  178.     If  its 
radii  are  CJ^r^  and  CD^r^^  we  have  then  to  cle-  ^^^ 

termine  the  centre  of  gravity  5  of  a  portion  of  a 

ring,  and  from  §  109,  obtain  the  arm  CS-. 


2r'—r^ 


therefore,  the  momeot  of  friction  ;=  ^ /  B  I  -L — \  k 
If  we  introduce  the  mean  radius  -i~-?  »  r,  and 


P^^-hTi 


the  breadth  of  the  ring  r^  —  r^  ^  &,  we  obtain  this 
moment  of  friction  also  =^  /  R  (r  +  -Trt")* 

The  mechanical  effect  of  friction  for  a  revolution  of  the  axle  ia  in 
the  second  case  =  2  ^  ,  -^/Rr^-H/Rr^  and  in  the  first 

A  i  T  ■* T  ^  \ 

-lifR  (-L — ?- ).     Here  we  easily  see  that  to  diminish  this  loss  of 

mechanical  effect,  the  upright  axle  or  shaft  must  be  made  as  light  as 
possible,  and  that  a  greater  loss  of  mechanical  effect  would  arise  if, 
under  otherwise  similar  circumstances,  the  friction  were  to  take  place 
in  a  ring  instead  of  a  complete  circle. 

Ei^ampk.  In  a  turbine  making  tOO  revoiutkNnfl  a  mmutp,  and  3S00  tbei,  weight,  tho 
vjize  of  ttie  pivot  at  the  hose,  h  }  inch  ;  haw  much  mechnnkal  effect  does  th»  f^icdo^ 
of  this  pivot  consume  in  ono  second  ?  Tho  co-efficient  of  friction  beinff  taken  ^0,1 
we    Uave    the  friction  /  J?  ^  0,1   .   ISOO   ^   ISO   lbs,,    (hu    apace    per    revolution 


«^..  =  |.3.U 


^0,1745  It  Ibe-  bencQ   the   mechanical   efllsct  per  reTO- 

24 

But  now  this  maehLne  makea  in  a   se^sond 


liition  ^  180 

^^  ^  ^  of  a  revolution,  benee  it  foUows  that  the  Ioba  of  mechaniral  effect  ioogbl 

314.1 
^     6 


0,1745  =  31,41  ft  lbs. 


kB  ft.  lbs. 


Ftg.  179, 


§  172.  Pointed  Jirks.—U  the  axle  ^BD,  Fig.  179,  has  conical 
ends,  the  friction  comes  out  greater  than  if 
it  has  plane  ends,  because  the  pressure  of 
the  axle  R  is  resolved  into  the  normal  forces 
Jfy  JVp  which  produce  the  friction,  and 
which  together  are  greater  than  R  alone. 
If  the  half  of  the  convergent  angle  ^DC 

^  BBC  ==  a,  we  have  2  JV  ^  -^^i  and 


,M 


Sin, 


consequently  the  friction  of  the  pointed  axle 
=  / ' .   -'    Let  the  radius  of  the  axle  CA 


nn. 


■  CB  at  the  entrance  into  the  step  be  re- 
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presented  by  r^,  we  shall  then  have  as  before  the  moment  of  friction 

=  _/-^-L ,     Let  this  axJe  dip  a  little  only  into  the  step,  the  me- 
3    nn.  a 

chanical  effect  of  this  axle  will  be  less  than  that  of  an  axle  with  a 

plane  base,  and  on  this  account  the  application  of  the  pointed  axk  is 

of  service.    When,  for  example,  -^-J—  =  -,  therefore, r.^hr sin, o, 

sm,  a       2 

the  pointed  axle  of  the  radius  r^  causes  only  half  the  loss  of  mecha- 

nical  effect  through  friction  which  the  truncated  axis  of  the  radius 

r  does. 

If  the  pivot  forms  a  truncated  cone,  Fig.  180,  friction  takes  place 

as  well  at  the  envelop  as  the  truncated  surface,  and  the  moment  of 

friction  comes  out  =  ( r,^  +  -^^ — i— )  ;r^^-^-,  if  r  be  the  radius  of  the 
\  '         sin.  m  /  Z   f^ 

place  of  entrance  into  the  step,  and  r,  =  DE  that  of  the  base,  and  ci° 

the  half  of  the  convergent  angle. 

FJf .  im.  Fig.  ISl.  Fig.  18S« 


^ji| 


^ 


Lastly,  the  pivot  or  upright  axles  (Figs*  181,  182}  are  very  often 
rounded.  Although  by  this  rounding,  the  friction  itself  is  by  no 
means  diminished,  there  arises  nevertheless  a  diminution  of  the  mo- 
ment of  friction,  from  the  extremity  not  dipping  far  into  the  step. 
If  we  suppose  a  spherical  rounding,  we  obtain  by  the  aid  of  the 
higher  calculus  for  a  semi-sphericai  step,  the  moment  of  friction 

s*^  *  Rr;  but  for  that  of  a  step  having  a  less  segment 

=^  r  1  +  0,3  (^\  "JHTi,  r  being  the  radius  of  the  sphere  MA 
^  MB,  r,  the  radius  of  the  step  CA  =-  CB. 

Ezampk,  If  the  weight  of  the  armed  aile  of  a  liofso  capatati  R  ^  6000  lbs*,  the 
iadiu«  of  %h&  eonical  pivot  ^  r  ^^  1  inch^  and  ttie  iingb  of  convergence  of  the  oma 

ft             ff-^         ft                  6000 
3  II  s  90°,  then  Uie  motaiMil  of  MoXkm  of  thi»  pivot  ™  _  ,/ s  -  «  0,1  . 

,^  — —  ^  47,1  ft  lbs.    Thii  axle  makei  dtiring  the  UAJQg  up  of  a  ton  from  a 

shaft  Of  mine  ^  w  =  24  revotutlons^  dien  the  mechanical  effect  which  is  expended  at 

the  pivot  in  tjiis  lime  by  friction  =  2  a^  m  .  f  /  ^ — ,  =  2  ir  .  24  ,  47,1  =7103  ft  Ibi, 

tin,  m 

§  173,  Points  and  Knife  Edges. — To  avoid  as  much  as  possible 
the  friction  of  the  axle,  rotatory  bodies  are  supported  on  pointed 
pivots,  knife  edges,  &c.    If  we  had  only  to  do  with  perfectly  rigid 
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and  ioelastic  bodies,  no  loss  of  labor  would  arise  through  friction  by 
this  method  of  support  or  suspension^  because  no  measurable  space 
here  is  described  by  the  friction;  but  since  eveiy  body  possesses  a 
certain  degree  of  elasticity*  by  the  resting  of  such  a  body  on  a  point  or 
knife  edge,  a  slight  penetration  takes  place,  and  a  rubbing  aurface  is 
thereby  caused,  upon  which  a  space  is  described  by  the  friction  which 
gives  rise  to  a  certain  loss  of  labor,  although  very  smalL  In  rotations 
and  vibrations  long  sustained,  bodies  supported  in  this  manner,  present 
similar  surfaces  of  friction  arising  from  the  abrasion  of  their  points  or 
knife  edges,  and  the  friction  must  then  be  estimated  by  what  has 
been  already  mentioned.     For  these  reasons  this  mode  of  support  is 

,  applicable  only  to  such  instruments  as  the  compass,  the  balance,  &c., 

I  where  it  is  of  importance  to  diminish  the  amount  of  friction,  and 

[where  motion  is  only  allowed  from  time  to  time. 

Experiments  on  the  friction  of  a  body  resting  upon  a  hard  steel 

[point,  and  revolving  about  it,  have  been  made  by  Coulomb*  From 
these,  it  results  that  the  friction  increases  somewhat  more  than  the 
pressure,  and  varies  with  the  thickness  of  the  supporting  pivot.     It 

^  is  least  for  a  granite  surface,  greater  for  one  of  agate  and  of  rock 
crystal,  greater  stiU  for  a  glass  surface,  and  greatest  of  all  for  a  steel 
one*  For  a  very  small  pressure,  as  in  the  magnetic  needle,  the  pivot 
may  be  pointed  to  10°  or  12^  of  convergence*     But  if  the  pressure 

I  h  great,  we  must  then  apply  a  far  greater  angle  of  convergence,  viz, 
30^  to  45^.  The  friction  is  less  when  the  body  having  a  plane  sur- 
face reposes  upon  a  point  than  when  it  lies  in  a  conical  or  spherical 
step.  Similar  relations  take  place  in  the  knife  edge  as  applied  to 
the  balance,  and  the  beams  of  balances,  that  are  intended  for  heavy 

1  loads,  require  sharp  axes  of  90°  convergence,  while  an  edge  of  30° 
is  sufficient  for  the  lighter  ones. 


Ummrk.  If  we  a^saume  (bat  the  neetila 
JB,  Fig,  J  83,  rests  on  ilie  poliu  DCE  of  the 
pjTOt  FCG,  of  the  height  CM  =  A,  and 
tndiii^  DM  ^  r,  ami  suppose  Omt  the  vol- 
tim#  i  vr*  h  ift  prorpoHioriRCe  to  the  pre9«ure 
M,  the  amount  of  firiciioa  may  b©  fbynd  in 
Ihe  following  manner.  If  we  put  f  «  H 
k^  ^  R^  where  ^  is  a  number  resulting 
from  eJEperiem^ie,  and  introdiu?e  thw  fti>|;;ie  of 
optivergence  BCE  ^^  2  m^  and,  therefore. 


Fig.  183. 


■■'T^f'- 


put  A  ^  r  toig.  m,  we  obtain  th«  radius  of  the  hum  r  a     P^  ^^?'!gl^  and  /  r  /J 


!J 


d  pA  R*  tang. 


/' 


R  I  Qung.  «)   |.    We  my  ft,  therefore,  nssunic  that  thfil 


jHi?«ino  on  the  piTOt  iikcr^iue^  equally  with  the 
cube  roo*  of  tlie  fourth  power  of  the  pressure, 
nnd  the  eube  root  of  the  tangent  of  balf  tlio 
RWf  le  of  oonTergvnce.  The  amount  of  friction 
of  a.  bettm  ^B,  Fig.  184,  which  cx^ctUatea  on  a 
iljarp  edg^  CC^,  may  be  found  in  like  manner. 
If  «  be  half  the  angle  of  convergem^e  DCMj  I 
ihe  length  CCy^  of  Ihe  edget  and  R  the  preature, 
tang,  ^y 


Fif.  184. 


llus  aioount  is  iiven  : 


■P 
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Fig.  135. 


§  174,  RMing  Friction. — The  theory  of  rolling  friction  ia  by  no 
means  firmly  grounded;  we  know  that  it  increases  with  the  pressure* 
and  that  it  is  greater  for  a  smaller  than  for  a  larger  dianieter  of  the 
rolling  body;  but  in  what  algebraical  dependence  this  friction  stands 
to  the  pressure  and  diameter  of  the  rolling  body^  cannot  as  yet  be 
considered  as  determined.  Coulomb  made  only  a  f^vi^  experiments 
with  rollers^  from  two  to  twelve  inches  thick,  of  lignum  vitae  and  elm, 

which  were  rolled  along  a  surface 
of  oak,  by  means  of  a  thin  thread 
passing  over  the  roller  AB^  whose 
extremities  were  stretched  by  un- 
equal weights  P  and  Q,  Fig.  185, 
From  the  results  of  these  experi- 
ments^  rolling  friction  appears  to 
increase  directly  with  the  pressure, 
and  inversely  with  the  diameter  of 
the  roller,  so  that  the  force  neces^ 
sary  to  overcome  this  friction  may 

be  expressed  by  i^==^/.  — >ifi?be 

the  pressure,  r  the  radius  of  the 
roller,  and/ the  co*efBcient  of  fric- 
tion derived  from  experiment.     If  t  be  given  in  inches,  then  from 
these  experiments 

For  rolling  upon  compressed  wood/»  0,0189, 
**  «  **  <«    /=  0,0310. 

These  formulas  suppose  that  the  force  F  acts  at  the  circumference 
of  ihe  roller,  but  if  the  force  be  applied  to  the  axis  C  of  the  rolling 
bodies,  by  which,  as  in  every  description  of  carriage,  axle  friction  en- 
sues, the  required  force  is  2  F,  because  here  the  arm  C^is  only  half 
that  of  KH  with  respect  to  the  point  of  application  H* 

A  body  JiBSis  moved  forwards^  Fig.  186,  lying  on  the  rollers  C 

and  2>,  the  required  force  P  here 
^■ff"  ts6.  comes  out  very  small,  because 

two  rolling  frictions  only,  viz., 
that  between  AB  and  the  rollers, 
and  that  between  the  rollers  and 
the  way  HR  are  to  be  overcome* 
The  progressive  space  of  the 
rollers  is  only  half  that  of  the 
load  Q,  and  on  this  account  for 
farther  progression,  the  rollers 
must  be  replaced  under  it  from 
before,  because  the  points  of  contact  A  and  B^  by  virtue  of  the  roll- 
ing, recede  as  ranch  as  the  axis  of  the  rollers  advances. 

If  the  roller  AHhm  revolved  about  an  arc  ^0,  the  roller  has  then 
moved  over  a  space  AA^  equal  to  this  arc,  and  0  comes  into  contact 
with  0^,  the  new  point  of  contact  0^  has,  thereforej  receded  by  AO^ 
=  AO  behind  the  former  [A).     If  the  co-efficients  of  friction  are  J 
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and  /,,  the  power  necessary  to  draw  the  load  R  forward  is  P 

T 

MemarL  The  extended  experiments  of  Miffin  on  the  ri^siatanoc  of  eaniiige»  upon  rottd«t 
Ofd  with  the  Iww  by  which  tins  feni stance  incr**!ii**s  equally  with  tfie  pr^ikaurQ,  itnd 
hverselir  with  the  thickueis  of  the  rollef,  Anothfr  French  engineer,  Dvpvit^  on  the 
Lcontniiy^  deduces  fmm  hi*  experimentiH  tJiAl  rolhag  frir.tion  inoreas**?  indeed  direc^tly 
Vwith  the  presi-iifei,  b«l  for  the  reat^  only  fn Tersely  proporuanal  to  the  square  root  of  the 
pfaditis  of  the  roller.  PurticuJar  theofetie<it  views  upon  rolling  friction  mny  he  fo«r*d  in 
f'C^ttner't  Meehanici,  Yol  i*  §  537^  and  developed  in  Brtjc't  Treatise  upon  Frieiion,  «rt.  6** 


•  Tb©  ftiltowm^  demonstrfltions  ttfe  applicable  >o  wheel  cRrrioeff  in  geneiiit,  ind 
L  ©specially  lo  mi  I  way  citrs  and  locomobves.     They  bring  into  vicav  iirtn  fiftwieen 

J  lolling  »nd  dtBgging  friction,  aa  well  a»  the  resistunce  of  fix>  -  to   rolling 

These  two  kinds  of  friction  may  be  illustrfited  by  the  motion  of  ft  cyti&der,  (Fig,  180|)^ 

mnved  over  any  plane  surface  by 
kii  force  applied^  fitstj  opposite  to  pw,  i^  ^ 

^  il*  centre  of  gravity,  and  at  right 

ttngla  to  its  axis, and  secondly^  op* 

poeite  to  the  same  centre^  but  in 

the   tvne  dirtrtvm   with  its  axis. 

The  former  force  will,  if  both  ihe 

cyModer  and  die  plane  be  perfirlttf 

tmooth^  u  n  yield  in  g;^  and  free  from 

Jbreign  matter,  pro(U»ce  a  prog  res - 

rive  motion  on!y  in  the  cylinder. 

But  in  every  pmctical  case  such 

iin  application  of  force  produces 

likewise  a  rotation^  atid^  in  propor- 

lion  as  the  roughness  of  the  sur- 

fices  prevenis  or  resists  the  slid- 
ing of  one  over  the  other,  in  the 

le^nd  to  the  prof^mvt  motion. 


same  propi>rtion  will  the  rnwfory,  fooner  or  InierT  oor- 

We  m»y   easily  conceive,  however,  that   while  a 

.  tiorfy  ii  moving  forward  with  aceelerated  velocity,  that  i?,  while  its  centre  of  gravity  nd- 

'  "tances  with  Increasiing  rapidity,  the  revolution  on  its  axiB  slinU  be  uniform,  and  the  mo 

!  tSon  of  liny  point  on  the  periphery  may,  at  any  given  moment,  be  either  greater  or  less 

I  iJian  that  of  the  centre  of  gravity.   Should  a  t^y  1  inder,  revol viog  under  f  uch  drcHms^tanees, 

[^«ome  10  apply  its  periphery  suddenly  to  a  part  of  the  plane,  whore,  fmm  the  rooglmess 

I  pr  sarffaee,  it  should  be  compelled  to  coincide  in  its  revolving  velocity  with  the  motinn  of 

.'progretfion,  while  the  two  motions  were  eoming  to  an  eriuality,  a  portion  of  rubbing 

'  tnoit  lake  place,  and  the  extent  of  surface  rybbed  must  be  equal  lo  the  difference  of 

fnniion  between  the  centre  of  gravity  of  the  cy tinder  and  tlie  *tsaumed  |ioint  of  the  peri- 

plrery.     Thus,  if  while  the  centre  traverses  a  twaight  line  of  four  feet,  the  circumference 

revolved  through  Ave,  in  the  torn*  iiir€ctio%  then  the  extent  actually  rubbed  over  wonlil  be 

one  fuot-     If  it  revolved  in  tlio  opposite  direction  to  thai  which  friction  would  of  itself 

produce,  then  we  may  conceive  that  each  point  of  the  plnne  passes  over  some  one  point 

of  the  cylinder,  and,  therefore,  that  there  is  from  this  cniise  a  friction  through  four  fe«t 

of  apnoe  due  to  the  pTogressive  motion-  and  agaltu  diat  eaih  point  of  the  cylinder  rnbs 

^Vfmnst  aome  point  of  die  plane,  and  profluccs  a  frifition  through  five  feet  due  to  the  rotn- 

*  tlon,  and  eonwquently,  that  the  united  effects  of  ihew-*  oppoi»ite  motions  wnuld  be  lo 

chnnge  the  existing  rotary  motion  into  one  in  ihe  opposite  dir^ctirm,  by  a  qimnlity  equal 

to  a  direct  friction  tli rough  mnt  feet ;  that  is,  through  the  »uTn  of  the  two  motions.     To 

'  SUuitratethe  preceding  remarks,  we  may  easitly  Bwppose  awheel  or  cylinder  to  receive  u 

I  iydlden  percussion,  which  shall  cause  a  mpid  prn^essive  motion  commencing  ffOm  a 

'  »tato  of  rest ;  diis  motion  raiiy  generate  a  degree  of  rotary  motion,  which  may  or  may  not 

ht  equal  to  the  progressive  velocity,  according  to  the  nature  of  the  surface  over  which  it 

moves.     If,  after  a  short  time,  the  surface  of  the  rolling  body  ceases  to  touch  the  plane 

'  »urface  and  traverses  free  space,  the  rotary  motion  will  continue  nearly  uniform^  while 

I  the  progressive  motion  mny  be  greatly  retarded,  or  may  entirely  cease.     If  in  this  case 

the  body  corner  again  in  contact  with  the  plane,  the  uniform  mtary  motion  will  gene- 

jatea  /rietion,  which  will  irtorease  the  rectilinear  motionj  by  oommunieating  lo  the  centre 

15 
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coDsequetitly  the  friction : 


If  further  we  put  P  =  Q  -h  F  and  P^  approximate! j  ==  <?  +  ^  QF, 
we  then  obtain : 

F~f^/^+  2  QF+  <?—  2  Q^cos,  *—  2  FQ cos, » 


of  which  the  i^Vtndei  and  the  h^d^  KtJC^  are  <:^ompOB>ed  -  this  aUowance  woulil  Again 
CAute  a  new  pressure  anct  iVktion,  fttid  thua  b  decfejising  geometricftl  steriea  of  weights 
must  be  added  at  the  poim  C^  haTing  far  the  first  term  «>icii  a  pan  of  TFas  ii  expressed 
by  the  relation  of  preasiirB  to  fhction,  in  the  case  of  ihe  givpn  rnatcriflds,  and  for  a  oom* 
rnon  mrio  of  the  prcgression,  the  flraction  eipfes»ing  the  same  relation.  The  pum  of  all 
the  terniSj  continued  to  xfro,  wHl  be  the  actual  amount  of  P  at  the  moment  when  raoiion 
eommencea.  The  ium  of  all  dte  terms  JbUowing  the  ^tt^  will  be  found  by  rrmltiptying 
to^hfr  iht^ti  and  ieowrf  t^rnu  ofthttiritMi  and  dividing  the  prod%i£t  b\f  thdr  difffrmce.  The 
qftoHeni  added  ia  the  firtt  term  gicei  the  turn  of  the  terier  re^fmuf.  The  apphcabiliiy  of  a 
ffirailar  method  of  computation  to  the  friction  on  the  gttdgeona  of  water  wheeb,  moved 
by  the  gravity  of  watefj  i»  too  obTious  to  require  demon stiai ion* 

If  initead  of  applying  a  weight  at  J*  only^  we  should  apply,  as  above  supposed,  two 
equal  forces,  one  in  the  direction  of  CP^  and  the  other  in  that  of  EM^  the  amount  of 
fHction  enufed  by  the  former  would  be  relieved  by  the  latter,  and  consequently,  there 
would  remain  only  the  friction  of  the  cylinder.  The  same  would  be  true  if  the  Ibroes 
were  to  take  either  the  directions  A7iiod  HT^  or  KO  and  DS  respectively.  Supposing 
the  cylinder  to  be  placed  on  an  axis  smaller  in  any  given  proportion  than  its  own  dia^ 
meter,  as  OF,  then  the  whole  effect  of  gravity  would  be  tmnsferred  to  thj»  ails,  and  if 
this  were  to  be  caused  to  revolve  by  a  force  applied  tangential  I  y  to  the  axis  itself,  it  must 
be  of  the  same  magnitude  as  that  which  had  before  been  applied  to  the  cylinder  when 
placed  in  the  groove.  But  if  applied  to  tlie  exterior  of  the  cylinder,  it  must  be  as  much 
lew  than  before  as  the  diameter  of  the  axis  is  less  than  that  of  the  cylinder.  In  other 
wonU,  the  difficulty  of  overcoming  fHction  at  th©  axle,  is  to  that  of  overcoming  the  fiimo 
9X  the  oaier  periphery,  when^  conBned  in  a  bearing^  as  the  diameter  of  the  axle  is  to  iliai 
of  the  cylinder.     If  D  be  the  diameter  of  the  cylinder,  d  of  the  axle,  and  F  the  relation 

rfjf* 
of  weight  to  fnctioni  we  shall  have  tiie  pnoporttoti  D  id^xF  i  -^  ^,  the  force  requited 

to  overcome  tiie  friction  on  the  axle. 

This  subject  may  be  still  funhef  illustrated  by  Fig.  180^,  where  the  horizontal  plane 
HAf  i§  fepreseiiteii  aa  Aimiflted  at  eqtud  distances,  with  small  balls  or  prDminemies  so 
atmche<l  tn  ii^  surface  as  to  present  equal  obstructions  to  the  dragging  of  heavy  bodies 
along  that  surfaDc* 

Fig.  1 863. 


Th*  ftitprior  of  tlie  wheel  ED  is  likt'^vise  represented  aa  furnished  wiib  equal  promJ- 
neriTfJt  a*  equal  disinnce*.  When*  ihtirrftjre,  the  wheid  b  eonvpelle^l  to  make  one  revo- 
lution witliout  advancing,  as  many  iimminence^  would  he  broken  from  its  periphery  aa 
woitld  be  dislodged  from  the  plane  stirlaee  while  it  advajiCKKt,  wiUiout  revolving 
throtigh  a  space  eqnaj  u>  its  circumference.    This  appUes  to  a  locsomotive  ftlipplng  iH 
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=  / ^1  (1 — <?o*.  ^){<:^^qF)^  2fdn.  ^  ^Q"  +  QF,  which  again 
may  be  put  =  2/sin.  ^  (Q+  J  F),  if  we  have  regard  to  the  two 


wheeU  on  the  raili  in  tbe  one  caase^and  sliding  with  wlieeia  elpggedor  engine  reverted  in 
the  othet.  But  wheo  tbe  wheel  i»  allowed  botb  lo  revolve  and  to  advance  tn  »ucb  a 
manner  as  to  apply  m  periphery  to  a  len^^U  of  plane  just  eqtud  to  the  fipttt^a  tra- 
vemcd  by  llie  centre,  die  promineuoe*  will  be  geared  together  Uke  di6  teeth  of  a  rack 
and  pinion.  But  in  t]ie  Imiet  caBe  the  prt^minenoea  tnay  all  remain  unbroken.  But 
when  ihe  wheel  rejiis  widi  ^tu  whole  wei^fht  on  an  axle,  a^  <«£,  the  number  of  protai* 
nencev  whiclt  can  be  disposed  at  die  same  diatanoea  &£  beforv,  on  die  circumferenoe  of 
the  tude,  will  be  dituiniabed,  la  pfoponioi)  o^  the  mdius  Eti  of  tlie  ajtle  ia  unalier  than 
KB,  diat  of  the  wh©oL 

When  a  wheel  or  cylinder  rolls  on  a  surQice  a^  nearly  ytla^m  a*  it  ii  possible  Rir  art  to 
prociuoe,  the  amount  of  frieiion,  being  no  more  tJian  ia  due  to  the  moment  of  i*iertj«^  'v& 
extremely  unall  compared  with  that  of  dra^ing^  but  the  ob^r^atlorLs  already  made, 
and  the  examples  eited,  will  be  sttdicient  lo  show  tiiat  Ihe  actual  advancement  tends,  by 
a  force  equal  to  diat  which  pradnceis  the  notation,  (o  break  down  the  prominence*  of  the 
sur&ce,  Jfbr  if  we  consider  die  cylinder  rolled  forward  by  a  fine  thread  unrolled  fmm  tta 
upper  side^  we  may  consider  at^  die  plane  beneatlt  to  oppose  a  force  tendiug  lodiaw  it 
m  die  opposite  direction,  and  this  fierce  ie  fricuon. 

In  experimenting  with  wheel  CArrtagei^  or  cars  de«cending  by  their  own  gravity  along 
jrtdined  plane*,  to  ascertain  the  mlioof/ridio«lo«wig^A/,  we  have  to  determiiie  sepamt^ely 
the  rolling  friction  of  wheels  and  axles  With  various  weL|{htsand  diameters,  and  then  dxeir 
infliienoe  combined  with  that  of  the  insistent  weight  oj"  ears  and  loads,  which  luiter  can 
alone  produce  sliding  frlcdon  at  die  axle.  The  weight  of  tbe  wheels  resiEited  only  by 
the  slight  amount  of  rolling  friction  at  tJie  periphery,  tendi  lo  aooelerate  the  velodiy  of 
the  car  and  load.  If  we  suppose  the  whe«iji  and  axle  only  to  be  placed  on  a  plane  n  jO, 
Fig.  186^,  so  bttle  incline<l  na  just  to  continue  Uietr  rtilling  motion,  and  aJlerwards  on 
another  nj^o  eo  much  inclined  as  lo  allow  a  car  to  deiiceud  with  all  tbe  friction  at  m 
axles,  we  »hall  readity  oonceive  diat  over  the  laiti?r  plaite  the  wheeb  would,  by  ihfrm- 
set^^eoi  have  deacended  with  a  conatantly  accelerated  inoiiotL,  and  corwequently,  that  ihey 

Fig,  186  .  * 
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first  members  of  the  square  root  only.   Now  if  F — /  F  sin.  -  is  given 
»  2/Q  nn.  ^,  then  the  friction  sought  is 


wouldf  to  the  extent  of  their  accelerating  force,  overcome  a  portion  of  the  resistance  which 
friction  opposes  to  the  motion  of  the  car. 

Thus,  in  every  case  where  we  would  compute  the  effect  of  friction  by  comparing  the 
actual  distance  passed  over  by  a  carriage,  with  the  theoretical  descent  as  caused  by  the 
inolinatioo  of  the  plane,  we  must  consider  the  weight  of  the  car  and  load  as  theoaose  of 
fiietion  oa  the  axla,  and  the  graritating  power  of  the  wheels  (and  that  of  theazles  when 
they  revolve  with  the  wheels),  as  aiding  to  oveicome  the  friction  occasioned  by  the  load. 

To  oompata  the  efibot  of  any  obstacle  of  given  height  which  a  rolling  body  is  compelled 
10  surmonnt,  as  dependent  on  the  diameter  of  the  wheel,  we  may  take  two  wheels  RAD 
and  tad^  Fig.  186^  of  different  heights,  intended  to  surmount  the  equal  obstacles  TA  and  In. 
Let  the  weights  IFand  w  be  the  same  for  both  wheels,  and  the  powers  P  and  p  be  such 
as  MiipodqQPNteqjnIifaiiiiiii  in  the  wheelsAiJBBXiddtef  respectively.  Then  anoe  (S  75 
and  13>)thw6iiiiMai»  in  •qwilibrioM,  where  each  iaiiipiesentedty^ 
camfnkmiai  kmmm  III  Jrirfisws  9f  III  sllsr  Nsd^  the  dinctlon  of  gmviqr  nad  that  of  the 
hoisontol  Una  of  ttnodoB  baingnt  right  anglea  to  enofa  other,  the  sine  of  the  angle  oom- 
piehanded  buwwu  ibair  dke^lona  ia  aqnal  to  roikm^  and  is,  theraibn^  represented  by 
GJorea.  Agrin,  tha  horiMntnl  foroe  ia  lapiesentad  by  the  sine  of  the  angle  BCA  or 
6oi^  vhioh  is  the  line  &f  or  le,  while  the  veitiaal  Area  or  gimviwing  power  of  ITis 
rsfivMlad  in  Ae  two  oeaaa  by  the  warn  of  BJC  and  hm  raspeotively,  which  are  the 
linMJK?nadk:  These  two  ftneamnltiplied  respectively  by  the  distanoe  at  whidi  they 
aci^  inaperpandianlu  diiesiicn  flom  the  point  «tf  or  e,  aboot  which  the  wheel  most  re- 
votviin  ovte  to  luimonnt  tlie  obiiaele,  ongbt  to  give  eqwd  momenta  to  those  of  li^mul- 

tipUadbyAtfandlc    Henee  JLIxTF»JCxP,orP  —^^Ji  ^  and  6e  X  W^= 

fegX^<*Fi  ^      .    Ka  Older,  theiefcra^  to  know  the  afaaofaitevnhiei  of  P  and  p, 

wemiHtdetanninedienoinallengdis  of  &f  andDCofiaandk.  BC ia  easily  fbund 
by  — btwwtingdie  petpendienhir  height  of  the  obstacle  from  the  radhis,  and  &f  is  fbund 
l^  nbtmeiing  tt«  aqoare  of  HC  ftom  that  of  AC^  and  extracting  the  square  root  of  the 
randndex.    ThnsOli^l&wjEr.    BntK?»CJ—BA  therefore IC'^OJ'— 

S  CA  X^B^  Bjy*.  Siil>gdtutmg  tjiU  value  of  BC*  in  the  grjuaUon  C^ —  BC^^BjPj 
we  obfaMQ  2  CA  K  BD--  BIT^B^i  Itenoe  BA=  ^CJ%  BD-^Wf*    Tile  value 

of  F,  &«f*ibte,  must  lA^^'^lSf.  ^  ^f  ^  ^^,  which  is  noweip nwdintMBS  of 
E€,m{€A^BD) 

the  raiiiu!  anil  Tersed  »ne.  Subilitiitiug  R  for  ibe  mdiua  of  the  Larger  wbeai,  HOd  r  for 
thai  pf  the  i^maller,  ns  al^  A  tot  tbe  perpeuJicutar  beigbt  of  thegbatadeinfaodioma^the 

IfTy,         jtn     P jL j^ 

above  expteadoa  of  th«  value  ofP  becomei  .^l^x. ,  and  by  a  ooone  of  rea- 

soqlng  precisely  simiJarj  wo  ob^n  p  ^  — ^  s/    ^_ Hence 

r — h 


OTf  19L8  the  ainea  of  the  anglea  DCA^  dio,  diviiled  by  ihe  cosiiun  of  tlie  eaine  angles.  And 
£ince  the  relation  of  sine  to  cosine  ih  xlm  samea?  thnt  oi  tflngpnt  ro  melius,  we  may  sub- 

stitBta  the  proportion  P:j>—  ^"^- ^^.  ^"^'  *^  We  may  be  assured  that  this  state- 

Ji  r 

xnent  ia  true,  when  we  consider  that  the  centre  of  gravity  of  the  wheel,  where  we  sup- 
pose the  ftraaPor  j^  to  be  applied,  must  describe  the  curve  CNYos  my,  and  that  it  must 
oommenne  ita  motion  in  the  direction  CO' or  cs^  Fi|p  I864,  and  that  the  greatest  efibrt 
wUI  be  leqmied  when  the  centre  is  at  Cand  e  raqpeetively.    But  the  tangent  CO^  which 


die  length  of  the  inclined  phme  which  the  weight  begins  to  sonnoant,  is  of  the 
I  magnitnde  as  the  tanvsnt  i>rof  the  angle  DCA^  aiul  the  soooessive  planes  will 
be  move  nearly  coincident  with  the  horieontal  line.    Having,  on  the  foregoing  prindpies, 

16* 
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2/  Q  sin.  t 
F  — -^,  which  generally  is  =  2/  Q  ««.  *  A  +/«ta.'\ 

and  indeed  very  often  =  2/Q  sin,  ^.     la  order  to  draw  the  cord 


'cletefmm«d  the  effi^ct  ofabstacleB  which  oppose  ihe  rolling  of  ti  whc^!,  we  mny  proceed 
to  obmtidef  the  influervce  of  limt  r^^stance  on  tlie  quantUy  of  frictiun  at  Uie  aile. 

Ai  carriagt;  whcela  are  ordmarily  aotiBifucied^  anil  ad  rc«u^  ami  «A{>uemUy  rajlioaflfi, 

[•ly*  oonimotilytnaJe,  the  reiriijutiicij  ofobatocLea  at  ihw  eiirumfefenL'i?  is  macli  more  eitaily 

avCiroonie  fhan  iliat  of  friction  at  tlie  imve.     TliuSj  itj   Fig*   lS6g,  wliere  li*e  wheel 

Fig,  1&€.. 


mDTE  mrni  on  ita  ailc^  «0,  tlie  tine  or  spoke  tD  be<^tne9  the  pwper  repi^seiitRtiveof  a 
Biitpended  lever,  impelled  at  tlie  upper  end  m  the  direcijon  ofHifor  C^P  by  tko  resjfttnnco 
^t  IVtction  ai  *,  and  at  ilie  lower  by  the  resistance  of  opprPBinpj  obstacle?^  (the  ftmoimt  of 
f  ivhiob  retistance  hn»  jdsi  been  eiHted^)  in  ihe  directum  DM.  It  general  ly  hnppens,  how- 
#ver^  thai,  excepi  on  very  rotigh  roads,  the  resistanoe  from  the  latter  cause  \*  less  than 
lh?it  from  the  former.  Hence,  the  wheel  coinnienoes  ita  forwanl  motion  sooner  ihajr*  the 
aile  bei^ns  to  slide  iti  tlie  box  ;  Po  that  i\A  sliding  tnotlon  is  not  (except  in  cases  of  great 
fesistance  at  the  periphery )|  in  the  direction  of  the  tangent  Jf,  but  in  timi  of  SOine  other 
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2/m.  ^ 
over  the  edge,  a  force P  ■■  Q  +  F  »  (  1  H | Qis  necessary; 

and  inverselyi  to  prevent  the  descent  of  the  weight  Q  by  the  cord,  a 


line,  ns  IT.  The  axle,  then,  ought  to  be  found  bearing  not  on  tlie  bottom,  but  on  a  part 
bofk  of  the  lowed  Urn  of  thtt  cyhndar.  Having  been  led  to  this  conclusion  from  the  theorj 
now  developed,  the  writer  was  induced  to  inquire  of  several  wheelwrights,  coach- 
makers,  carriage-smiths,  and  keepers  of  liveiy  stables,  whether  they  had  ever  noticed  the 
fact,  or  whether  they  supposed  it  to  be  true,  that  the  axle  did  rest  in  its  box  elsewhere 
than  on  its  lowest  part;  all,  after  a  moment's  reflection,  answered,  that  as  a  force  was 
applied  to  draw  it  forward,  it  must  press  and  be  most  worn  against  its  fh>nt  and  lower 
side ;  but  upon  examining  the  old  axles  in  their  possession,  they  have  uniformly  found 
the  above  views  to  be  confirmed  by  evidence  which  they  could  not  doubu  In  moving  a 
caniiVei,  then,  the  animal  exerts  his  suength  lo  bring  the  axle  into  such  a  position  that  it 
will  dgfcgud  by  the  gimviiycrf'  the  kMui  along  an  inclined  plane  as  if  to  follow  some  direc- 
tiai,  w  iT.  if  the  axle  be  smaller  than  the  box,  so  as  to  leave  oonsiilerable  space  be- 
tween them,  tiie  centre  may  retreat  from  the  vertical  C,Z>,  aaoendiug  at  the  same  time 
from  C|  to  Cv  whara  it  ezeroifles  a  gimvitadng  force  due  to  the  weight,  and  in  the  direc- 
^^lo"^  Q  J^n  aeiing  of  oouise  on  the  arm  of  the  lever  ecjual  in  length  to D,  and  Z>,  ami 
which  would,  if  the  Ibice  P  were  relaxed,  cause  tlie  wheel  to  retreat  and  again  depress 
the  point «  towards  s^desoribinif  the  portion  MX  of  a  oyotoMal  carve.  Tbiieflectii  often 
obHmd  to  take  plaee.  This  podiion  of  the  axle  likewise  aoooaiitaibr  the  raCrflgririinita- 
fiois  of  a  wheel  which  is  sometimes  observed  to  taka  plaoB  thnq^  a  poctkm  of  a  revo- 
luiioii,  when  a  heavily  loaded  ear  first  passes  from  rough  ground  to  smooth  ksci  The 
gmvivtiDg  fibioe,  when  the  centre  takes  die  positioa  C^  may  be  resolved  inio  C^  I,  pei^ 
pendieular  to  the  side  of  the  box,  and  the  inclined  tanpent  Ig;  then  the  Ibree  ^Khich 
precaea  the  surftoe  causes  the  friction  and  oiiposea  hMtian,  is  lesa-thaii  when  it  Uqp  on 
the  horiaontal  plane  sC,  and  the  friction  is  diminisbod  in  pn^ponkm  as  C«/ ia  Uaaifaan 
C^g.  Again,  as  the  fiiroe  P  now  acts  in  the  direction  Cm  P»H  tteds  to  ratieve  qnjift  the 
r^uining  portion  C,  l  in  the  ntio  of  that  line  lo  Cm£  When  the  ftrae  necessary  to 
surmount  the  obstacle  becomes  infinite,  the  centre  or  the  axle  will  take . the  pontkm  C,, 
'but  this  can  happen  only  when  the  hc^t  of  the  obaiaole  is  eqnl  to  the  ndins  of  the 
wheel.    The  tangent  of  the  angle  Ibrmed  at  thecentre  will  than  be  infinilB  alM^  and  the 

exprawon  belbre  given,  vis.   P  ^ ^^ ^  will  he  as  appliodde  to  fhis  mnme 

ease  aa  to  any  other  where  the  height  of  obstaole  ia  Icml 

The  oonehukms  drawn  from  the  Ibregoing  remarks,  are,  that  the  friction  of  a  roller, 
moving  over  a  boriaonlal  surfiuse,  depends  on  the  re^fition  between  the  velocity  of  the 
periphaiy  and  that  of  the  centre  of  gmvity ;  also^  that  this  rolatjott  between  the  tangen- 
tial vekcityand  that  of  transportation,  will  depend  on  tktmmmtU  o/imrtiaoftki  tyiimder. 

Again,  die  advantage  of  a  wheel  over  a  sledge,  where  the  same  materials  are  em- 
pkifBd  to  slide  over  each  other  as  tliose  wliioh  compose  the  box  and  axle,  is  attktradiui 
of  Urn  wkttl  t^tkatoftkt  oaafa. 

If  firieiion  wheels  be  empkiyed,  the  ratio  just  stated  must  be  multiplied  by  the  relation 
between  their  diameter  and  that  of  their  axles. 

.  The  amount  of  friction  at  the  axle  to  be  overcome  by  the  moving  force  will  be  pro- 
portional to  the  weight  of  the  load,  but  will  depend  also  on  the  obstacles  whuh  oppose 
the  progressive  rotation,  and  will  attain  its  ntaximmm  when  the  height  of  the  obstacle  is 
equal  to  the  radius  of  the  wheel,  at  whu^  moment  the  advantage  of  the  wheel  to  sur- 
mount the  obstacle  is  a  ati'iitiiwiiii  or  siero. 

The  advantage  of  a  wheel  to  overcome  any  obstacle  of  a  given  height  when  the  plane 
over  which  the  wheel  moves,  and  the  line  of  draught,  are  both  horizontal,  will  be  at  tht 
tamgttU  of  the  angle  ftrtned  by  a  vertical  drawn  from  the  centre  of  the  wheel  downwardsj  and 
amther  6nt  drawn  from  the  tame  point  to  the  tap  of  the  obUade,  divided  by  the  radiut  of  the 

For  a  more  full  exposition  of  the  views  of  the  writer  of  this  note  on  the  friction  of 
carriage  wheels,  see  Journal  of  the  Franklin  Inttitute,  vol  v.  p.  57. — Ax.  En. 
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force Pj—Q^ll  -h  


is  requisite}  therefore  approximate!; 


P  —  fl  +  2/m,^  il  +/rin.  tV}  Q,or  more  simplj,Tre  may  put 


A- 


J  +  2/*w.  -  |(l  +  /  «•«.  I) 
_-(l-2/««.|)Q. 


,  or  more  simply 


If  the  cord  passes  over  several  edges,  the  forces  P  and  P,  at  the 

other  extremity  of  the  cord  may  be  in 
'■'*H*  '^^*  like  mannt^r  calculated  by  the  repeated 

appncation  of  these  formula.  Let  us 
take  the  simple  case  of  a  cord  JlBC\ 
Fig.  188,  passing  over  a  body  of  n 
edges,  and  at  each  edge  making  the 
same  small  angle  «.  The  tension  of 
tbe  first  portion  of  the  cord  will  be  Q^^ 

(l  +  2/ sin.  I  )  Q,  that  of  the  ex- 
tremity  be  =  Q,  that  of  the  second 


the 


U     =  A  +  2fsin.-V  Q;  that    of 

third  Q,  -(l  +  2/m.|\  Q,   -  h  +  2/sin.  ^^  Q;  therefore, 

the  force  at  the  remaining  extremity  P  ^  (l  -h  2/ sin.  ^V  Qj  in  so 
far  as  motion  takes  place  in  the  direction  of  the  force  P.  If  we  change 
P  into  Q,  and  Q  into  P,  we  obtain  P,  —  — ^ ,  provid- 

ed  only  a  motion  in  the  direction  of  Q  is  to  be  prevented. 
The  frictiem  F=  P—Q  is  in  the  6rst  case  »  FA  +  2/  «fi.  *)"— H 

Q,and  in  the  second  -  Q_  i>,  «  FA  +  2/««.  5)"— l"!  ^«    - 
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Pig.  189. 


The  same  formula  are  applicable  to 
a  body  winding  round  a  cylinder,  and 
consisting  of  members^  as,  for  instance, 
a  chain  J^JE,  Fig,  l8^^  where  n  is  the 
number  of  links  in  contact,  the  length 
j3B  of  a  link  =  /,  and  the  distance  C^i 
of  the  axis  w?  of  a  link  from  the  centre 
of  the  arc  covered  »  r,  we  then  have 
,      ^        t 

Exftmpie^  Wbal  is  the  amount  of  fricLion  at  the 
circui»ltirenc«  of  a  wheel  4  feet  in  diameter,  if 
twenty  Uiiki^  Cif  a  chaui^  five  inches  ]oii|;  and  one 
ittch  Uiicki  paa«  over  it,  one  entl  of  wljidi  is  fij£ed,and  the  other  ttrctcbetl  by  a  force  of 


:  —tM  QA  now  put  fojf  /  Uie 


SO  lb*. !    Here  F,  =  50  lb«,fi  =  20s  *'«■  -  =  .      — 

2        4H+1 

m^an  value  0^35^  we  then  obtain  ihe  friction  with  wbidi  tbectbain  aet*  ai;abflt  the  wbe«l 
ID  iu  reiroluLioa: 


ir=[(l  +  8. 035. ^)*-l]. «,_[(!  + 

^  r  (^)^  —  1  1  -  so  =  2,974,50  =  149  Ibe. 

§  176.  A  stretched  cord  J^B,  Fig.  190,  lies 

about  a  fixed  and  cylindrically  rounded  body 

^Cfij  the  friction  may  be  likewise  found  from 

the  mle  of  the  former   paragraph.     Here  the 

angle  of  deviation  EDB  =  <^^  =  the  mghJiCB 

at  the  centre  subtended  by  the  arc  of  the  cord 

jjfl;  if  we  divide  this  into  equal   parts,  and 

consider  the  arc  •^B  as  consisting  of  n  straight 

lines,  we  have  then  n  corners,  each  with  a  de- 

a? 
\iation  of  ^,  and  consequently  the  equation  be- 
n 

tween  the  power  and  weight,  as  in  the  former  §: 
From  the  small  ness  of  —  we  may  put  the  sin* 


35  \a& 

490/ 


-]■ 


50 


Fig.  IdO. 


—  ^,  whence 


=:  A  +<^\  Q.  If  further  we  make  use  of  the  binomial  series,  we 

tain : 


^^_^n(n-infaY 


nin-l){n-2){f.)' 

1.2        »«     "^         1.2.3  n^ 

but  as  n  is  very  great,  therefore  n — 1  ™  n — 2  =  n — i 
it  may  be  put 


Q, 


=  (i+/ 


»+ 


1 


1 


-,(/»)*+ p 


But  DOW  1   +  X  + 


1.2^  1.2.3 


(/a)^+...)Q. 

4- . . . .  =  c*,  where  e  denotes 


rre 
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tbe  bise  2^718^  p  ,  .  of  tlie  hyperboltc  sjitem  of  logarithmst  there* 
im,  it  majT  also  be  put: 

1  P 

^  ^^  (Lag^  P-Log,  Q),  .  - 

If  the  are  of  the  cmd  h  not  given  in  parts  of  k,  but  in  degrees, 

,tt  hare  Ih^n  to  substitute  a  =  —-^  .  «;  if  lastly,  it  be  expressed 

hf  fbe  niiiDber  of  coils  ti,  we  have  then  to  put  a  =  2  h  u. 

The  formula  P  ^  ef*  ,  Q  expresses  that  the  friction  of  the  cord 
F  «  P  —  Q  upon  a  fixed  cylinder  is  not  dependent  on  the  diameter 
of  the  same,  bnt  on  the  number  of  colls  of  the  cord,  and  moreover 
shows  that  it  may  Ycry  easily  be  increased,  almost  to  infinity.  If  we 
put  /*=a  J,  we  have: 

For  i  of  a  winding  P  «  1,69  Q 
*'   I  "  P  =  2,85  Q 

«   1  **  p  ^  8,12  Q 

**  2  *<  P  =  65,94  Q 

"4  **  P  ^  4348,56  Q,  &c. 


Fig,  ISI. 


Examplt.  To  let  down  a  shall  A  load  P  of  1200 
lbs.  from  u  cenain  height,  the  rope  to  whio^  Ibis 
wc;igtu  is  atracbed  it  wrapped  1|  timn  about  a  round 
firmly  clnirjped  holder  JSB^  Fig,  191,  and  the  othe^ 
eiuemity  of  die  rope  b  hdld  by  the  hand.  With 
what  ibrce  must  this  e^ineinity  be  suetcbed,  ihat  iho 
load  maf  slowly  and  uniform] j  descend  1  If  we 
put  /^  0,3  we  obtain  thia  power  Q  ^  Pr— ^ 
II    „  33 


^,3. 


=  1200.« 


fore,  hyp.  Lag.  Q  s 

—  2,591  S 
lbs. 


8 


^2w 


ilSOO.f^io    ,  there- 


33 
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§  177,  Rigidity  of  Chains,^-li  ropes, 
or  other  similar  bodies,  &.C.,  are  placed 
over  a  pulley,  or  on  the  circumference  of 
other  cylinders  revolving  about  an  axis,  the  cord  or  chain  friction 
considertfd  in  the  foregoing  paragraph  ceases,  because  the  circum- 
ference of  the  wheel  has  the  same  velocity  as  the  rope;  but  now  the 
force  of  bending  by  the  winding  of  the  rope  about  the  pulley,  and  also 
that  of  unbending  by  the  unwinding,  becomes  perceptible.  If  it  is  a 
chain  which  winds  round  a  drum,  there  arises  the  resistance  of  the 
winding  and  unwinding  manifested  in  a  friction  of  the  chain  pins,  while 
these  last  are  revolving  through  a  certain  angle.  If  ./J-B,  Fig.  192,  is 
one  link,  and  BG  the  one  lying  next,  if,  further,  C  is  the  axis  of  revo- 
lution of  the  wheel  on  which  the  chain  stretched  by  the  weight  Q  winds 
itself,  if,  lastly,  CM  and  CJVare  let  fall  perpendiculariy  to  the  longer 
axes  of  the  links  JiB  and  BGjMCJf^  aP  is  the  angle  through  which 
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Ihe^eel  revokes  whilst  afresh  link  is  Fig.  193. 

I  kid  on,  FBG^  lS(f—JBE  is  the  angle 

hy  which  the  Jink  BG  with  its  bolt  BD 
I  revolves  about  the  link  JIB.    If  now  BD 

^BE^r^  is  the  radius  of  the  bolt,  the 

point  of  friction  or  pressure  D  describes 

an  arc  DE^r^m^  and  the  mechanical  effect 

of  friction  /^  Q  hereby  produced  at  the 

point  B  is  jj  Q  •  T^tL^     The  force  Pj  ex* 

pended  in  overcoming  this  friction,  acting 
I  in  the  direction  of  the  longer  axis  BG, 

describes  the  simultaneous  space  *—  €Jf 

times  the  arc  of  the  angle  MCJf^  CJST ,  a, 

and  the  mechanical  effect  =  P^  .  CJiT .  a ; 

by  equating  both  labors  we  havePj  ,  CJf 
.  ft«=^j  ,  Qr^i^j  and  the  required  force  >  if 

a  represent  the  radius  of  the  drum  C*/V  increased  by  half  the  thickness 

of  the  chain:  P.=/.Q  ,  ^. 

a 

Without  regard  to  friction,  the  force  for  a  revolution  of  the  wheel 

would  be  P  =  Q,  having  regard  to  the  friction  in  the  winding  up  of 

the  chain  P^Q+P,^  (l  +  /^  Il\  Q,    If  the  chain  unwinds  itself 

from  the  drym,  an  equal  resistance  takes  place;  if,  therefore,  a  wind- 
ing on  one  side,  and  an  unwinding  on  the  other  lake  place,  the  force 

P  ^  /l  +/^  ^  y  Q,  or  approximately : 


( 


1  + 


Lastly,  if  the  pressure  on  the  axle  ^  fl,  and  its  radius  =  r,  it 
follows  that  the  force,  taking  into  account  all  resistances,  is: 


^=(i+2/.^)Q+/7«- 


Exmt^.  Wliat  is  the  magnicmJo  of  a  Ibrc^  P  bx  the  es- 
tiemity  of  a  ctiain  pasHTig  ov#r  a  pnDey  JOB,  Wig.  193,  if  the 
weight  Q  drnwin^  verticallf  <!own wards  ^  lit)  Ibe^  Uie 
wdgbi  of  Uie  pulley  with  ihe  cliaiti  60  Ibi*,  the  fsuliiw  of  the 
pulley  treasured  to  the  middle  of  the  chain  ==  7  in.,  dint  of 
the  axle  C  |.  jcich,  and  thai  tJie  chain  bolts  =  |  in.)  The 
OD-elBdenis  of  friction  /  ^  0,075  and  /,  ^^  0^15^  therefore 
from  the  last  fonnula  we  obtain  the  force ; 


Fig.  103. 


F-(l+9.0,IS._i_). 


i  10+0,075, 


_l_CncH.5o+P), 


Ofj  if  we  aastime  P  on  the  right  hand  nearly  =  110  lbs. 
P^  1,016  .  110  -t-  0,0067  .  270  =  111,76  +  1,81  +  113,6 
lbs. 

§  178.  Rigi^y  of  Cords. — In  bending  a  cord  over  a  pulley  or 
-wheel,  rigidity  comes  in  as  a  resistance  opposed  to  motion.  The 
same  takes  place,  but  in  a  far  less  degree,  in  the  unrolling  fmm 
cyliodera.     Amonlona  and  Coulomb  set  about  measuring  the  amount 
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Fif.  194. 


of  this  resistance  by  experiment.  The  results  obtained  by  them  are 
by  no  means  satisfactory;  partly  because  they  are  not  in  sufficient 
accordance  with  each  other,  and  partJy  because  they  have  not  that 
extension  so  desirable  for  practical  application.  The  experiments  of 
Coulomb  J  which  are  those  only  of  which  we  shall  speak,  were  mostly 
made  with  hempen  cords^  of  J:  to  }  inch  thick,  and  with  pulleys  of 
from  1  to  4  inches  diameter.  Other  experiments  must  be  made  be- 
fore we  can  know  what  is  the  resistance  of  rigidity  of  a  hempen  rope 
of  from  2  to  3  inches  thick,  when  wrapped  round  a  drum  of  from  1  to 
6  feet  in  height ;  and  also  what  is  the  amount  of  this  resistance  in  the 
case  of  the  wire-ropes,  now  come  generally  into  use/ 

Coulomb  made  his  experiments  in  two 
ways;  at  one  time  with  the  apparatus  of 
Amontons,  Fig.  194,  where  ^B  is  a  roller, 
with  two  cords  winding  round  it,  the  tension 
is  effected  by  a  weight  Q,  and  the  rolling 
down  of  the  cylinder  by  a  second  one  P, 
which  pulls,  by  means  of  a  thin  string  at 
this  roller ;  at  another  time,  with  a  cylinder, 
which  was  allowed  to  roll  upon  a  horizontal 
line,  and  round  which  a  cord  was  wound, 
and  from  the  difference  of  the  w^eights  sus» 
pended  at  both  extremities,  which  effected  a 
slow  rolling  forward*  and  after  abstraction  of 
the  rolling  friction,  the  resistance  of  the  rigidity 
was  deduced, 

J  ^  from  the  experiments  of  Coulomb,  that  the  rigidity  in- 

creases equally  with  the  tension  of  the  winding  cord;  that  it  consists, 
moreover,  of  a  constant  part  JC,  which  is  no  more  than  might  be  ex* 
pected^  because  a  certain  force  is  necessary  to  bend  an  unstretched 
cord.  It  also  appears  that  this  resistance  increases  inversely  as  the 
diameter  of  the  pulley^  that  it  is,  therefore,  with  twice  the  diameter 
of  the  pulley,  only  half  as  great;  with  three  times  the  diameter,  one- 
third,  &c.  The  relation  between  the  thickness  and  the  rigidity  of 
the  cond  is  only  approximately  given  from  these  experiments,  since 
the  rigidity  depends  upon  the  quality  of  the  materials,  the  twisting  of 
the  strings,  &c.  For  new  ropes,  the  rigidity  was  found  proportional 
to  the  power  rf*•^  for  old  (f  ^  d  being  the  diameter  of  the  rope.  It  is, 
therefore,  only  an  approximation,  when  some  assume  that  this  resist- 
ance increases  proportionally  with  the  thickness,  otbei^  with  the 
square  of  the  thickness  of  the  rope, 

§  179»  The  rigidity  of  cords  may  be  therefore  expressed  by  the 
fonnul^: 

jS—  —  {K+v  Q),  where  d  is  the  thickness  of  the  cord, 

a 

it  the  radius  of  the  pulley  measured  to  the  axis  of  the  cord,  n,  if  and  r, 


*  See  Appendix. 
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numbers  from  experinient.     Prtmy  deduced  from  Coulombs  experi* 
meats  that  for  new  cords 

S~~  {2.45  +  0,053  Q),  and  for  aid 
a 

iS^™  —  (2,45  +  0j053  Q),  a  and  d  being  expresied  in 

lines,  Q  and  8  in  pounds.   These  expressions  refer  to  the  Paris  mea- 
sure; expressed  in  Prussian  incbes  and  pounds,  tbey  become, 

S=  —  (14,23  +  0,205  Q)  and  S,^t^  (8,83  +  0,141  Q), 

Aft  these  complicated  formula*  do  not  aiwap  give  the  results  in 
accordance  with  experiment,  we  may,  until  other  expeHmenfs  super- 
sede them^  put  with  EyUlwein 

iS=i».  — Q= -— -^,  provided  that  a  be  expressed  in 
a  3500  a 

Prussian  feet,  and  d  in  Prussian  lines,  Q  and  8  in  the  same  weight, 

which,  however,    may  be   arbitrary.      For  the   metrical  staocfard 


5-  18,6 


d»  Q 


This  formula,   as  might  be  expected,  will  give 


sati5faetoT7  approximative  results  onlj  for  greal  tensions,  as  tbey 
generally  occur  in  practice* 

The  ngtdity  of  tarred  ropes  is  found  to  be  about  |th  greater  than 
that  of  untarred ;  for  wetted  ropes,  however,  there  is  no  determuiflte 
relation  of  this  land. 

Exmrn^k.  With  &  leaaion  of  350  Ibk,  aad  m  n<)tiu  of  iii«  p&l\^  oi  9|  iathMi^  ^ 
fifidilj  of  m  wiffw  zope  of  9  Itnet  ^0,71  (£Eig1i»b)  mebe%  Aeeofdiny  m  J^vnt,  y  t 
#«  { .  ^  nr  .  U^a  -I-  0,295  .  350)  «  0,613  .  47,0  »  3SJ  Ibt.;  (amrfUog  k>  E^ 

Min)  «^  —  ^^_' ^  »  39^9  nn.    Wete  die  teoMm  <J  otiTf  150  lb«,  w«  ik»jil 


3500  /i 


1 14>I  Um.;  iloin  E^fidmmk : 


it . 34.3 

350 


R7 


Hh^  1li0rdbf«,  here  >  betCm  acinqtt»fic».     W«  m«  fjFOm  them^  example^  krw  tiitk  veli- 
■Be«  1110  b«  pkcfid  on  tb«  fmavls. 

HiWMfi.  A  £mb«f  examton  of  ibit  mfajett,  tm  in  ieip<«t  to  the  rjfjditr  ^  «il« 

lopei^  v^  be  fit ea  under  tiie  Biticie,  wincUftot  mad  ii^pann 

§  180,  Let  us  now  apply  the  formula  given  for  the  rigidity  of  cordis 
4i»  the  Ikeoiy  of  pulleys.  TInc  radios  CS  of  a  fixed  pulley  ^  a,  Fig.  19&^ 
the  radins  of  the  axle  ~  r,  the  thickness  of  rope  ~ 

«  ^  the  weight  Q  at  one  extremity  of  the  coFit 
(wline  weight  ^  O,)  and  the  power  which  miist  be 
applied  to  th^  other  extremity  to  draw  it  slowly 
op  ss  P,  Without  friction  on  the  axle,  and  with- 
oal  rigidity,  P  would  be  »  Q,  but  because  the 
axk  exerts  a  pressure  P  +  Q  +  ^  against  i^' 
beuin^  diere  ariaea  a  friction  /(/*+<?*  ^^ 
wkich,  mc€  it  acH  at  the  radios  r,  tnake^  <tn 


r^.  laa. 


r    ,* 


ease  of  pcrwcf  ZZ  (p  +  Q  +  G) 

s  ^  r%idity  of  the  rope  nuiat  bt  added  Id  lbs,  whkb 
16 
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itself  in  this,  that  the  cord  does  not  at  once  take  the  curvature  of  the 
circumference  of  the  pnlleyt  but  lays  itself  upon  the  pulley  with  an 
increasing  curvature,  and  in  this  manner  causes  an  extension  of  the 
arm  of  Q;  the  arm,  therefore,  of  the  weight  Q  is  not  CA  but  CD, 
and  the  force  at  the  arm  CB 


.CJ=a,P^ 


CD 
CA 


The  complete  equation  between  the  power  and  the  weight  is  now 

i'-Q+^(fi:+.Q)  +  -^(P+Q+G). 

In  the  wheel  and  axle  the  power  P  acts  at  a  different  arm  a  to  that 
of  the  weight,  whose  arm  ™  i,  therefore, 

Pa  =  Q6  +  rf"  (Jf  +  .  Q)  +/r  (P+  Q+  G),  and 

an  a 

Hence  the  force 

fl— /r 

Example. — A  weight  Q  ^  QOD  lb«.  19  to  be  mised  with  Ihe  wheol  and  ftxie  bf  n 
power  P  ^  5()  Ib^.^  luppoge  the  wheel  to  be  1|  fertt  and  tbe  pivot  i  mth  mdius,  nnd 
ihe  mpe  appJied  |  an  inch  thick,  and  the  weight  of  the  wbde  mstcbuie  70  Ibs^  what 
Fsdiu9  must  we  i!^ive  to  the  03 le?     It  itiiist  be: 

*  =  [Pa-H^  ( Jr+  .  «)-/»■  {?+«!+  G)1  *  Q. 
thereforpt  ir*  numbert  if  we  put/ ^  0,075, 

b  ^  [50  . 1  B^i)  "'.  (14;S3+  0,295 .  200)^0,075 .  § .  320]  -5-  200 
^  [900— 0,3U« .  73/23—12]  -i-  200=^863,4  ^  200  =  4,3-27  meheaL 
Without  additional  resistancei  h  would  bo 

»  Pa-t-  Q  ~  76  -|.  300  »  0,376  feet  «  41  inchea. 
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§  181.  Elastidty. — The  parts  of  a  rigid  body  adhere  to  each  other 
with  a  certain  force,  \f  hich  is  called  cohesion,  and  which  must  be 
overcome  when  bodies  are  chang-ed  in  their  figure  and  extension^  or 
broken.  The  first  effect  which  forces  produce  in  a  body^  is  a  change 
in  the  position  of  their  parts  relatively  to  each  other,  and  a  resulting 
change  of  form  or  volurae  of  the  body.  If  the  forces  acting  upon  a 
body  exceed  certain  limits,  a  separation  of  the  parts,  and  a  breaking 
of  the  whole  body  ultimately  take  place.  The  capability  of  bodies, 
which  suffer  a  change  of  form  by  the  action  of  forces,  to  resume  per- 
fectly their  former  state  after  the  withdrawal  of  the  forces,  is  called 
thiiidty.  The  elasticity  of  every  body  has  a  certain  limit.  If  the 
chaDge  of  form  or  volume  exceeds  a  certain  amount,  the  body  retains 
an  alteration  of  its  volurae,  even  when  the  forces  which  have  effected 
it  cease  to  act.    The  limit  of  elasticity  is  different  for  different  bodies. 
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Bodies  which  suffer  a  considerable  change  of  form  before  this  limit  is 
attained,  are  called  perfectly  elastic.  Thosej  on  the  other  hand,  in 
which  there  is  scarcely  any  appreciable  change  of  form  preceding 
the  limit,  are  called  indasHCf  although  in  reality  there  exist  no  bodies 
of  this  kind. 

It  is  an  important  rule  in  building  and  in  machinery  never  to  load 
the  materials  to  such  an  extent,  that  any  alteration  of  their  form  should 
attain,  much  less  exceed,  the  limits  of  elasticity. 

§  182,  Elasticity  and  Strength, — Different  bodies  presetit  different 

Ebenomena  when  their  form  is  changed  beyond  the  limits  of  elasticity, 
r  a  body  be  brittle,  it  flies  into  pieces.  If  it  be  ductile,  as  many  of  the 
Enetals,  it  will  admit  of  alterations  of  form  beyond  the  limits  of  elas- 
ticity, without  suffering  a  separation  of  its  parts.  Many  bodies  are 
hard,  others  soft ;  the  one  opposes  a  great  resistance  to  a  separation 
of  their  parts,  whilst  the  others  easily  allow  of  this  to  be  brought 
about.' 

In  the  restricted  sense  of  the  word,  we  understand  by  elasticity^  the 
resistances  which  a  body  opposes  to  a  change  of  form  ;  on  the  other 
hand,  by  strength^  the  resistance  which  a  body  opposes  to  a  separa- 
tion of  its  parts.  We  will  accordingly,  in  what  follows,  consider  each 
of  these  separately. 

According  to  the  way  in  which  external  forces  act  upon  a  body, 
and  change  their  form  and  dimensions,  we  distinguish  the  elasticity 
and  strength  of  bodies,  into :  *     -  /r   'w-y 

1 ,  The  absolute  resistance,    Jl  i-^  ^*'  ^'J;  ^^      ^^_^ 

2.  The  relative  resistance^      >---'     '  ^^*^^^  .  >  ,^ 

3.  The  resistance  to  compression^  and   '^"^  *u-i  ^  ^ 

4,  The  resistance  to  torsion. 
If  two  external  forces  act  by  tension  in  the  direction  of  the  axis  of 

a  body,  it  resists  by  its  absolute  elasticity  and  strength  any  extension 
or  rupture.  If,  on  the  other  hand,  these  forces  act  at  right  angles  to 
the  axis  of  a  body,  the  body  will  resist  by  its  relative  elasticity  and 
strength  any  bending  or  fracture.  If,  further,  two  forces  act  in  the 
direction  of  the  axis  of  a  body  by  compression,  so  that  the  body  be* 
comes  either  compressed  or  crushed,  then  there  is  the  elastidty  and 
strength  of  compression  to  be  overcome.  If,  lastly,  forces  strive  to 
turn  a  body  in  opposite  directions  about  an  axis,  or  which  do  not  act 
in  the  same  plane  normal  to  the  axis,  then  there  is  the  elastidty  and 
strength  of  torsion  to  be  overcome* 

§  183.  Modulus  of  Elasticity, — The  change  of  volume  within  the 
limits  of  elasticity,  f.  e.  the  extension  or  compression  of  a  body,  is 
pretty  nearly  proportional  to  the  force  exerted,  but  if  this  change  ex- 
ceeds that  limit,  this  proportionality  ceases,  and  the  change  goes  on 
rapidly  to  that  of  rupture  or  crushing.  As  a  measure  of  the  elasticity, 
the  modulus  of  elasticity  £,  is  that  which  expresses  the  force  which 
is  necessary  to  elongate  a  prismatic  body  of  a  transverse  section,  unity 
»  t,  e,  a  square  foot,  to  double,  OF-40-<?o«ipre88  it  to  oii«^«if~of  its  -, 
original  length,    A  different  modulus  corresponds  to  different  mate* 
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rials:  for  each  substance  it  must  be  determined  by  experiment.     For 
the  rest,  we  must  bear  in  mind  that  the  modulus  of  elasticity  only 
holds  good  for  extensious  and  compressions  within  the  limit  of  elash 
tidty,  and  its  measure  is  one,  not  of  ob*?enration,  but  of  by- 
Fig,  196.    pothesb  and  calculation,  because  it  is  not  easy  to  find  a  hoiy 
which,  without  exceeding  the  limit  of  elasticity^  allows  so 
great  a  change  of  form  as  the  modulus  of  elasticity  supposes.  * 
A  body  ^Cj  Fig.  196,  which  has  the  initial  length  ^D  = 
BC  =  l^  and  the  transverse  section  1,  requires  for  its  exten- 
sion i>G=/,  the  force  E^  if,  however,  its  transverse  section  is 
F^  that  is,  if  it  consists  of  F  contiguous  prisms,  this  force 
is  then  F  •  £.    If,  on  the  other  band,  this  body  is  to  be  ex- 
tended a  length  i)JV*  =  CM  =  x,  then  for  the  force  P 
P  I  F,E^%:  I,  it  therefore  follows 

P 


^ 


1.  That  P^jF.E,  and  inversely,  2.  x  =. 


L 


Fig,  197. 


The  same  formulae  are  also  applicable  to  a  body  ^C,Fig,  197,  of  the 
length  ^D  ^  ^,  and  the  transverse  section  v?B  =»  F^ 
if  it  become  shortened  a  length  x  by  the  compressioa 
of  a  force  P. 

By  the  aid  of  these  formulee  we  may  calculate  from 
the  change  of  volume  (x)  the  corresponding  force  P, 
or  from  the  force  P  the  quantity  of  the  extension  or 
''MHd,  compression. 

E^ampk,  If  the  modulofl  of  eUstkitjr  c»r  braw  wine  ainounu  to 

14625000  lb«,,  what  iotce  is  necesawy  m  ttretoh  •^^  jiich  a  wire  5 
feet  in  length  aod  j  inch  in  thickneisfll  i^  5, 12  ^^60  inches,  X 


•(4)'' 


_  inch  ooniequcwtly  —  i 

32  ^ 


TiO 


I  Ibrther  Fes 


(rd* 


f  0,02 IS  iqtiare  inches  *he  required  ibrce  Bcooidingly  U  P  i 


s  0,7B34 

o,oai8. 


14625000  ^  442  lbs, 2.     The  modulus  of  elasticity  of  iron  wire  k  2(^3250000  lb*. ; 

ir«a  iWE  chain,  60  feet  long  fttid  0,2  inches  thick,  be  Btretcbai  by  a  foroe  of  150  Ib^,,  the 

same  wiU  be  incwMedby  a  length  X  s 

:  0,106  lines. 


150. 


60  .  12 


lOSOOO 


0,7854  ,  (0,2)*      263250000         31416  .263,25 
&0,013ioche«i 

§  184,  M&dutus  of  Working  Load  and  StreTigth. — The  force  T, 
which  a  body  of  the  transverse  section  unity  accumulates  when  its 
extension  attains  the  limit  of  elasticity,  is  easily  determined  fipom  the 
mcxlulus  of  elasticity  E  and  the  elongation  %  corresponding  to  this 
limits  for  T:  £  =  v  :  1,  therefore,  T  =  x  £.  This  ig  the  strain 
beyond  which  materials  used  in  construction  and  machinery  must  not 
be  loaded  if  they  are  to  maintain  sufficient  safety  together  with  dura- 
bility.  If  the  transverse  section  of  a  body>  which  has  to  sustain  a 
tensile  strain  P  be  =  F*  we  have  then 

l,P^  FZmd2.F^y.  ~ 

The  force  T  by  which  we  judge  of  the  working  load  of  bodies,  may 
be  introduced  into  calculations  under  the  name  of  modulus  ofworHng 

load.  _  ^_  _^^ 

♦  See  Appeadm- 
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^'i  *S-  ^  c^-V*<£  f.  *!^ 


^  <  ^^'V*^- 


'"      -^'y-         >^-    -.^^>^,     ^^^       ^^»^4f 


-^     ^4»-^    ,*r«^^       ^*3«^-^    --^tf^^^c^ 
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;^*..«%  / 
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r'^l^^^^'^'U 
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The  fiwdulus  oj  strength  K,  which  expresses  the  force  by  which  a 
tody  of  the  transverse  section  unity  becomes  niptured»  is  entirely  dif- 
ferent from  this  modulus.  If  the  transverse  section  of  a  prismatic 
body,  or  its  least  section  «  F^  it  follows  that  ibe  forcej  for  the  rup- 
ture of  this  body  J  is: 

1.  Pj  =  FK,  and  inversely,  2.  F=  ^. 

Generally  the  strength  of  materials  of  construction  and  parts  of 
machines  are  calculated  by  the  co-efficient  K^  which  is  divided  for 
security's  sake,  by  one  of  the  numbers  3,  4  to  10.  This  makes  little 
diflerenee  in  the  result,  as  we  may  see  from  a  comparison  of  the 
values  found  in  the  succeeding  table,  but  the  supposition  is  incorrect, 
or  to  be  justiiied  only  in  so  far  as  the  modulus  of  strength  is  from  3, 
4  to  10  times  that  of  the  modulus  of  tenacity,  or  generally  bears  a 
constant  relation  to  it* 

If  the  section  of  the  body  be  a  circle  of  the  diameter  d,  we  have 
thereforf, 

n^^F,so  that  d  =  Jl^=  1,128^T-  1,128  J  |!  ? 

and  hence,  from  the  load  or  s^rai^  P  o^  a  body,  and  the  modulus  of 
tenacity  Tof  its  material,  the  stiength  may  be  founds  for  which  the 
body  will  not  be  strained  beyond  the  limit  of  elasticity. 

Exampk,  Whmt  load  will  a  column  of  fir  auAtnin,  if  it  be  S  inches  in  breadth  nnd  4 
inclie«  b  £bicknes»T  Tbe  m^xliitufl  of  tenacity  being  taken  at  3<JO0  iba.  and  lUe  si^tion 
J*  being  =  5  .  4  =  2D  ^ti»re  iochea,  wq  obtain  Z'  =  SO  .  3000  =  eOOOClbs.  for  the 
power  of  tenacity  of  tbi*  coluititi.     But  if  we  mite  the  raodnlDs  of  atiength  K  ^  12000 

120O0 

!b5.,  and  assume  a  triple  security,  we  obtain  P  ^^  20  . ^  80000  tb«,j   but  to 

li 
tnaintain  «ecturity  for  a  long  periofi  we  must  onty  take  one-tenth  of  K^  and  we  shall  tlien 
have  P^20  .  120O  ^  24000  Iba. — Q.  A  routid  and  wrought  iron  pump*rod  U  to  sus- 
mfia  «  weight  of  4500  ibs.  j  what  diameter  ought  it  to  have  ?     Here  T  =  20000  lbs., 

therefofeiiJ=  Iil28    /;;     _       b  l.lgB  .      L  ™ 0^535  feet  The  modulus  of  atrength 


j  20000  '  W4U 

for  wzooght  iron  of  the  medium  kind  ^  &8U00  Ibft^  ood  if  we  taka  one-sixth  for  the 

■ecnrity,  wo  then  obtnin  K  »  lOOOO  Ibs^  ind  d  =  1,128    /  ^  ^^^    =s  0,756  ioch,  the 
fequitite  thi<^knes8  of  the  lod. 

§  185,  Strongest  Form  of  Body. — If  a  Tertically  suspended  prisma- 
tic body,  for  example,  a  pole  or  cord,  is  verj-  long,  its  weight  G  must 
be  added  to  the  force  of  rupture^  and,  therefore,  P+  G  must  be  put 
s«  FT.  If  now  I  be  the  length  of  the  body,  and  r  the  weight  of  a 
cubic  inch  of  its  mass,  we  have  then  G  -=  f  ^,  aad^  therefore^  P  =  F 

( r—  if),  as  inversely  F  =  ,=^.     If  a  body  ^BC  ,  .  G,  Fig.  198, 

T—lr 
consists  of  equal  portions,  each  of  the  length  /,  its  successive  trans- 
verse sections  are  as  follows.     The  section  of  the  first  portion  is  as 

p 
before  F^  ^  — — -.    For  the  second  portion,  whose  section  is  F^ 


IftS  ttMMtoMT  rOBM  or  BOBT. 

and  weight  ir,  i* + ^A + ^A  -  i;r,  bence  F,  -  ^^ -f,+ 
^Li^  P,  /l  ^.  -s;^)-    Vut  die  diiid  portioii  it  follows  that 

(l  +  ^^)  -  ^i  (l  +  5i^y»  •«*  g«*enlly  for  the  «rth  por- 

tlop;K.l',.(l+>^forP..5^(l+^)-,the 

■COitMpoiHiiDg'  secdon* 
If  { 18  ?«7  niudl,  the  {MMttiont  ttefefero  Tei^ 

If  fhe  number  of  poitions  b  veiy  ffreat,  or  if  the  fliiclniefls  of  the 
bodj  ^Of  fig.  199,  increaMS  uniSiniily  from  below  upwards,  we 
may  then  (fibm  flie  reaaona  in  §  176,)  put  fhe  crosa  aectkm 


p       (^If      p       ^      P       hi 


where  a  lepreaeota  tfie  baur  S,71828  . .  .of  the 
Hi.  ML  fif.  iM.    Nqparian  hgarithma,  and  L  die  entiie  length  of 
the  body. 

A  body  of  unitxrm  Aidmeaa  to  have  die  same 
tenacity  thnj^^KKtf,  muat  have  a  t«n«.e»e  «KJ. 

latK^Fmt  tp'   f  '     |f  -^  i*  miall  as  compared 
■with  T,  ^is  a  small  fraction,  so  tiiat  we  may  pot: 


'>  +  T  +  5(t)I"^ 


pr,  .  ir 


fbitheri  the  weig^  of  the  fint  body  ia 
ud thaftof  the  aeoond  «■  F.  £r 
hence'lfae  priamatic  hodj  ia  heavier,  and  on  diat  aeeount  more  costly 


one  haTins  at  eaw  point  in  ita  lenglh  a  croaa  aection  oorre- 
"  jtofheloadithaatobearyandwfaiSinmy  therefiwebe  caDe^ 
a'body  a  unifcnn  reaiatance,  or  a  hoJ^  iff  (kg  ikirngtriform. 

'  Mmmfktf-^l,  Wlat  0M  Miolioii  oug^  ft  wsn^  boa  dwil  100  feet  loof  to  hmrt, 
iberid«iliOwnwiidttitlMstoiiMlidaftkMidJPM7fi0001faiL1  tliaiiiodiiltisortaiMi- 

7,60  .  <M  ^  AiM^^  ■-      Tl.«  .mAm  ««.M  I.  V ^ » 


'^     la.ia.ia"^"""*  "" ■ T^^^ 
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75000 


-^  7.51  square  inches,  and  the  weight  of  the  shaft  Gssf* .  Xy 

10311  —  1200.0,27444  i  — i  «. 

w  7^1  .  1200  .  0,27444  at  2473  lbs.— 2.  If  we  were  to  give  to  this  shaft  the  form  of  a 

p       75000 

body  of  nniform  resistanoek  we  should  then  obtain  for  the  least  section  #*  ss  --  ss 

^  T       103U 

mx  7,28  square  inches ;  for  the  greatest  section  f*.  b:  7,28  .  e  ^  7,28 .  e        ass 

7.913 square  inches, and  the  weights  /  7,28+7,513\      329^3  „ 2435,5  lbs.  (approxi- 
mately). 

§  186.  Jfumerical  Values. — In  the  following  table  are  given  the 
mean  values  of  the  different  moduli^  of  elasticity,  tenacity,  and 
strength  of  the  materials  most  commonly  occurring  in  construction. 

TABLE  L 
THE  MODUU  OF  ELASTICITY  AND  nMENGTB. 


SAMU  01  TBE  BUBSTAFCfti. 

if 

^^ 

|i« 

^M 

1 

|1qx»  oak,  Art  fltin  Sootcb  flr   - 

1 
600 

1856005 

3094 

12373 

1937 

Iron  in  wires  ------ 

1 
1250 

36808004 

21650 

§7645 

14436 

Iicminbais 

1 
1520 

29002306 

20622 

59805 

10311 

lion  in  plates 

2680896U 

56712 

9280 

Castiion 

1 

1200 

17528938 

14436 

19593 

3094 

Steel -    - 

I 
835 

30933420 

37130 

133700 

30633 

Hard  oajt  iteel    -    -    -    #    - 

1 

4500 

4«3e60lfi 

989S7 

150543 

34740 

Copper  -*-,*.-• 
Copper  wire - 

33151 
75371 

6187 
12370 

Ifcass     .----•*- 

1 
1320 

97955830 

7316 

13560 

3093 

BfftMwite      .---** 

1 

'        742 

149611580 

30W3 

75371 

12370 

BeU  metal 

I 
1590 

4&4a23:» 

3093 

35053 

5774 

hmA 

1 
477 

721779 

1647 

928 

339 

Leaden  wire  ------ 

I 

1500 

1031114 

722 

2063 

351 

MarWe -    ,    * 

Ropes  tinder  l  inch      -    -    - 

1  —  3  inches   -    •    - 

'■      above  3    «     -    -    -    - 

Straps 

3680896 

2062 
0280 
7218 
5156 

206 
3093 
2371 
1753 

399 

188 
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The  values  contained  ia  the  second  vertical  column  of  this  table,  of 
the  relative  extension  /-^  J  at  the  limits  of  elasticity^  give  likewise 


the  relation  -—  of  the  values  of  the  fourth  and  third  columns. 
E 


The 


Fig. 

soo. 

'•'■■Wm 

ig 

sixth  column  h  derived  from  the  fifth,  if  we  divide  the  woods  by  10, 
the  metals  by  6,  and  the  cords  by  3.  The  5tren|;th  of  wires  is  alwajfs 
greater  than  that  of  rods,  because  the  enveloping  crust  of  wires  is 
stronger  than  their  nucleus. 

§  187.  Flexure  of  Bodies.— A  prismatic  body  ^BCl},  Fig,  200, 

is  fixed  at  one  extremity,  for  in* 
stance^  imbedded  in  a  wall,  and  at 
the  other  extremity  acted  upon  by 
a  force  P;  strains  then  take  place 
in  this  body,  in  consequence  of 
which,  one  part  is  extended,  and 
the  other  compressed,  and  the  whole 
becomes  deflected.  If  we  imagine 
the  whole  body  to  be  decomposed 
into  thin  laminse  by  planes  parallel 
to  the  axis,  and  at  right  angles  to 
the  direction  of  force,  we  may  then 
assume  that  there  is  a  certain  mean  lamina  KLM^  which  is  called  the 
neutral  surface  or  the  neutral  axist  of  the  lamina?,  which  is  not  strained 
by  this  flexure,  and  remains  unaltered  in  length,  while  the  laminae  on 
the  convex  side  undergo  an  extension,  and  those  on  the  concave  side 
a  compression.     Let  ^  B  C\  D^,  Fig*  201,  be  the  longitudinal  section 

of  the  body^  KL  its  neutral  axis, 
JVO^  an  extended  and  UV^  a  short- 
ened or  compressed  lamina*  If  the 
flexure  had  taken  place  without  any 
change  of  volume,  KL  would  be  = 
AD  «=  JVO,  &c. ;  I,  e,  the  length 
of  all  the  lamina  would  be  one  and 
the  same ;  the  body  also  would  have 
the  form  ABCD^  but  because  the 
body  has  sustained  extensions  and 
compressions,  certain  laminae,  such 
as  AD^  J^Of  &c*,  have  undergone 
the  elongations  DD^^  00^^  &c*,  and 
others,  as  BC  and  f/F,  the  compressions  CC^^  VV^^  &c»,  and  the 
form  of  the  body  has  changed  to  that  of  ABC ^D.,  In  every  case  the 
elongations  DDj,  00^^  and  the  compressions  CU^t  VV^^  &c.,  are  pro- 
portional to  the  distances  LI?,  LO,  LC^  I-F,  &i;*,  from  the  neutral 
axis*  But  the  strains  in  the  direction  of  the  laminee  are  in  the  ratio 
of  the  elongations  and  compressions  effected  by  them ;  we  must,  there- 
fore, assume  that  these  strains  are  proportional  to  the  distances  from 


F%.  301. 


*  See  Appendix. 
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r  '^^-i^-^-tt^-'     ^'9-^^^     -j**^*^,^,    ^^~^^-^   ^^^^  M^ 


FLEXXJEK  OF  BODIES.  189 


a 


^Wi^  y/t^'       ytri^'-r'  Aj  t    /      Z'^"        /■e^^^'/'  .^rttj^i       /«  «         ^if  *  r /Tf 


^y  -  y/:^'*-  5v^  Z,/^  -  ^^^''^  75''>^  -/--■^.  y:r.:^^^  ^a:^  ' 

''    '  '  ^  y         ' 

/'  .   ^      '•    :,  -    ■       ,'  -: 

/<i/*<^  y^     f   f.y'        y    r.  ^''<<.     V     ./:-'         j^^rt'^    y^.:<y         X.'-'-      x'>''^ 
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the  neutral  axis.  If,  then,  we  put  the  strain  on  a  fibre,  or  layer  of 
fibres,  of  a  transverse  section  equal  to  unity  (a  square  inch)^  and  at  a 
unit  of  distance  (one  inch)  from  the  neutral  axis  =^  S;  the  strain  for 
the  distance  KJST^z  is  Sz,  and  for  the  section  F,  it  is  FSz.  If  now 
the  experimental  number  S  represents  both  the  extension  and  com- 
pression, we  know  the  sura  of  all  the  strains  ^  {F^z^^F^z^+  *  *)  S, 
where  F^,  F,,  &.c*,  are  the  sections  and  2^,2^,  &c,,  the  distances  from 
the  neutral  axis.  In  order  that  the  tensions  may  produce  no  pressure, 
and  therefore  no  alteration  in  the  length,  at  the  extremity  A"  of  the 
neutral  axis,  which  we  may  regard  as  the  fulcrum  of  a  lever^  the  sum 
of  the  tensions  {F^z^^F^^+  *  *  .}  5,  and  therefore  also  F^z^+F^z^ 
+  ,  ,  *  must  be  =  0 ;  t,  e,  ike  neutral  oris  or  the  neuiral  lamina  must 
pags  through  the  centre  of'  g^ravity  of  the  cross  section  of  ike  body. 

We  may  now  compare  the  condition  of  the  body  with  the  equi- 
librium of  a  bent  leven  The  force  P  acts  at  the  arm  KH  =  f,  the 
moment  is,  therefore,  M  =  P/,  and  balances  the  collective  forces  of 
extension  and  compression,  whose  moments  are  z^  ,  F^Sz^  z^ .  ^^Sz^t 
&<;.,  or  f|X^*  .  S,  F^z^  .  S,  &c. ;  consequently  we  must  put 


.'  +  ^^» 


0-^. 


Fig*  20s* 


M^  Pl^  {F^. 

This  formula  holds  good  for  each  cross 
section  of  the  body,  only  for  I  we  must 
substitute  its  distance  each  time  from  the 
point  of  application  L  of  the  force  P. 
The  factor  F^z^^  +  F^/  +  , , .  is  de- 
pendent only  on  the  cross  section  of  the 
deflected  body,  and  may  be  represented 
by  the  letter  W.  Hence  we  may  put 
M  =  PI  ^  WS,  and  assert  that  the 
tension  or  strain  of  a  transverse  section 
is  proportional  to  its  distance  I  from  the 
point  of  application  of  the  force, 

§  188.  From  the  modulus  of  elasticity 
Ef  the  length  of  a  fibre  /  at  a  unit  of 
distance  (an  inch)  from  the  neutral  axis, 
and  the  elongation  %  which  it  undergoes,  the  corresponding  tension 

i^  =  ^  iJ  is  known.     If  now  JIBC^D^^  Fig,  202,  is  a  short  portion 

of  the  deflected  body,  KL  =  I  its  length,  and  MK  =  ML  =*  p  its 
radius  of  curvature,  we  have  then  DB^  :  KL  =  LD  :  ML^  and  also 
^^      "'        '  '^     ""     u  e.  OOj :  I  =  LO  :  p.     If  we  now  assume 


00^:  Kl  =  LOiML\ 


LO  K=.   1   and 

I  p  ' 

formula  M 
WE  =  M^. 


00, 


X,  we  obtain  x  i  I  =  I   :   p,   and  hence  S 


If,   finally,  we  substitute  this  Talue   of  5  in  the 

WE 
WS^  we  have  the  moment  M  =  — - ,  and  inverselyi 

P 


The  product  WE  is  called  the  moment  of  flexure,  and  hence  the 


^*«-t^i^^ 
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product  of  tht  moment  M  and  the  radius  of  curvature  p  is  eqtdvalmi 
to  the  moment  of  fiexure  for  all  cross  sections. 
If  we  divide  the  neutral  axis  KL^  Fig.  204,  into  n  equal  parts,  as 


Fig,  203. 


Fig.  304. 


^^11    ^ih*   ^t^if  ^^* 


-,  and  determine  the  radii  of  curvature 


w¥Xj  =  pj^  Jlljij  =  pj,  &c.,  corresponding  to  these  parts^  the  angle 
of  curvature  LML^  —  fj*',  L^M^L^  ^  f  j**,  &c,,  which  every  two  radii 

of  curvature  include^  are  known,  viz,  LL^  =«  ^  =■  p^  f  ^,  L^L^  &  - 

n  n 

^  Pjtjj  Ilc,  and  therefore  f^  =  — — ,  t  «  -^ »  ^-c.     If,  further, 

we  substitute  p^  =  ^[7^>  ta  —    —jrr*  *^*»  ^^   ^^^^  obtain  ti  = 


.'kf. 


.¥„ 


,  &c.;  and  by  the  fiummatton  of  all  these  angles 


nWE*^^~  nWE 

we  find  the  angle  LOK  ^  a*,  by  which  a  greater  portion,  or  the 

whole  neutral  axis,  is  deflected. 

§  189,  Elastic  Curve. — If  we  suppose  a  small  flexure,  we  may 
take  the  projection  CL  =  KH^^  parallel  to  the  initial  direction  of  the 
undeflected  beam,  and  equal  to  the  length  of  the  beam  itself,  and 
likewise  the  projections  LD^^  i^fi^f  ^-c-?  equal  to  the  parts  LL^,  LJ^^^ 

kc*t  of  the  neutral  axis,  i.  e.  =^,  and  we  obtain  the  moments 

n 

Jlf,  s  — ,  Jll  =» ^,  JIf.  =s  ^ — -,   &c.      If  we   substitute  these 

values  in  the  formula  for  t^,  f,,  &c,,  then  the  measures  of  the  angles 
of  curvature  are  given  r 

Ph  2PP  ZPP 


^t  j^E*  %  "    ^2  i^£^  f^  =   ^.  w£; 


,  &c, ; 
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and  by  addttiort,  the  measure  of  the  whole  angle  of  currattire  KOL 
9  A  of  the  neutral  axis ; 

PP       ,^         ^         ^  .  P/*  71*  PP 


t»  WE 

With  the  assistance  of  the  last  for- 
mula, we  may  now  find  the  equation 
to  the  curve  formed  by  the  neutral 
axisy  JlL,  Fig.  205,  Let  us  divide  the 
absciss  LJ^:^  Xj  commencing  at  the 
point  Lf  into  m  equal  parts,  and  find 
the  parts  of  the  ordinate  JV*Q  ^  y  cor- 
responding to  them.  Since  the  radius 
of  curvature  QR  is  perpendicular  to 
the  part  of  the  arc  QQj,  the  angle 
QQ^U^  QRK  ^  Ok,,  and  therefore  the 
part  QU  of  the  ordinate  ^j  =  QjU . 

or  QjP  being  put  =  ^  and  tmg.  a^ 


n^WE 


2  ~   2  WE' 


m 


.^,  QUi^.     Now 
m 


^,  =  LOK~ 


LMQ  =  »_«,=  SL^  _ 


PP 
2WE 

therefore,  that  QU  ^  — 


p^ 


m    2WE 


jrr.  —  -r*«^  {P  —  ^)  J    i*    follows, 

^E       2WE^  ^ 

(P — i*).   If  for  2:*  we  substitute  sue- 


—  V  J  {^\  1  (  — )  ,  &c.,  we  then  obtain  by  the  last  formula 
y  the  addition  of  Aese, 

['■-(^)'-'-(i 


all  the  parts  of  3^j  and  by  the  addition  of  Aese,  the  whole  ordinate 

'--•.-4['--(0^''-©^'- 


JVQ 


Bj  this  formula  we  may  calculate  for  erery  absciss  x  the  corre< 
spooding  ordinate  y,  and  likewise  for  the  whole  length  CL  «  I,  the 
height  of  the  arc  CK  =  a.     This  last  is : 

Therefore,  Me  A«^A^  of  the  arc  increases  as  tkejbree  and  the  cube  of 
the  length. 
If  we  bare  a  hy  measurement,  we  may  find  from  this  formula  the 

3Wa' 

§  190.  If  the  whole  load  is  uniformlj  distributed  orer  the  beam, 
and  if  each  unit  of  length  sustains  a  portion  ^  q,  therefore,  for 


modulus  of  elasticity,  E 


i^^^^^fv^-iJ 


^  ^^-t^ 


^  Jg^ 


^3^ 


-/7-p^  *<: 


*.^c-*^i^  -^  ,=_^ 


,^. 


.>^^ 


^        .      .y 


-7 


•  p 


::7 


■  ^  y  ■'^        y  ^ 


C^ 


^  ^  •    ;        .  /    •  ••"    ' 

•'       .' ^  ^    .^  •' '^   '  v-/^vt^^         /'/'  /t-f  /,.    ^  t--«-  ^V-         '        --^  ^'  .>'*'*--«'*-<-> 

/ 


y/ .^re-^i^-^  <  7>->-^         .    /r  '  .' '  (^-y-< z::^^-         ■  ■  "J,^     -^  -  •:  ^  /  X  ^e. -^^  /^A^-*  -l  ^ 


^O    ii 


vJ-^        /-^  >'-cv: 


1  7 

'■  •  y  ■    '  ^        '      y     ■■'         : 

/  '  '  '  .        ■"  / 


/' 


"-.-'>-:-.<■  -'  -  ..         .  < 


V  ■  -  ' 


-'     V 


^r.. 


^^.  ,r. ..  /.<'.  r,    ^:^^  -r.  -^V^  -  ^^y r-  f^/^^^  -/x 


^    ^  ^       yii^^i^'^^      ..  i^-^ii^^  ^ 


-^i/-i!^    -^'i: . 


^=^?-  ^  #'^A^'  =-  3''-^''^^^-f<^-ifs- 


y\ 


it 


/  •  — ^  •/ 
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^ 


pp 


3  WE 


Fif,  aofi. 


^-,^  _   a  sixteenth  of 

BWE 

the  height  of  the  arc  of  the 

beam,  which  is  loaded  at  its 

extremity. 

If,  lastly,  the  load  Q^qt 

is  uniformly  distributed  over 

the  body^B,  Fig,  207,  sup- 


(i* 


-,pj— =-  in  place  of  l^  -, 
WE       -  2 

in  place  of  F,  — X-Z  and 
^  2 

for  Q,  —  — ,  because  with 
respect  to  IT,  the  weight  -^  at 

At 

the  arm  ^  is  opposed  to  the 
4 

reaction 


Fig.  307. 


2 


:at  the  arm 


■1 

!■  . 


I 


-.     Consequently 
/P+  Q 


16^ 


%WE 


>  + 


f^ 


48  FFE 


I 


Q/* 


j ;  the  bad  is,  therefore,  uniformly  dis- 


48  WE 

tributed  orer  the  whole  arc,  and  the  height  of  the  arc  is  |  times  as 
great  as  if  the  weight  acted  at  the  middle  of  the  beam. 

§  191,  Eeciangidar  Beams, — In  order  to  give  the  relations  of  flextire 
of  a  beam  or  other  prismatic  bodj^-,  and  the  elastic  curve  formed  by  its 
neutral  axis,  the  transverse  section  of  the  body  must  be  known,  and 
the  moment  of  flexure  WE^  calculated  from  it. 

If  the  section  of  the  beam  be  a  rectangle  JiBCD^ 
Fig.  208,  of  the  width  MB  ^  CD  ^  K  the  height ^i>       Fi?.  m%. 
=  BC^h^  the  moment  of  flexure  WE  =  (F^  2/  + 
^iV+  -0^^'*"  ^^  known  if  we  decompose  this 
cross  section  by  lines  parallel  to  the  neutral  axis  J^O 

into  2  n  equal  laminae,  each  having  the  area  b  .  —  = 
bh 


Nt—Z-ZlO 


ai' 


•2n 
and  determine  the  moments  of  these  laminx,  and 
17 
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add  them  together.   If  we  put  successively  _._,_,  -^  _ 

71     2  n     2  71 


for 


z  m 


bh 


z*  £,  we  shall  then  obtain  the  moments  of  the  laminae  on  one  side 


of  the  neutral  axis;  hut  if  we  double  their  sum,  we  have  the  complete 
moment  of  flexure 


WE 


2n 


hh 


\2n/  4.3  12 


n        \5dn/  4.3      ~    12 

The  moment  of  flexure,  therefore,  of  a  rectangular  beam  increasu 
as  the  width  and  ike  cube  of  the  depth  of  the  beam, 

PP 

If  we  put  this  value  of  WE  into  the  formula  a  ^  — ___of  S189^ 
^  3  WE      ^ 

P13  ^     ^  I       PP 

— — — — ,  but  if  info  the  formula  a  =  ^^   „,  ^ 
bh^E  48   WE 


we  shall  obtain  a  =  4 


of  §  190,  then  a  = 


4bk'E 
follows  from  the  height  of  the  arc  a  E 

PP 


Inversely,  the  modulus  of  elasticity 
4PP 


abh^ 


for  the  one,  and 


Aabh 


J  for  the  other  case. 


A  wooden  bcfltn,  ID  feet  is  120  indien  in  letigtbi  8  incbe*  in  width, 
&tid  10  iiicbe»  in  b eight,  ii  to  be  supported  at  both  its  ends,  and  bear  a  uniform  lo«d  Q 

10000,120*       50000.  ia»  1350000     „        „.    .  .        lan^^rwiu 

Pfow  £  being  put  ^  1800000  lbs. 


=  lOOOO  lb»^  what  fl^iuns  will  it  undei^?     The  height  of  the  arc  is  a  ^  |  . 


8  .  103 
it  foUows  that  a  i 


%  E  4  .JB 

s  Ojl  875  inchw.^ — ^*  If  p.  rectangular  cast  iron  bar,  9  inches 


Fig.  809. 


E  33  , 

135 
4  .  180    " 

wide  ami  ^  inch  thick,  has  been  deflected  )  inch  hf  a  weight  P  ^  18  lbs.  lying  in  the 
middle  of  it,  whilst  tJie  diitance  of  the  support*  amouDtfl  to  5  ieet,  the  modulus  of  elas- 
ticity £»f  cast  ifiM  will  be  £  =  .  ^^     ^       I^-^*^^      »    ^^  •  ^^    «72.2t6000« 

4a6JSt»        4,4.3.(1)*  k 

15552000  lbs. 

§  192,  Reduction  of  the  Moment  of  Flexure. — If  we  know  the 
moment  of  flexure  of  a  hody,  JiBCD^  Fig.  209, 
about  ao  axis  JVjOj^  lying  without  the  centre 
of  gravity,  the  moment  alwut  another  axis  JVO, 
passing  through  the  centre  of  gravity  5,  and 
running  parallel  with  the  former,  may  be  found. 
If  the  distance  HH^  =  KK^  of  both  axes  =  d, 
and  the  distances  of  the  elementary  surfaces 
F,  F^^  &c.,  from  the  neutral  axis  J^O  =  rj,  z^j 
&Cm  we  shall  have  the  distances  from  the  axis 
jy^O^f  ^  d  +  z^t  d  +  Sj,  &c,,  and  the  moment 
of  flexure  will  be  W^E  —  [F^(d  +  z^f  +  F, 
id  +  z,r  +  .  -  .1  £  =  [F,  {d*  +  2dz,  +  z\) 
+  F,{d'+2dz,+  z\)+,. .]  £»  [d'CA+  n+ , .  0  +  2d{F,z,  + 


,  r^-    <. 


.? 


^ 


,/  '  ^  x^V  -^  ^'.^V    /■  ••■'f'     /  --     '  '^^^-^     ^>' 


/ 


\ 


:.-^.     .v>^.       ^/'V'       /^  -^''yr<       y^  ^     -.'^      ^    ,^      ^. 

-</>..  ^^.:^.  ^,7'- ^y -/../■. -.'^    '... 


.    ^^^^^  ^^./^<^^^--^i  t*  X^-rf 


•^ 


''  m  ikxKont, 


^^^^^*r^^  -,^/  ^A.^      ^^^^ 


L.^^'C^      ^ 


^^JH^^    , 


d-€  *^^ 


<^^  ^  /- .  "/i /^^^    ^^Z*. .( 


\a^ 2^y^^^^ ^  ^   /^^^  j*^    ^  ^&  ^  ^J"^     y^il 
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sum  of  all  the  elements  ==  the  transverse  section  Fof  the  whole  body; 
further,  F^z^  +  F^z^  +  .  >  .  as  the  sum  of  the  moments  about  an  axis 
passing  through  the  centre  of  gravity  of  the  body  =  0,  and  F^z^^  +  F^ 
z^  +.  *  •  is  the  moment  of  flexure  WE  about  the  neutral  axis  JfO ;  it 
follows,  therefore,  that  W^E  =  (F  cf»  +  W)  E.ot  W^=.  F  ^  ^  IF; 
and  inversely,  W  ^   W^-^  F  S. 

Tfie  mfMsure  Wof  the  moment  of  flexure  about  the  nmiral  nxis  is 
equal  to  the  measure  W^  of  the  moment  of  flexure  about  a  second  parallel 
axis^  less  the  product  of  the  transverse  section  F  and  ifw  square  [d^)  of 
the  distance  of  both  axes.  Hence  it  follows,  that  of  all  the  moments 
of  flexure,  that  about  the  neutral  axis  is  the  least* 

The  moments  of  flexure  of  many  bodies  about  any  axis  may  be 
easily  found  ;  we  may  therefore  avail  ourselves  of  these  to  determine, 
by  means  of  the  formulas  founds  the  moments  about  the  neutral  axis. 

§  193.  To  find  the  moment  of  flexure  of  a 
prism  having  a  triangular  transverse  section  Fig.aio. 

ABCi  we  must  decompose  this  section  by 
lines  parallel  to  the  base  J?S  into  n  thin 
latnina3f  and  determine  the  moments  of  these 
about  the  axis  J^^O^  passing  through  the  point 
C  parallel  to  ^B.  If  A  is  the  height  CD,  and 
&  the  breadth  JiB  of  the  triangular  section 
ABCi  we  have  the  height  of  these  laminae » 

-,  their  lengths  as  -,  — ,  -^,  &c.,  to  —    and 
-    ^     "  n* 

h  2h  Zh  .  ,  nh 
-,_,  — ,  &c,,  to  — 
n    n       Ti  n 


n    n 
their  distances  from  JVjOj 


areas  of  the  lamina  areF 


2b  h 


From  these  the 
3hh 


moments  F,2 


bh' 


f  n^/  -  2^ 


=  3^ 


and  their 


Slg. 


nr        -  -  n' 

and  the  moment  of  flexure  about  the  axis  JST^O^ 

^^'  {V  +  2'  +  y+  ..  +  n') 


W. 


U* 


n'  ^  6/i' 
n*  71'       4  4  ' 

The  distance  of  the  centre  of  gravity  S  from  the  point  C  is  d  = 

I  A,  and  the  area  of  the  whole  triangle  F  =  ^ ;  therefore  Ftp 


2bk' 


2      9  9 

JVO  sought  is  :  ^ 

WE  =  {W,  —  Fd*)  E 


and  the  moment  of  flexure  about  the  neutral  axis 


JA* 


(^-^^)E^l.^E 
\  4  9    /  3      12 

a  third  of  the  moment  of  flexure  of  the  rectangular  beam^  which  has 

the  same  depth  and  widih  as  the  triangular  one.    But  since  this  beam 

has  double  the  volume,  it  then  follows,  that  under  otherwise  similar 

circumstances,  the  triangular  beam  has  |  of  the  moment  of  flexure  of 

the  rectangular^  wv 


4 
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We  may  find  in  the  same  maimer  the  mo* 
merits  of  flexure  of  many  other  bodies  used 
in  construction.  For  the  transverse  section 
of  a  T-shaped  body  Jlfi^CD,  Fig.  211,  whose 
dimensions  are  AB  =  h^  AB  —  Ji^B^  =  A/J^ 
+  BB^  =  b^,  AD  ^  EC  ^  h  and  AD,  =. 
BC^  =  BC  —  CC,  *  k,,  the  moment  of 
flexure  about  the  lower  edge  A^B^  =  the  mo- 
ment of  the  rectang^ular  figure  AECD^  less  the 
moments  of  the  rectangles  Afi,  and  5,C„  i.  €, 


W.^t 


b(2hy 
12 


b,{2hj^ 


3 


2        12  2  12 

as  follows,  if  we  consider  each  of  these  rectangles  as  the  half  of 
rectangles  having  double  the  height  with  the  neutral  axis  J^^O,, 
Now  the  area  A^C^D  ^  bh  -^  h^h^^  and  its  moment  Fd  =   bh  • 

„ —  6jAj  <  -^  =  -  (M*  —  6iA|*);  hence  it  follows  that  the  arm  MS 


'*' ~^*^.  the  moment  f«P. 


-—     -*/^ 


Fig.  %n. 


.(M-W UU--»A-)'*(»»-W. 

and  the  moment  of  flexure  about  the  neutral  axis  passing  through  the 

centre  of  gravity  Si 

W  »  IT,  —  F«P  =  &A^  —  &, V  _  ^  ^^^,  _  \KY^  {bk  —  b^k,) 

4  {bh'  —  b^\^)  {hh  —  b^h^)  —  3  ( W  —  b,h,J 
^  12  (M  —  bfij 

{bh^  —  Ml')'—  ^  ^^  Ml  (A  —  KT 
~  12(ftA— &A)  '  »' 

§  194*  Hollow  Beams, — The  moment  of  flexure  of  a  hollow  rectan* 
gular  beam  ABCD^  Fig-  212,  is  determined, 
if  we  deduct  from  the  moment  of  the  complete 
beam  that  of  the  hollow  part*  AB  ^  i  is  the. 
external  breadth,  and  5(7  =  h  the  height,  and 
A,B,  =  h^  the  internal  breadth,  and  B^C^  =  h, 
the  height,  we  then  have  the  moments  of  flexure 

of  both  =  ^^  and  -M-,  and  by  subtraction  we 
12  12  '  ^ 

get  the  moment  of  flexure  of  the  hollow  beam 

^  ^  b¥  —  b^h^' 

12  ' 
We  may  find  in  an  exactly  similar  manner  the 
moment  of  flexure  of  a  body  ABCD,  Fig.  213, 
hollowed  out  at  the  sides*  AB  =  6  is  the  outer 
breadth  and  EC  ^  h  the  height ;  and  if  AB  — 
A,B^  =  b^,  and  B,C^  ^  Aj,  the  sum  of  the  breadth 
and  the  heights  of  both  hollowi,  by  subtraction  we 
have  again: 

12        '  .  .     ^ 


Piff.  ii3. 
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K 


& — ^ 


k 


..   Or 


^ 


:^.:  ... 


.^ 


.  :^»-. 


//  /* -   i^/    -^ 


«'  */  ^  :      •  ^.C--'  ^  r 


./    ,     r-r   r   ^..^  '  .-  r 


'    ■   .-'    -x"r.         ^r  .-«^.  ...^•.■-..  r       -r 


-<>^      ,-  /  ri:^ 


-f    •'   '   ^"  r-  f 


c^it./^^  ^ :. 


y. 


r^- 


'-<^         r    r     y       r  r    r-nr    ^^<r    ^/  4A      /^     .  X  ^    t^ e.^     •'^^    «  •^• 


-.    ^x         _  /^ 


■<r..  /.'. 


'<  <  /  :'  - .' 


•<  .      ^ ' .  / 


..      -^-rr^V-f-^ 


J    >7 


o>\^y. 


li-..  r 


^   .     :  iT  r  e. 


/  -   .-    ' 


y 
y 


,:> 


/y 


>^j:r^S^'s':^-    t^/^^-Ur?^^   -.>^^.:^4*'"^A>-^/l>- 


/    .r.-^;-  yv  , 


1 


■  >t-'      ^         ■  *-^  -*-t 


^  '.  . .  f  ^^^*^w 


..'  «r        <^ 


^   ,    r-   /    »  <'    / 


:.XA^ 


V 


'  ;r      .  '/!•' 


r  ^-.-^ 


c?. 


-   /-  ^     ^      <-  ..  *,^:  ^   .^r 


.<  ^/^  * 


^r^. 


€  ^-  /    -i    I  <■     '    c^^ 


c*>y -i***.^  -z^-r 


/''.'.V,     <.^" 


«^ 


•   •  •        >-r  t  '  t 


—  ^. ;,;<•>,.  _,  ■  ■>>i'*-.'*><,'^/ — >;^/>-«i/'>t,^'^-L^r,:^t,  ^,.;,-R.  _ 


;/■-■ 


.^.'  ^' 


■f  .• .  ^ 


.z,..  ^^  .>   .^. 


^<.         -     ^        .,-.^: 
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'-^  <?■■ 


J. 


■  ■'   y    ,  -^  y 


'^  ,'.'.'>''  /  .'•  ■     '       .'  ,/.-''.    V'-^  .^''^       '^.-     /     -■      '^-^  ^    y^    .'  y     y 


:  'r   ''r^   ^ 


■:'/:^.4. 


y :  ,,-' 


/ 


iV 


.^^- 


T 


./^^ 


/    -y^   -^ ,  . 


.«^y  ^    .>''-'^<r    rY/t     .(    .'..^^-y 


-^t*   <y,.- 


^f    ^^  •    / 


£*^ 

<-:, 

y  -^    ^-:7 

^^- 

^  -> 

^^.|P.T 

^^: 

/ 

/. 

r  </^ 

JC 


■i^c^t-iflS^      ^,jj:»f  t^  4i^i.:/f  •  ^^,^     y ' 
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The  moment  of  flexure  of  a  body  ^BCD^  Fig,  214,  of  a  cfo5s> 
shiped  section^  may  be  obtained  in  the  same 


%.  214, 


manner.  Here  ^B  ^  b  the  widths  and  BC 
^  h  the  height  of  the  middle  piece,  and  if 
J^B^  —  ^B^b^  and  *f  ,7>,  ^  Aj  are  the  sum 
of  the  breadths  and  the  height  of  the  side  ribs; 
by  addition  we  have  the  moment  of  flexure : 
^  bh'  +  bA' 
^  12 

It  is  besides  easy  to  see»  that  deep,  hollow, 

and  ribbed  or  flanged  sections  of  the  same  area  

have  a  greater  moment  of  flexure  than  square 

sections.  Because  this  moment  increases  with  the  transverse  section 
Fand  the  square  (z*)  of  the  distance  from  the  neutral  airis^  one  and 
the  same  fibre  aflfbrds,  therefore^  a  greater  resistance  to  flexure,  the 
further  it  is  distant  from  the  neutral  axis*  If,  for  example^the  height 
A  of  a  massive  rectangular  beam  be  equal  to  double  its  breadth  A,  its 

moment  of  flexure  will  be  either  W  s  .  l.^—  J^  m^  i  b*  or  ^  — ^ — 

12  ^  12 

*=  J  ft*,  according  as  we  put  up  the  beam  with  the  lesser  breadth  J, 
or  the  greater  2  & ;  in  the  first  case,  therefore,  the  moment  of  flexure 
is  four  times  greater  than  in  the  second.  If  we  replace  the  massive 
beam  of  the  cross  section  bk  by  a  hollow  one^  whose  hollow  M  is 
equal  to  the  massive  part  of  the  section  b^h^  —  bh^  if,  therefore,  ftjA^ 
—  iA  =  M,  t*  e,  bjij  s  26Aj  or  6^  =  %/2  and  h^  ^  h  v^2,  we  shall 

obtain  the  moment  of  flexure  of  the  last  '  \~ —  =a        ^   „  r~   ,, 

12  12        ' 

=  ^^  bh^j  t,  €,  three  times  as  great  as  for  the  first, 

§  195-  Ci/Hnders.*— The  moment  of  flexure  of  a  cylinder  is  defer* 

mined  in  the  following  manner.     Let  AOBJf^  Fig.  215,  be  the  cir- 


Fig.  215. 


cular  transverse  section,  and  JfO  the  neu 
tral  axis  of  the  cylinder.  The  diameter 
•4B,  divides  this  section  bto  two  equal 
parts,  having  equal  moments  of  flexure, 
and  the  moment  of  flexure  of  the  whole 
may  be  found  by  doubling  the  moment  of 
the  half  AJ^B.  The  half  may  be  divided 
by  sections  DE^  FG^  &c*,  parallel  to  JIB^ 
and  at  right  angles  to  JVO  into  thin  lamina, 
which  may  be  considered  as  rectangular. 
The  moment  of  flexure  of  such  a  portion 

DEFG,  «  ELl^E.    Now  C^t=  CJr=r  the  radius  of  the  circular 

section,  a  quadrant  ^JV*has,  therefore,  the  area 1  and  if  we  divide 

this  into  n  equal  parts,  any  such  part  DG 

17* 
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projection  parallel  to  CJV,  G//=s  KL  corresponds  to  this  part,  and 
may  be  determined  by  putting,  GH :  GD  ==  GK  :  CG,  and,  there- 
fore, GH  ^  ^^'^^  ^4^.GK.     Hence  we  have  for  the  mo- 
'  CG  2  n 

ment  of  flexure  of  the  part 

J}EFG=  -1  .  Gir  .  ^1^^  =  i^  (GA^ 

If  we  put  the  variable  angle  corresponding  to  the  section  GF^ 
JlCG^f^y  we  shall  obtain  the  ordinate  GK=r  cos,  f,  and  for  the  last 

^    .      ra    ^  K-^  4  rt       .       ^  +  4  COS.  2  f -^  COS,  4  f 

moment  of  flexure  =  —  r*  cos.  f  ^  =*  ^-^  r*  .  — ^^^, —    J^  ^. 

3fi  3^  8 

The  moment  of  flexure  of  the  half  cylinder  MiJl  be  now  found,  if  for 

_,-,-,  &c,j  to  ^  •  ^,  and 


f  we  successively  put  the  values  -,_,  - 

n  2  n    2  n 


2' 


add  the   results.    But  ^ 


HT* 


is   a  common  factor;   we 


3rt     8        24n 

have^  therefore,  only  to  consider  the  sum  of  such  values,  as 
3  +  4  coi.  2  f  +  cos,  4  f ,  The  number  3  added  n  times  gives  3  ti  j 
the  sum  of  all  values  of  the  cos.  2  f  which  present  themselves, 

when  f  is  made  to  increase  from  0  successively  to  ^,  and,  there- 

fore,  2  4>  from  0  to  it^  equal  to  0,  because  the  cosines  in  the  second 
quadrant  are  equal  and  opposite  to  the  cosines  in  the  first;  lastly, 
the  sum  of  all  the  cosines  of  all  angles  from  0  to  2  r<  ^  0,  hence  the 
sum  of  all  values  of  3-|-4  cos,  2t+c£?**  4 1  taken  between  the  limits  t  =» 

0  and  ^  =  ^  is 


3  n,  and  the  measure  of  the  moment  of  flexure 


of  the  half  cylinder 
whole  cylinder : 


-— —  .  3  fi  «  -H->  and,  lastly,  that  of  the 
24ii  8  ' 


W^^r* 


0,7864  r*. 


For  a  tube  or  hollow  cylinder  with  the  outer  radius  r^  and  the 


inner  r. 


W^  I  {r^r^. 


Fig.  31  e. 


To  find  the  moment  of  flexure  of  a  body  having  a  semi-circular 

transverse  section  JiDB^  Fig,  216,  we 
may  make  use  of  the  rule  found  in 
§  192,  from  which  the  moment  about 
the  axis  J^O  passing  through  the  cen- 
tre of  gravity  S  is  equivalent  to  the 
moment  about  the  diameter  jiBf  con- 
sidered as  a  second  axis,  less  the  trans- 
verse section  F  {^  ^  ht^)  times  the 
square  of  the  distance  CS  of  both  axes. 
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From  this  we  obtain  the  moment  sought  bb^.^i^ Kr*.  CS* 

-^-^•^•(0«''«>-"'*a-^)-«-"»--. 

§  196. — Relaiive  Strength. — When  we  know  the  moment  of  flexure 
of  a  prismatic  body*  we  may  determine  from  it  by  simple  multipli- 
cation the  working  load  and  the  absolute  strength  of  the  body.  If  a 
sinele  fibre,  or  layer  of  fibres,  is  extended  or  compressed  to  the 
limits  of  elasticity,  the  body  has  then  attained  the  limits  of  its 
tenacity.  If  we  again  represent  by  T  the  modulus  of  tenacity  and 
the  distance  of  the  furthermost  fibre  from  the  neutral  axis  by  e, 

we  shall  have  T  mm  |-£,andyy  or  the  relative  elongation,  «  i,  hence 
/  /  p 

—  -■--.  If  toe  substitute  —for  —in  the  formula  for  the  moment 
p         e  e  p  "  •' 

qfjiexurey  it  will  then  give  the  statical  moment  of  the  tenacity.    We 

have Pzmm  SW  i.  =1-1,  therefore,  also,  Px  mm  LH.   It  is  evident  that 

p  e 

this  moment  is  a  maximum  when  a;  ■■  /,  or  when  the  arm  »  /;  from 
this  we  may  conclude,  that  at  the  extremity  where  the  beam  is  fixed, 
the  greatest  flexure  ensues,  and  the  limit  of  elasticity  is  first  attained. 
Accordingly,  the  working  load  of  a  beam  is  determined  by  the 
formula 

e  I 
In  like  manner,  the  strength^  or  the  resistance  to  rupture  of  the 
beam,  may  be  determined.  If  a  fibre  is  strained  to  the  point  of  rup- 
ture, the  breaking  of  the  whole  beam  takes  place,  because  the  beam 
has  now  a  section  smaller  by  the  section  of  these  fibres,  and  there- 
fore a  greater  deflexion  ensues,  and  thus  a  rupture  of  the  succeeding 
fibres  or  layer  of  fibres  fiollows.    If  we  put  the  modulus  of  strength 

=  iT,  we  have  _  ■■  ^,  and,  therefore,  the  force  for  the  rupture  of  the 

P        « 
beam: 

p     KW 
^    IT' 
In  a  uniibrm  rectangular  beam,  the  distance  of  the  outermost 

lamina  of  fibres  finom  the  neutral  axis  m  ~.  hence  the  formula  PI  » 

2 

—  .  Y^  (§  191)  gives  the  resistance  to  rupture 

J,     2K    bh'        bif    J. 
^"■X-12"/"67*^" 

If  the  beam  is  hollow,  as  in  Fig.  212,  we  have  P  »  ^^^  —  \K\  .  ^^ 

6  hi 
so  that  the  formula  also  holds  good  for  a  body,  as  in  Fig.  213,  hol- 
lowed out  at  the  sides. 
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In  a  prismatic  body  of  a  triangular  cross  section,  as  in  Fig*  210, 

€^%  k.  hence  P  =  ^-^  .  — _  =  — _  ,  K,    According  to  this,  rectan* 
^  ^  |A    36/     241  ^  ' 

gular  beams  for  a  similar  section  have  twice  the  tenacity  of  triangular 

beams. 

For  a  cylinder  of  radius  r^  e  ^  r^  therefore, 

If  the  cylinder  is  hollowj  we  have  Pi  =  a{~ ~)  ^* 

If  we  substitute  the  modulus  of  the  working  load  Tfor  that  of  the 
strength^  or  for  K^  an  aliquot  part,  i,  c,  V^th,  the  working  load  is 
given  by  the  formula  already  found. 

§  197,  Experiments.* — To  find  the  deflexion  and  tenacity  of 
beams,  we  may  make  use  of  the  experimental  values  for  E  and  Tin 
§  186;  but  as  concerns  the  strength  of  beams,  it  is  safer  to  replace 
the  motlulus  of  strength  there  given  and  derived  from  experiments 
on  tensile  strain,  by  those  values  of  K  which  have  been  found  from 
experiments  on  compression*  A  perfect  accordance  cannot  exist 
between  the  moduli  found  by  these  two  methods,  because  in  rupture, 
not  only  an  extension,  but  also  a  compression  takes  place,  and  both 
of  these  not  only  in  the  direction  of  the  axis^  but  also  in  the  trans- 
verse section,  though  here  not  to  the  same  amount*  Besides,  many 
other  circumstances  aflect  the  elasticity,  tenacity  and  strength  of 
bodies,  on  which  account,  considerable  variations  in  the  results  always 
present  themselves.  Timber,  for  example,  is  stronger  at  the  core  and 
at  the  root  than  at  the  sap  and  the  top.  Timber  will  also  bear  a 
greater  strain  when  the  force  acts  perpendicular  to  the  annual  rings, 

Fig.  an. 


•  Sec  Appendix. 
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than  when  parallel  to  them.  Lastly,  the  soil  and  the  situation  where 
it  has  grown^  temperature^  dryness^  age,  &c-,  affect  the  resistance  of 
wootis.  Besides,  the  deflexion  of  a  body  after  it  has  been  loaded  for 
a  long  time,  is  always  somewhat  greater  than  on  the  immediate  appli^ 
cation  of  the  load. 

Experiments  upon  elasticity  and  strain  were  made  by  EytelwHn 
and  Gerstner^  with  the  apparatus  represented  in  Fig.  217,  JB  J^B^ 
are  two  tressels,  C  and  C\  two  iron  supports.  DD^  the  rectangular 
beam  for  experiment  resting  upon  them.  The  load  P  for  the  flexure 
of  the  body  lies  upon  a  scale^pan  EE^  suspended  to  a  stirrup  MJf^ 
whose  upper  and  rounded  extremity  lies  in  the  middle  ^/ of  the  beam* 
In  order  to  find  the  deflexion  corresponding  to  a  load  P^  Eyitlwem 
applied  two  fine  horizontal  threads  FF^  and  GG\  and  likewise  a  scale 
^If  resting  upon  the  middle  of  the  beam;  von  GerstntTj  on  the  other 
hand,  availed  himself  of  a  long  one-armed  delicate  lever  OA',  whose 
fulcrum  was  at  J1^,  and  whose  extremity,  like  the  hand  of  a  watcb^ 
indicated  upon  a  vertical  scale  KK^  the  deflexion  of.^  to  fifteen  times 
its  amount. 

EemarL  EjcpeHmenU  on  elastidt/,  ^^  have  b«en  made  by  Banks,  Barlow,  Bufibtn 
Burgt  Ebljela,  Eytelwein,  Finchan,  von  Gersiner^  G^uthey,  Mmclienbroeki  Renni€^  Bon- 
Met,  Tredgold,  &C  An  ample  summary  of  these,  antl  besides  a  theoiy  soinewbat  dif- 
ferent from  the  aboTe^  li  %iven  by  fiurg  in  the  1 9th  and  2(>th  vols,  of  tho  "  JahrbQcbeir 
dt*  potytecbiiLschen  InatiuitB  in  WietL"  The  expertnieDtH  of  Eytelwein  and  von  Gerat* 
n*r  are  described  in  Eytelweiu's  '^  Httndbucb  der  Statik  fester  Korper,''  vols,  ii,  and  in 
von  Crersioer'a  "Haj^dbucb  der  MeehanUt^''  vol  L  Tlie  Trealiie  printed  from  the  tmne- 
actions  of  the  AssiX-iaiion  of  Pnissinn  Industry,  *'  EEemer^tare  &srcchnQng  des  Wider- 
standes  prismatlseher  Korper  ge^en  Biegung,''  by  Brix,  has  been  useii  for  the  preparation. 
ol^  the  fitregoing  article. 

§  198.  Modulus  of  Relaiive  Strer^th, — The  following  table  cori^ 
tains  the  mean  values  of  the  modalus  of  rupture  for  several  bodies  met 
with  in  the  arts*  To  find,  with  the  assistance  of  these,  the  pressures 
which  bodies  can  sustain  with  safety  for  a  long  duratioB,  we  must 
put  for  wood  the  tenth,  for  metals  and  stones,  from  the  third  to  the 
fourth  of  K^ 

TABLE  IL 

TS£  MODULUS  OF  FRACTURE  OB  HODPI.US  OF  STACHGTH  FOR  TUE  FLCXtJBB 

OF  BODIES, 


Natoei  of 
iubfttaneet. 


Modulus  of 
Fmcture  K. 


Narne^  of 
Substances. 


Modulus  of 
Fra£:!iure  K. 


10000  10  24000 
fiOOiJ  «  24000 
SOOO  "  13000 
7000  *<  llijm 
7000  '*  14000 


Elm       -    * 
Cast  Irtwi   - 
Limesimie 
Saiidsloae 
Brick     ■    • 


GOOOto  1-3000  I 

70O  *^  l7iXI 
600  "  800 
ISO  "       340 


According  to  this,  we  may  assume  for  wood  as  a  mean  K^  12000 
and  for  cast-iron  A  =>  40000  pounds^  and  we  shall  then  obtain  for  a 


•  See  Appendix. 
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rectangular  beam  imbedded  in  m  wall  at  one  extremity  and  loaded  at 
the  other : 

1.  PI  =s  200  .  bh\  if  it  consist  of  wood,  and  tenfold  security  be 

allowed, 

2.  PI  ^  1000  .  6A*,  if  the  beam  be  of  cast-iron,  and  fourfold  security 
be  given. 

If  the  body  be  cylindrical  j  we  then  have  for  wood 

3-  Pt  =  950  r^,  and  for  cast-iron  _ 

4-  P/^4700r', 

P,  /,  i,  A,  r,  have  the  denominations  hitherto  used. 
For  wrought  iron  K  is  taken  20  per  cent,  less,  because  this  bends 
more  than  cast  iron  ;  here  therefore  we  mus*  put 
PI  =  800  ^A*  =  3600  r^. 
If  the  load  Q  be  uniformly  distributed  over  the  beam,  the  beam 
will  bear  as  much  again,  wherefore  the  above  co-efficients  must 
be  doubled.     If  the  beam  rest  at  its  extremities  on  points  of  sup- 
port, whose  distance  is  f,  and  if  the  load  P  act  in  the  middle  be* 

P  I 

tween  these  points»  then  for  P  we  must  put  —  and  for  I,  — ,  where- 


Pi 

fore  PI  becomes  — ,  and  the  the  tenacity  quadrupled. 
4 


But  if  the 


load  between  the  points  be  uniformly  distributed  over  the  beam,  we 
then  shall  have  for  the  pressure  -^,  which  acts  from  below  upwards 

at  a  point  of  support,  the  moment  ^  ,  _  j  and  for  the  opposite 

pressure  -^  —  as  the  half  of  the  load  pulling  downwards  at  the 

centre  of  gravity,  the  moment  —  Jx  .  ^  ,  ,^  =  —  ~r— ;  hence 
^        "^  2      2       2  8 

there  will  remain  as  the  pressure  for  rupture  at  the  middle,  the  mo- 


ment ^'  —  ^-  %  and  therefore  Ql^S.^K, 
4        8        8  6 


^S,'lbr'K, 


therefore  the  strength  or  tenacity  is  twice  as  great  as  if  the  load  acted 
at  the  middle,  and  eight  times  as  great  as  if  it  pulled  downwards  at 
one  extremity  whilst  the  other  remained  fixed. 

If  a  beam.  Fig,  218,*  is  irabed- 
^■g"  ^^^-  ded  in  a  wall  at  both  extremities,  or 

if  its  extremities  are  fixed,  then  the 
beam  sustains  as  much  again  as  if 
it  rested  freely  at  its  extremities ; 
for  in  this  case  the  |;reatest  flexure 
is  not  only  in  the  middle,  but  like- 
wise at  the  extremities;  the  beam, 
therefore^  breaks  at  the  same  time 
in  the  middle  and  at  the  extremi- 


I^Bu^S^^H^^^Kl^Es 
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v/^ 


7> 


r    .--/^r^/ 


V.-^/:^  V      "T^ 


.y 


•^ 


'•'V    /<-  >  •/^<^' 


-•<     r    .    ^.' 


/ 


'<^^- 


'  ■/  .       /' 


i^^      / ..  r 


(    /  r  t   '-^ 


'  /  e 
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ties  ;  whilst  at  the  intermediate  points  C  and  JD,  where  the  convexity 

passes  into  concavity,  no  flexure  at  all  ensues.     Consequently,  for  a 

PI  P 

portion  AC^  the  pressure  =  ---,  the  arm  =  ^,  and  the  moment  s  — 

I       PI 

.  -  =£  -— .     If,  Anally,  in  this  last  case  the  load  Q  is  uniformly  distn< 
4        8 

huted  over  the  beam,  the  moment  presents  itself  =.  -^ ,  because  we 

may  suppose,  that  the  one  half  of  Q  is  immediately  sustained  by  the 
points  of  support,  and  that  the  other  half  acts  in  the  middle  of  Q* 

The  weight  G  of  a  beam  acts  exactly  as  if  the  load  Q  were  distri- 
buted unirormly  over  the  beam  \  for  a  beam  fi%ed  at  one  extremity, 
therefore,  the  moment  =  PI  +  ^Gli  but  for  a  beam  resting  on  both 

PI       f*     I       f^ 

extremities  and  loaded  in  the  middle,  it  is  =  -^  ,-  +  _!, ^ 

2     2^22        2  * 

|-tP+iG)^,&c. 

Exawtpk. — 1*  A  rectangulai  beam  of  flr^  7  inchei  thick  ftiid  9  incLps  in  depth,  is  to 
rest  on  both  its  e3:tremttieA,  so  thai  the  distance  of  tiie  points  of  support  may  amount  to 
20  feet;  what  ]oad.  suspended  from  the  middle,  wtJJ  it  eusmin?  ^^7^  Asz^,  i^2Q 
feel  s=  240  inches^  henc«  240  .  P  =  4  .  200  .7.9*;  consequenily  thia  load  P  =  70 .  27  « 
IS90  lbs. — 2.  A  round  wooden  water' wheel,  nnd  tta  mxle,  IQ  feet  lonu,  is  to  sustain  at 
iho  wheel,  logetheT  with  its  own  weight,  a  tinifbrml/  distributed  load  Q^  lOOQO  LbA.- 
whai  diameter  must  the  wheel  bave  ?     Q/  =  iOOOO ,  120  s  1200000,  fst »  ,  95(3 ,  f^,  or  r« 

1200000  ^- — " 

^ -^^  ^  I57j9;  hence  the  radius  sought  r  ^^Ift7y9^  5,4  inches,  and  the  dia- 

8  .  950 
meler  of  the&x|«  2r=^  10»8  inches,  for  which  we  maf  assume  one  foot, — 3,  To  what 
^eigbt  may  the  com  in  a  granary  be  heaped  up  if  the  tx^ttont  rest  upon  beams  of  25  feet 
im  lei^ft,  10  mches  in  breadth,  and  12  in  depths  the  djstanoe  between  tire  axes  of  any 
two  bewns  ^  3  fect^  and  one  cubic  foot  of  corn  weighs  4S,5  lbs.  T  If  we  apply  the 
formula  Q/^  16  .  200 .6A\  wo  must  put  6  =s  iO,  A  =s  12,  /  =  2& .  13  a  300  ^  con«equenily 

Q^ — I : ! — —  ^  15360  lbs,     A  parallelopiped,  25  feet  long,  3  feet  broad,  x  feet 

deep,  weighs  ^25  «  3  ^  ^  «  4S,5  Ibe.;  hence,  if  we  put  this  valua  ^  Q,  it  follows  that 

x^  ^  4,32  feet,  the  lequisite  height  to  which  ihe  grain  may  be  heaped  upu 

75  +  49,5 

§  199-  Strongest  Beams. — Bodies  of  equal  section  very  often  pos- 
sess difierent  relative  strengths;  the  farmnla  PI  ^  ^  .  bh^  shows  that 

6 

the  strength  increases^  as  the  breadth^  as  the  square  nf  the  depths  mid 
inversely  as  the  length  of  tfie  beam.  The  depth  has  consequently  a 
greater  influence  upon  the  tenacity  than  the  breadth;  a  beam  of 
dotihle  the  breadth  bears  twice  as  much,  i.  e.  as  much  as  two  single 
beams;  on  the  other  hand,  a  beam  of  double  the  depth,  four  times 
that  of  a  beam  of  the  same  depth*  For  this  reason  beams  are  made, 
namely,  when  they  are  of  cast  iron,  much  deeper  than  broad ;  they  are 
hollowed  out  near  the  middle,  and  what  is  taken  away  replaced  by 
parts  at  a  greater  distance  from  the  neutral  axis ;  but  this  rule  must 
be  particularly  attended  to,  viz.,  always  to  lay  the  beam  on  the  least 
side,  or  rather  so  to  lay  it,  that  the  pressure  may  act  in  the  direction 
of  the  greater  side. 
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The  strength  of  a  round  trunk,  or  of  auy  other  GjUndrical  body,  is 

p^l  ,  —-  Kf  that  of  a  square  with  equal  breadths  and  depths  2  r, 
4      ( 


I 


with  each  other. 


=  _  ,       JT ;   if  we  compare  both  pressures 

"1 ,  ?  =  0,588 ;    the   cylindrical  body  has, 
x-j       4    4 

therefore,  only  about  59  per  cent*  the  strength  of  a  beam  having  a 
square  transverse  section-  Wooden  beams  arc  hewa  or  cot  from 
round  trunks  of  trees,  and  thereby  are  much  weakened.  But  the 
question  now  is,  which  is  the  strongest  form  of  beam  that  can  he  cut 
from  a  cytindncal  trunk  f 

Let  ABDEy  Fig,  %%%  be  the  section  of  the  tmnk,  ^D  »  i<  its 
diameter,  further  JIB  =^  DE  ^  b  the  breadth, 
and  .^E  ^  BD  ^  h  the  depth  of  the  beam. 
Then  b"-  +  h^  ^  d",  ot  h^  ^  ^  —^^ 
moment  of  runf'^^'" 


Fig.  SI9. 


{h  +  a?)  d*— (6 
provided  we  neglect  ^ 
^  +  3  ix".   That  the 
than  the  last,  the  di' 
positive,  whether  we  t  ^ai  tms  is  only 

possible  if  d* — 3  d*  =  ..i.e  then  =^  3  ix*,  therefore 

positive,  whereas,  if  6  ,  ;^  a  real  positive  or  negative  vaJuet  3 

iz*  may  be  neglected,  and  the  difference  may  be  put  =  +  (rf* — 3i*) 
x^  which  if  X  has  the  same  sign,  is  at  one  time  positive,  at  another 
negative.  But  if  we  put  d*  —  3  6*=*  0,  we  obtain  the  breadth 
sought  4  =  d  v\$  and  the  corresponding  depth  A  =  v^  iP—b^  sm  d  y'f; 

therefore,  the  ratio  of  the  depth  to  the  breadth:  ~  «  Z—  =  1,414  or 

about  |,  The  trunk  must  be  so  fashioned  that  it  shall  produce  abeam 
whose  depth  to  its  breadth  is  as  7  to  5.  To  find  the  section  corre- 
sponding to  greatest  strength,  let  us  divide  the  diameter  AD  into  three 
equal  parts,  raise  at  the  points  of  division  Jl/ and  JV*  perpendiculars 
MB  and  JV*£,  and  finally  connect  the  points  of  intersection  B  and  E 
bv  the  circle  with  the  extremities  A  and  D  of  the  straight  line  AD* 
ABDE  IS  the  section  of  greatest  resistance  ;  for  since  AM :  AB  = 
AB  :  AD  and  AJ^^ :  AE  -  AE  i  AD,  AB  ^  b  ^  ^AM.AD  ^ 


HOLLOW  AND  ELLIPTICAL   BEAMS* 


h        ^2 
therefore    t  s  ^^-— ,  which  is  actually  requisite. 

JUmark.  The  trunk  lias  the  jnomwii  of  rupture  Pi  k  — _.  r^,  butthobiswnofgTeoteft 


ie^ii»ie«  for mej  from  H  P/  ^ 


?  rfv'Fi^^ 


8  JT 


-  -■ —    .d*^ — ^  H-   tjje 

^243  ^343 

J=  ,  i-««  1  —  0,65  —  0,35,1,*.  35  per 
^243       » 

oent  of  iti  ftrrnifth.   To  spare  tbii  lews,  Uie  trunk  is  oftiMv  heweiJ  not  quit©  iqnate,  but  the 
eomeri  iminded  oC     A  beam  with  a  squive  section  formed  fn>m  ihe  MUni*   trunk,  Ii4« 


finnkf  theiefore,  kises  bj  squaring  about  1 - 


tb«  moroeut  /*^ 


-  *  dv^T^  r-i  because  here  the  breatitlj 

8             4 
0,tO7  rf,  befiee  the  loss  hen  =1 ,  _  ^  I  ^ 


;  tbe  depth  Ks  ^^}  ; 


ti_0,60«0,40 


ic  40  percseot. 

§  200.  Hollow  and  Elliptical  Bmrm. — Very  frequently  bodies  are 
hollowed  at  the  inside  or  outside,  and  provided  with  ribs  or  flanges, 
either  with  a  view  to  save  material,  or  what  comes  to  the  same  thing, 
to  gain  in  strength.  For  a  hollow  rectangular  beatu  of  iron  P  «  1000 . 
4A^_5  h^ 

„'  *  ,  the  hollow  may  be  of  the  depth  Aj  and  brtadth  6„  made 

Ih 

within  or  without  at  the  sides.     For  a  hollow  cylindrical  body  P  « 

1-4^ ^4 

4700  .  -L    -  ^  ,     In  such  cases  the  thickness  of  the  solid  part  r^  —  r^ 


is  commonly  made  ■-  |  of  the  outer  radius  r^  \  whence  it  follows; 
P  -  4700  /.tz^^ll^  4700.  Q'g^Q^^'^  .  4090  ll,  Anequal- 

ly  heavy  solid  cylinder  has  the  radius  r=  ^  r*  —  V  —  %/  r* — 0,36  r' 

=  0,8  r^ ;  hence  its  moment  of  resistance  «  4700  .  (0,8  rf  &  2406  r* 

namely,  about  41  per  cent,  less  than  that  of  the  hollow  cylinder. 
We  gain  also  in  strength,  when,  Instead  of  a  cylinder,  we  apply  a 

prismatic  body  with  an  elliptical  section,  and  place  its  greater  axis 
^upright  or  parallel  to  the  direction  of  the  pressure.  If  we  suppose 
\%  circle  JIO^BJf^  whose  radius  Of  ■■  CB  ^  a  the  semi^axiJ  iDi|Drt 

described  about  this  eUiptical  section  JiOBJ^t  Fig.  220,  the  itrenglh 

of  resistance  of  the  body  ha%4ng  an   elliptical 
r section  may  be  calculated  simply  from   that  Fif^tK). 

having  a  circular  section*     The  length  of  any 

element  DE  of  the  ellipttc  elements  parallel  to 

ttft  minor  ajds  JfO  »  2  fr  is  always  -  of  the 

a 

length  of  the  circular  element  B^E^ ;  bol  mm 

the  elasticity  and  strength   are  proportkmal  to 

these  dimenjjoQs  stngjy;    therefore,  also  the 

strength  of  the  elliptic  element  to  that  of  the 

circular  element,  is  aa  &  to  a,  and,  finally,  the 

18 
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Fig.  233, 


§  20L  Oblique  Pressure. — If  the  pressure  P  act  obliquely  to  the 
axis  of  a  beam,  which  for  example  is  inclmed  to  the  horizon  whilst 
the  pressure  acts  vertically,  we  have  then  only  to  take  into  account 
its  components  directed  at  ri^t  angles  to  the  axis*  If,  for  example, 
the  inclined  stretcher  JB,  Fig.  223, 
supports  an  accumulated  load  Q,  this 
may  be  decomposed  into  the  compo- 
nents Qi  and  JV,  and  for  an  incli na- 
tion o  to  the  horizon  of  the  stretcher, 
the  pressure  Qj,  counteracted  by  the 
stretcher  ^  Q  .  cos.  a,  and  the  pres- 
sure JST  counteracted  by  the  lateral  wall 
SC  =  Q  sin,  o,  TaHng  the  friction 
into  account  =  Qi  =  Q  *  (^<^^^  «  — / 
sin,  *)  and  hence  for  a  round  stretcher: 

Q  [cos,     —  /  nn,  q)  ^  8  ,  — jr-^i  r 

being  the  radius  and  I  the  length  of  the 
stretcher. 

If  the  pressure  P  be  applied  directly 
to  the  beam  AB^  Fig.  224,  deviating  from  the  axis  by  the  angle 
PAR  ^  a,  two  components  present  themselves,  JV  =  P  sin.  ^  and  P. 
—  P  COS.  A,  of  which  the  one  brings 
into  play  the  relative,  and  the  other  the 
absolute  elasticity  of  the  beam.  If  F 
be  the  cross  section  of  the  beam>  every 
unit   of  it   is    stretched   by   the   force 

— -Ff^,  and,  therefore,  the  modulus  of 


elasticity  K  must  be  taken  at 


P  COS.    a 


less;  therefore,  we  must  substitute  for  K^  K  — 
follows  that : 

therefore^  for  a  rectangular  beam  P  sin.  a 

and  the  pressure  for  rupture:  P  & 


s%n^  » 


=  l^CQS, 


0,  hence  P  «;=  -^  . 
6 


COS.  ft  =  1,  hence  P  =  KF^  as  it  should  be,  for  we  have  here  only 
to  consider  the  absolute  strength. 

Mxan^k.  WhAt  distance   frcrni  each  oUict  imist  th^  lOinch  « retell dj-s  of  JSB^  Fig. 
22  2|  be  lakl,  if  it  be  4^  r«et  wiUe,  Bitui  ruo  tin  t>0  feet  up  a  vein  bftvin^  n  «lop€  pc  ineU- 
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Mtkm  of  70^;  tlie  weight  oi  %  cnbio  ^oi  of  the  poool  n  be  vcippoited  bdag  G£  Iba^  th« 
a)-iffioi«il  of  friction  upon  the  mipporu  h  tJtkeM  bi  |f  Let  ir  feet  be  the  dim^aex  of  two 
irnflot,  the  weight  suftaliied  bf  cjoe  rafter  ^  4,5  .  ftO  -  65  #  ^  17550  .  x  Iht,  and  from 
A«  ^torj  of  the  incaned  plane,  ^U  milet  will  hsTe  ooty  to  soman  the  prcAwn-e  ^ 
s  (dk  70«  —  I  OM.  70)  .  17550  r  mm  (0,9397  ^  0,1140)  ,  17550  x  »  0l,fiS57  ,  17550 

X  »  14493  X  lU    Bat  the  nilfif  stifftauu  8  .  950  ."?«.§  ,  !^2-L^  .  nS99 ;  we  mnM, 

^  54  f  -^ 

Itodhre,  put:  14499  x  «  17592,  and  x  »  il^  >=  3,211  feet  s  14,6  lochfiL     We 

mUfV  llierefofC,  ooly  leti¥e  an  iniervml  belweeii  any  two  raiders  gC  14^6  ifH:h«i« 

§  202,  Loadi^  be^fond  the  middle^ — If  a  presatire  P  acts  upoo  a 
beam,  supported  at  both  ends,  not  at  the  middle,  but  at  a  point  D  at 
distances  DJl  =  l^  and  DB  s  l^  from  the  points  of  support,  the 
beam  then  can  bear  a  greater  load.  According  to  the  equality  of 
certain  statical  moment3»  the  point  of  support  A  sustains  the  pres* 


sure  /*, 


P^  and  the  point  B  the  pressure  P^ 


p. 


^  +  '.  \  .  '  A  +  'v 

heiiee  the  moment  of  rupture  at  the  point  of  apphcation  D  =  DJl  *  P^ 


Fig.  2JS, 


=  i>B  .  P, 


For  any  other 


pi,i. 


point  E  this  moment  J?B  .  P^  is  less, 
because  the  arm  EB  is  less  than  the 
arm  DB  ^  1^;  the  greatest  deflexion 
aJao  takes  place  at  i>,  and  fracture  first 
occurs  at  this  point.     Accordingly  we 

must  put  ^  '  \  ^  — —  or  the  whole 
length  /j  4-  f,  being  represented  by  /, 

6A*,  if  the  beam  is  rectangular.     The  pressure  P  s=i  ^ 

6 


'^  6 

6A'  is  moreover 


c»,  when  l^  or  /,  very  nearly  s=  0^  and  is  infi- 

nitely  less,  the  more  /,  and  f,  approach  to  equality.     If,  lastly,  l^  = 
/,,  f.  e.  if  the  pressure  P  acts  in  the  middle  of  the  beam,  P  becomes 

a  minimum,  because,  if  we  put  f ^  =  ^  +  x  and  ^t  =  h  —  ^>  ^^^  P'^ 

/I  I 

duct  forming  the  denominator  /,  J^  s^  -  —  a:*  is  always  less  than  ^ 


whether  -  be  made  somewhat  {z)  greater  or  less. 


A  beam,  therefore» 


riff.  396. 


supported  at  its  extremities,  sustains 
least  when  the  load  is  applied  at  its 
middle,  and  one  so  much  the  greater 
the  nearer  the  load  approaches  one  of 
the  points  of  support. 

If  a  load  Q  be  uniformly  distributed 
over  the  length  c,the  centre  of  which  is 
/j  and  /,  distant  from  the  points  of  sup- 
port A  and  B^  Fig.  226,  we  shall  then 
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have  to  take  the  difference  ^^^  — ^  ^  .  „  for  the  moment  of  raptiire> 
because  the  pressure  Q^  i»  -yi-  at  the  arm  l^  and  half  the  weight  ^ 

if  Jb 

acting  at  the  arm  ^  is  opposed  to  it.     Therefore 


^\l        8/       6 


Ejcemplt.  Wbni  load  does  a  hollow  cost  iion  bearu  sustaitjj  if  its  miter  depUi  and 
bfetulth  fuirount  Ui  S  inches  mnd  4  iacbest  iLitd  inoer  breadth  and  cleptb  6  ifiches  and 
2  inches;  and  if  fqrthar,  the  mjddlo  of  thci  load,  aniibTmly  distiibitied  over  3  feet  in 
length,  ii  dutant  from  one  point  of  support  4,  and  ffom  die  other  2  feet?  It  U 
M.^^  W  _  4  .  512-2  .  216  _  j^     ,^^      i^-  _  1  ^  (ill  ^  i)  12  =  !5 

i         8      A    6  8/  2 


8 
B  lOOG  «  202 ;  and  ocms^queatlx,  Q  »  f^SdS  Ibe* 


23 
i0ebe»;  hence,  —  Q  i 

§  203.  ¥lmk^  of  Rupture. — If  the  beams  are  not  prismatic,  if  they 
have  difTerent  transverse  sections  at  different  places,  the  plane  of  rup- 
ture, i.  e.  the  plane  in  which  rupture  will  ensue,  will  no  longer  be 
the  same  as  for  prismatic  bodies,  because  this  place  is  not  only  de- 
pendent on  the  arm  ir,  but  also  on  the  transverse  section.  If  we  sup- 
pose a  rectangular  section  of  variable  breadth  w^  and  height  r,  and 
assume  the  beam  to  be  fixed  at  one  extremity,  and  at  the  other  acted 
upon  by  a  pressure  /*,  and  the  distance  of  the  transverse  section  wz 
from  the  extremity  where  the  pressure  acts  =  x^  we  must  then  put 

p-=  __  ,  .^_^  and  find  the  minimum  value  of  — ^  in  order  to  de- 

6       X  X 

termine  the  weakest  part,  or  plane  of  rupture  of  the  beam- 
Here  many  cases  present  themselves;  let  us  consider  only  the  fol- 
lowing.    Let  the  body  MBEG^  Fig.  227>  be  a  truncated  wedge,  or 
have  the  form  of  a  prism  with 

a    trapezoidal    base,   let    the  Fig.  227* 

breadth  DE=  FG  at  the  ex- 
tremity =  b,  the  depth  EF  = 
i>0  =  A^  and  the  distance  UK 
of  the  edge  cut  off  from  the 
terminating  surface  UG,  =  c. 
Let  us  now  assume  that  the 
plane  of  rupture  JVX  is  distant 
VV  s=  X  from  the  terminat- 
ing surface,  we  shall  then  ob- 
tain for  it  the  depth  ML  ^  z 

»  A  -I-  -  A  =  A  (l  +  ")j  whilst  the  uniform  breadth  is  J^fJV=t£?=6. 
The  value  !^' ^  — Vl  4- -V  =  bh' (1+  -  +  ^)  increases  and 
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mum,  when  this  latter  term  is  of  the  last  value,  But  if  iu  place  of 
X,  we  put  c  +  It,  where  ti  is  a  small  number,  we  shall  then  obtain 
for  it ; 

1        ,_c  +  u  _         1  +  ^    I.  JL 

c  +  u  d*     "     /,    .   u\       c        (^ 


As  now  in  this  last 


2        u« 

— H  ~i"' 
c        c* 

expression  u  appears  only  as  a  square,  it  follows  that  every  other 

value,  which  is  obtained  when  the  distance  w  is  assumed  grtt 

or  less  than  c,  gives  a  greater  value  than  for  ;r  »  e,  that  ^  - 

1.x     _„j     .i_ i*___     _i_.    *«?:' 


sequently   for  x 
\c       c       c/ 


therefore,    also 


bh* 


4bh^ 


is  a  minimum.     From  hence  it  follows,  that 
c        c/  c 

the  magnitude  of  the  surface  of  rupture  =  6  .  2  A  ^  2  M,  and  is  dis- 
tant from  the  terminating  surface  EG  —  bh  as  much  again  as  the  edge 
HK  of  the  portion  cut  oC 

In  a  similar  manner,  the  distance  of  the  plane  of  rupture  from 
the  terminating  surface  of  a  truncated  pyramid  or  truncated  cone  is 
equal  to  half  the  height  of  the  supplementary  pyramid  or  supple- 
mentary cone, 

§  204.  BeaTns  of  the  Strongest  Form.—A  beam,  which  opposes  an 
equal  resistance  to  rupture  throughout  all  its  sections,  of  which,  there- 
fore, each  may  be  considered  as  a  plane  of  rupture,  is  called  a  beam 
of  the  strongest  form.  Of  all  beams  of  equal  strength,  the  body  of 
equal  resistance  at  each  point  of  its  length  has  the  least  quantity  of 
material,  and  is^  therefore,  the  most  suitable,  and  that  which  should  be 
selected  for  architectural  construction »  and  for  machines,  not  only  oat 
of  regard  to  economy^  but  also,  that  the  weight  may  not  be  increased 
unnecessarily* 

If  we  put  the  distance  of  a  plane  of  rupture  from  the  further  ex- 
tremity =  X,  and  the  measure  of  the  moment  of  flexure  for  that  section 

WK 
=  W^  we  then  have  the  pressure  requisite  for  rupture  P  =  — -.  As 

e  X 

W 
K  is  a  constant  factor,  a  beam  of  the  strongest  form  — ^  must  be 

ex 

constant  also,  L  e.  it  must  be  of  the  same  value  for  every  possible 

section.     If  for  a  beam  of  a  rectangular  section  the  variable  breadth 

=  «,  and  the  depth  =  v\  but  the  breadth  at  the  origin,  or  end 

supposed  fixed  =  A,  and  the  depth  there  =  A,  we  have  generally 

IFs  -^,  and  e  =  ^,  hence  P  _  ^—  .  — ,  and  for  the  origin,  for 


12  2 

which  «  has  become  /,  P 


6 


uv 


bh'      K 
T'T' 
If  we  make  these  two  values  of  P  equal,  we  obtain  the  equation 

for  the  beam  of  the  atjrongest  form.    In  a  beam  of  equal 


O  ,r^-'-    .■'^^'-     .. 


j::,.vy,. 


/ 


^V..    ' 


u.fi-: A^  / 


'z^'c/-^- 


..,y  ^  '      /// 


V'  .  /:*  ^i: 


•r..,.  i:^  /  '  ^^  rO  i,y^/^^.r'/x  e^^ 


t-  / 


"  JJ 

J    oj^ 


ZZ^^ 


■■-J/7. 


/^Zi/.i-O:   /-V;  //%  ,i^</  W.^.    A^ 


/       / 


=  >^^,vV/  y-rf.^     '  ip..'^ 


/to 


/x."/' 


'  .^/>  ^■>'.'/ 


-     J 


i-/:/a 
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/ 


breadth  u  ^  6  is  —  ^ 


— ,  tberefore,  ^ 


h^ 


j^  which  is  the  equati 


2U 


Fig.  ai28. 


to  the  parabola  (§  35,  Remark)^  and 
points  out  thai  the  iongituditial 
section  jIBE^  Fig.  228,  must  have 
the  form  of  a  parabola  whose  vertex 
is  the  extreraity  or  point  of  suspen- 
sion E  of  the  load.  If  the  beam 
.IB,  Fig-  229,  rests  upon  its  extre- 
mitres,  and  sustains  a  load  in  its 
middle  C,  or  if  a  beam  ^B^  Fig, 
230,  is  supported  in  its  middle  C, 
and  two  pressures,  balancing  each 
other,  are  applied  at  the  extremities 
^  and  B,  then  the  londtudinai  pro- 
file has  the  form  of  two  parabolas  meeting  in  the  middle*     The  last 


Fig.  329. 


Fif .  330. 


1 

Ml 

p 

case  occurs  in  balances,  which,  as  thejr  are  weakened  by  the  holes  at 
the  points  ^,  C,  £,  are  provided  with  nbs,  or  have  a  middle  piece  ^B 


given  to  them.    If  the  depth  v^  his  constant 


the  breadth  u  is  proportional  to  its  distance  from  the  extremity,  the 
horizontal  projection,  therefore,  of  the  beam  *^BD^  Fig.  231,  forms  a 
triangle  BCD^  and  the  whole  beam  a  wedge  with  a  vertical  edge 
coinciding  with  the  direction  of  force.     If  the  body  ABD^  Fig.  232, 

is  to  have  similar  transverse  sections,  we  sball  then  have  -  =  -whence 


A     h' 


u  .  i*>A*      hk 


_,  i,  e,  —  ^  y»  therefore,  the  breadth  and  the  depth  in- 

Fig.  331.  Fig,  332. 
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crease  as  the  cube  roots  of  the  corresponding  arms.     For  example,  a 
section  eight  times  further  from  the  outer  end  than  a  given  sectioD, 
would  only  have  double  the  height  and  breadth  of  that  of  the  given 
section. 
If  a  beam  be  uniformly  loaded,  we  have  the  variable  load  Q  —  yx, 

and  its  am  -  5,  hence,  in^ead  of  P*.  we  m«*t  put  ^  .  |  =  ^, 

whence  —^  =  uv^  ,  — -  and  also  — i-  must  be  taken  =  6A'  — ,  and 
2  6  2  6^ 

consequently  -^-p-  m^  — .    Were  the  breadth  invariable,  that  is  u  s=  ft, 

we  should  have  ^  ==  _ ,  therefore,  also  -  =s  ^,  and,  therefore,  a  tri- 
h^       P  hi 

.angle  ^BE  for  the  longitudinal  section,  and  a  wedge  JIBED,  Fig. 

233|  for  the  body  of  the  strongest  form.    If  we  take  a  uniform  depth 


Fig*  533. 


Fie.  234. 


u  s  A,  we  then  obtain  ^  =  — ,  and,  therefore,  for  the  plane  a  surface 
BDC^  bounded  by  a  parabolic  arc,  as  tn  Fig,  234.     If  we  again  make 


similar  transverse  sections,  then  —  -. 


so  that  we  have  both  in  the 


vertical  as  in  the  horizontal  profile,  a  cubic  parabola,  in  which  the 
cubes  of  the  ordinates  increase,  as  the  squares  of  the  abscisses. 
If  a  body  JIB  supported  at  both  extremities.  Fig*  235,  is  uniformly 

loaded  over  its  whole  length,  we 
^ff-^3^*  have  for  the  rngment  of  rupture  at 

a  distance  from  a  point  of  support 

on  the  other  hand  for  the  middle 

point: 

2^2       2   U        8        8  * 
If  we  suppose  the  bodj  to  be  of 
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umform  breadth,  we  ha?e  to  put  |  {Ix — 3^)  ^  6t?' 


K 


W» 


^,  and  by  division  _- 
6  *** 


Ix—^ 


^OTt^^f^^^\lx-^y     Were 


h  ^  ^  t^v^  would  be  =  Ix — X*,  and  therefore  the  longitudinal  section 
would  be  a  circle  AD^B  described  witb  /  as  a  radius,  but  because 

ix — X*  must  still  be  multiplied  by  f  —  l  in  order  to  obtain  the  square 

t^  of  every  ordinate  OJIf,  this  circle  passes  into  an  ellipse  ADB^  whose 
semi-axes  are  CJl  ==  **  ^  ^  /  and  CD  =  j3  =  A, 

The  same  relations  exist  for  bodies  with  circular  sections  as  for 
those  with  similar  rectangular  sections.  In  the  case  of  a  beam  im- 
bedded in  a  wall  at  one  extremityt  and  loaded  at  the  other  _  =s  ^| 

H       I 

L  e,  the  radii  increase  as  the  cubes  of  the  distances  from  the  point  of 
application, 

§  206.  Th€  Thickness  of  Axhs. — In  the  parts  of  machines*  as  the 
shafts,  axles,  &c.,  flexures  may  prejudicially  affect  the  working  of 
machines,  by  giving  rise  to  Tibrations  and  shocks ;  and  it  is  here* 
therefore,  often  more  desirable  to  determine  the  sections,  not  ac- 
cording to  their  strength,  but  according  to  their  degree  of  flexure. 
Gerslner  and  Tredgold  maintain  that  a  beam  of  wockI,  supported  at 
both  extremities  and  loaded  in  the  middle,  may  suffer  a  deflexion 

a  =  — -  *  I  without  disad^-antage,  and  that  such  a  beam  of  cast  or 
wrought  iron  can  only  undergo  a  deflexion  or  height  of  arc  o  ss  -^  -  L 

But  now  from  §  190 :  a  ==        1^  ,  and  from  §  191 :  W'  as.  — ,  hence 

p  p  fx  pp 

follows  the  height  of  are  :  a  »  ■  and  —  a  .   If  now  we 

put  —  =  — ^TTT*  and  E  es  1800000,  we  obtain  for  wooden  beams  the 
I        288 

tenacity  or  strength  at  the  middle: 

0,     4  bh^  E  __    I       4&A^ 

t 


1800000 


25000 


^  288  P 

For  cast  iron  4  =  -^t  a»d  £  =  17000000,  hence 
I         480 

«         P=_L.l^.  17000000=  142000.  ijl. 
•  480       /»  P 

If  ^rther  w«  take  for  Met  iion  1  =  -i-,  and  £=29000000  lbs., 

we  obtain  for  a  rectangular  beam  of  this  material ; 

P=  242000.^. 

The  co-efficients  26000,  142000,  242000  must  be  multiplied  by 


214 


JlUPTCRfi    BT   COMPRlSSlOPr. 


3  rt  =  9,42,  and  A  and  h  be  replaced  by  r,  for  cylindrical  beams  m 
round  axles^  &.c*  The  following  table  gives  the  dimensions  of  the 
transverse  .sectionSf  /  being  expressed  in  feet,  b^  A,  r  in  inches,  and 
P  io  pounds. 


SubfrBUDoes. 

R«ctaxigul».r  section. 

Cifcular  leciioti. 

Wood  -    •    .    -    - 
C^i  iioii   -    -    -    - 

Wrought  iron      -    » 

"    170 

letio 

1000 
9250 
15800 

If  the  load  Q  be  uniformly  distributed  over  the  beam,  P  must  be 
replaced  by  f  Q,  §  190,  and  if  the  weight  of  the  beam  be  taken  into 
account,  by  P  +  |  G*  If  it  be  the  case  of  a  beam  which  is  fixed 
at  one  extremity  and  loaded  at  the  otheri  P  and  /  must  then  be 
doubled,  therefore,  PP  to  be  multiplied  by  eight ;  if,  lastly,  the  beam 
fixed  at  one  extremity  sustains  a  load  Q  uniformly  distributed,  for 
PP,  we  must  substitute  |  .  8  Qf^  ^  3  QP  for  PP. 

Exampla.^ — 1,  Whut  load  wjU  «  wocden  beanie  20  feet  long,  7  jncbei  ibick  nud  0 
deep}  Te|ioamK  od  both  its  extremitjefl,  iuistaki  Tor  a  length  of  tLm«  f    Thi»  load  U  P 

=  170  .    —  =  no  .    Lif  =  1190  .  31  =  2170  lbs. 
f  20=  400 

In  5  1»8F  wm  found  =  l»00  lb*,— 2.  What  tbicknes«  must  ati  iron  axle,  12  feet  long, 
be  ct^  if  the  fame  has  to  lustain  a  tuiiforcnly  distributed  load  Q  ^s  4000Ci  Ibs.^  without 

I  Q^  5     40O0O    12* 

any  detmnental  nexiirc?  r*  ^ — L_!L — .  therefore  here  H  ^  —  .  ^  ■     '^ —  Ks32Si 
^  15800  8  15800 

♦ 

and  r  SI  ^2'28    ^  3iS9  inchet ;  ootuequentl/t  the  Ifaickneu  of  the  axle  2  r  ^  7,78,  oi 

about  7}  i»clje«.     By  tbe  formula  for  strong,  if  the  modulus  of  tenacity  of  Wit>ughtin>n 

be  taken  at  ^  Umet  tliat  of  cast  imn:  r3=  „,    ..*^\^..,  =  ^"^^ '  ^^^^  ^  =  ^8,5; 


hefioe,  r  ^  98,5  ^  4,62  inches,  and  2  r  t 


8  ,  y  .  471X1 
!  9^4  inches. 


8.14  .  4700 


§  206,  Rupture  hy  Compression, — If  prismatic  bodies  are  so  strongly 
compressed  in  the  direction  of  their  axes^  as  to  amount  to  rupture, 
their  resistance  to  compression  has  to  be  overcome.  This  rupture 
may  take  place  in  two  ways.  If  the  body  be  short,  if  it  approximates 
to  a  cube,  it  will  fall  to  pieces  without  undergoing  flexure,  but  if  the 
body  is  longer  than  it  is  broad  and  thick,  flexure  similar  to  that  which 
takes  place  will  precede  the  rupture.  The  one  kind  of  rupture  con- 
sists in  a  crushing,  bruising,  transverse  strain,  or  splitting  asunder  of 
the  body  or  its  parts ;  the  other*  in  a  fracture  or  destruction  of  a  section 
of  the  body.  Hence  a  disti7^:iion  is  made  between  the  cruskiTig  strength 
and  strength  of  rupture  under  compression. 

The  resistance  to  crushing  w,  ^or  simiiur  sections^  proportional  to 
their  areas  ;  for  regular  sections,  however,  somewhat  greater  than  for 
irregular,  and  greatest  of  all  for  circular  sections.     It  is  besides  inde- 
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pendent  for  the  moat  part  of  the  length  of  the  body.  Short  wooden 
prisms  split  asunder  in  the  direction  of  their  length,  or  form  a  bulge ; 
stones  break  into  several  pieces  or  separate  along  an  inclined  plane. 
Ten  times  the  absolute  strength  is  given  to  wood  and  stones;  to  iron, 
only  one  of  five  times ;  and  to  w^ls  of  rough  stones,  twenty  times.  If 
£^  be  the  modulus  of  resistance  to  crushing,  and  Fihe  transrerse  sec- 
tion of  the  bodies,  the  working  load  will  be 


P-  FK^  and  F. 

tuted. 


< 


where  for  K^^  i  K  to  ^  K  must  be  substi* 


TABLE 


OF  THE  MODULUS  OF  RESISTANCE  TO  CRUSHING. 


MbdoluaX: 

Names  of  rabstanon^ 

liDdnlasJr. 

Banlt     • 

■  ^        , 

fTOOO 

IMk     .       . 

060  to  2200 

Oneias     • 

«        •. 

6100 

OA      .       . 

9S0O<«  tfSOO 

Granite    • 

«        • 

6000  «» 11000 

Piat      •       - 

6800  **  8000 

Limestoiw 

-•        • 

1SOO«    6000 

fir        -       . 

6000 

Marble    • 

•       ■* 

a800«19000 

Gbiliron 

146000 

Mortar     • 

w       • 

680"      900 

Wronghtiron 

76000 

SandstOM 

te           -t^ 

i400«taooo 

O0H>er.        - 

60000 

The  tilii6|i.6f  JfTcoatahwd  in  die  preceding  tnb|e  are  not  unfre- 
quentljy  eqpedall^  ftr. wooden  eolnmns,  appliceUe  even  when  the 
bodies  are  very  long,  only  it  has  been  found  neceaaaiy  to  diminish 
these  values  by  one,  two,  or  three-sixths,  when  the  ebhimns  are 
twelve,  twenty-four  or  for^-eight  times  as  long  as  they  are  thick. 
Accordingly,  for  a  column  of  oak,  one  foot  thick  and  twenty-four 
long,  K  must  be  taken  at  from  2800  (1  —  f ) «.  1900  lbs.  to  6800  .  f 
a  4500  lbs.  The  formulae  developed  in  §  185  for  the  transverse 
section  of  bodies  of  considerable  weight,  and  of  bodies  of  the  strongest 
form,  here  find  their  application.* 

Exampki. — 1.  What  k)ad  can  a  roand  oolumn  of  pine,  13  feet  kmg  and  11  inches  dia- 


meter, austainf   Ft 


r.  IV 


a  95  aqoare  inches;  if  wepow  take  for  JTa  meanTahie 
ixth,  because  the  length  is  13 


a  ^^QQ+8000  ^  ^^^  ^^  diminish  the  Tahie 

times  that  of  the  thickness,  and  therefore  pot  K  a  7400  .  |  a  6200  Ibs^  and  giye  aten- 


times  security,  we  shall  then  haye  P  a 


6200.  jP 
10 


,  620  .  95  a  58900  lbs.— 2.  How 


thk^  most  be  the  fbnndatkm  walls  of  a  massive  bnilding  of  20000000  lbs.  weight,  60  feet 
outer  length,  and  40  feet  breadth,  if  for  this  purpose  we  use  well  finished  blocks  of 
gneiss  ?  Let  z  be  the  requisite  thickness,  60  —  x  is  the  mean  length,  and  40  —  x  the 
breadth ;  therefore  the  mean  perimeter  2  (60— <r  +  40— x)  ^  200  —  4  x ;  if  we  mul- 
tiply this  by  X,  we  obtain  the  base  of  the  walls  (200—4  x)  x  square  feet  v  144  (200—4  x) 
X  ^  576  (50— x)  X  square  inches.    For  a  twenty-ibld  security,  a  square  inch  of  gneiss 

sustains  a  pressure  v v  255  lbs. ;  hence  we  have  to  put  255  .  576  (50— x)  x  v 

onnriAAAA       ktx        -.        20000000        .^^      ^^  136 -f  a^  _    »_ ,  136 

20000000,or  50  x—<^  ^  ^  136.     Now  x  ^ -L — ,  or  about  x  ^  _^ 

146880  50  50 


*  See  Appendix. 
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I9ft    I     7  1A5 

^  S,7  fwt-     Now  Ji*  being  put  ^  S,?*  as  7,  tnort  aoctiratelj  j  ^  —I- —   3=  — — 

=s  2,86  faet^  for  wbicfa  we  mny  iske  3,9  feet,  ^  ^5  incbei. 

§  207.  Rupiure  under  Compresnon, — If  a  prismatic  body  ABCD^ 
Fig.  236,  be  fixed  at  oae  extremity,  and  at  the  other  be  acted  on  by 
a  pressure  P,  which  acts  in  the  direction  of  the  axis  of  the  body,  the 
relations  of  deflexion  wiU  come  out  otherwise  than  when  the  pressure 
acts  perpendicular  to  the  axis.  The  neutral  axis  KL  assumes  another 
form,  because  the  arms  of  the  pressure  P  are  not  formed  by  the  ab* 
scisses,  but  by  the  ordinates,  as  HK.  From  §  188,  we  have  for  the 
angles  of  curvature  LML^^  L^M^L^^  &c.,  of  the  neutral  axis  KL^  Fig. 


Fif ,  936. 


Fii*  S37, 


237,  t»  -  ^ 


LL, 


WE 


— ^*J^f  &c.,  but  here  the  moments 
WE 


are 


Jtf ,  =  P  .  I>t^|i  Jf  J  —  P  •  A^i»  ^^'f  hence  we  have  the  measures 
of  the  angles:  ^^  ^  Ll^^LlH^,  ^^  =  :L:J?^JtliA,  &c.     If 


WE         '  ^'  WE 

we  introduce  the  tangential  angles  L^LD^  =  KOL  =  o,  L^L^E^^  » 
•i  =  »  — fi.  ^A^s  ^  »s  =  *i  —  ^3  =  »  —  fi  ~^3f  &c.,  and  if 
we  suppose  on)y  a  small  curvature,  we  may  then  write:  LL^  « 


DA 


■f  A^s 


i',Z, 


'-,  L,L, 


—2-1,  &c. ;  if  further  we  di- 


vide the  entire  height  of  the  arc  CK  =  a  into  n  equal  parts,  we  may 

then  put :  D^L^  -  CC^  =  EJL^  =  C^C^,  &c.  .  ?,but2),I,,  =  ?f , 

n  n 

DJj^  s  — ,  &c.,  and  by  the  substitution  of  these  values  it  follows 
ft 

that: 

'  n"^  na  Pa*         „  *  »   *   n  a,  2  Pa* 


♦. 


WJS 


WEtt*a  '^ 


FFi; 


WEn\' 
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3  Pa' 


WE  n\ 
3  Pa'     , 


,  &c.,  or  f^  a 


Pa. 


WEn' 


^•♦«' 


2  Pa* 


WEn* 


The  sum  t,o  +  ti  ",  +  tj  "»  +  •••  ^ 


Pa» 


WE 


-(1  +  2  +  3+. 


+  ") 


Pa' 


Pa' 


WE.n'  2       2  WE 


,  and  may  be  also  found,  ifa  be  divided 


into  m  equal  parts,  and  any  such  part  — ,  be  put  —  f,  — ^,  —  »„  &c 


m 


Weahallthenobtainfia  +  *,o,  +  ♦,«,+• 


m  \        ml 


m  \  mf 


_l — .  ,  _  by  takiQg  out  tie  common  factor 


ui    m 


/^— j  ,  and  writing  it  in  an  inverse  order  =  {-\  (1  +  2+, ,,  +m) 


»i- 


m* 


^,  and  by  making  these  two  sums  equal  to  each  other 


Pa^ 


Fif .  338. 


A*  ^  -^ri  ^'i  equation  between  the  angle  of  curvature  LOK 

and  the  height  of  the  arc  CK  =  a. 
For  the  equation  of  the  elastic 
line  LK,  Tig.  238 »  let  us  take 
iJV  s  X  and  JSTQ  ^  ^  as  co-or- 
dinates, and  put  the  correspond* 
ing  angle  of  curvature  LMQ  =»i. 
In  the  last  equation,  if  we  put  a 
for  y>  and  y  for  a^  we  then  have 
to  replace  the  sum  ti  «  +  ♦i<^i+ 

■  *"~^*~^*L;  hence » 


2 


faa,  +  ---by- 

if  we  represent  the  supplementajry 
angle  QSK  =5=0  —  a^  by  &,,  we 
afterwards  obtain  ©^  —  *»!*    = 

^,  or  a,>  =  a»  —  ^,  and  so  a* 

since    aj^    »    z    QQ,7;    and    /an^.    QQ^T 
TQ        element  «  of  the  ordinate  y 
TQi        element  t  of  the  absciss  2:' 


J- 


Bit 


we 


lave 


i   "  ^WE 


^a>-^. 


•  If  in  a  rectangular  triangle  jfBC,  Fig,  239, 
with  the  bypothenuse  AB^a^  the  angle  CJiB 
increases  by  a  small  amount  BAB^  =s  4,^,  the 
perpendicular  BC^y  increases  by  the  amount 
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BB, 


tf  and  the  base  JlC  decreases  by  the  amount  DB^  C^C,  then 


JiB' 


v/a*— y».  By 

comparing  the  two  expressions  —  tm     ]-—=■  .  t/a* — y*  and  — 


v^o*  —  ^,  we  obtain  the  equation  4  ■■ 


4 


FWE' 


Therefore  the  ratio  of  the  element « of  the  absciss  to  the  element  of  the 
are  4  is  invariable,  and  =     1- 


WE 


,  and  hence,  also,  the  ratio  of  the 


absciss  x  to  the  whole  arc  w9 


_  >|^"- '•  :f  -  J-r •  *"^ 

I.,^—.    Ifj  finally,  we  substitute  this  value  of  *J  ia  the  equa- 
tion BC  =  ^B  sin.  Ji\  t  e,  y^  a  tin.  A^  we  obtain  the  equation 

sought: 

With  the  assistance  of  this  last  fonnula  we  may  find  the  ordinate 
JV'Q  ^  y  corresponding  to  any  absciss  UV  =  x^  Fig,  240,  If 
in  this  we   put  x  =  /  and  y 


jin. 


d,  we  then   obtain  a  s  a  ^n, 
/  /    \^^—\^  whence  it  follows  that 


4  w^ 


WE. 


Pig.  24^. 


As  this  formula  does  not  con* 
tain  the  height  of  the  arc  a,  it 
follows  that  the  force  P  is  capa- 
ble of  maintaining  equilibrium 
for  every  deflexion  of  the  body» 
This  remarkable  circumstance  is 
explained  by  the  fact  that  an  in* 
crease  of  the  arm  or  of  the  stati* 
cal  moment  is  combined  with  an 
increase  of  the  deflexion.  Heace, 
therefore,  the  force  for  rupture  is: 

§  208.  CoiiiiTins.— If  we  put  in  the  formula  P  ==  i~^  ,  WE  for 
W 
column  P 


.-— ,  we  then  obtain  in  P  the  resisting  strength  of  a  rectangular 


CQLtTMirS. 


21§ 


The  siref^th^  therefore^  of  a  paralMopiped  increases  as  the  breadth 
or  greater  dimension^  and  the  cube  of  the  thickntss  or  less  dimenstQn  of 
the  transverse  section^  afid  inverse It^  as  the  square  of  the  length , 

If  J  OE  the  other  hand,  we  put  Wt=  jr*f  then  for  a  cylindrical  co- 


iunm  we  have  P  =  =-» 


Fig.24K 


r*E 

16       P^ 

The  strength  of  a  cylinder  inereases,  therefore,  as  the  fourth  powe^ 
of  the  diameter^  and  inverstltf  as  the  square  of  the  length, 
i|^or  a  hollow  column  with  the  radii  r^,  aad  r, 

^=16-^ p—'  

If  the  column  be  not  fixed  at  the  lower  extremity^  it  will  assume  a 
curvature  BJIB^^  Fig.  241,  by  which  the  lower  half  will  be  as  strongly 
deflected  as  the  upper >  and  the  greatest  curvature  take  place  in  the 
middle.     Therefore  this  beam  must  be  regarded  as  the  double  of  one 

imbedded  in  a  wall,  and  for  i,  -  must  be  sub* 

slituted,  so  that  for  the  rectangular  and  for  the 
cylindrical  columns, 

in  both  cases,  however,  there  is  a  fourfold  tena- 
city. These  formula,  when  the  columns  are  not 
very  long,  give  generally  a  greater  tenacity  than 
the  formula  for  the  crushing  strength,  wherefore 
the  ratios  of  the  sections  are  often  determined 
from  the  last.  It  is  at  least  advisable  only  to 
make  use  of  the  formula  for  rupture  under  com- 
pression when  the  length  is  at  least  twenty  times 
that  of  the  thickness,  and  then,  further,  to  allow 
a  twenty- fold  security.* 

Emmpla, — i.  Far  a  c^uinii  of  fir,  12  feet  l<mg  ODd  11  inches  tlilok»  the  tenacity  la 

P=^^.!l.4=31^fnV.i5£2^=  31  .  0,044  .  90000  -  123000  lbs.:  in 

Ifl     /*     25  \24/  20  ' 

Eianiple  No.  1,  of  S  206^  5S900  Iba.  only,  thei^fore  abcmt  i  of  th©  sbove,  wa«  found- — 
3;  How  thick  must  a  (^lumn  oT  oak,  30  f&tx  tugt^  be  in  onki-  to  ht  abje  m  baaf  «  lo»d 
{iT  60000  IbA.! 


—m-'f- 


.60000  ,(30.  12)^ 


31  .  IBOCKJUO 
20 


J 


8.6.  36(7 


31  .  IS 


:  10,3  inchefij  oOfiM> 


qnontlf,  the  thick  nua  is  aboyt  21  inches.     The  ttrength  of  cru*bin«  re<iuires,  if  JT  be 


pat 


1  ^  aSOO  +  eaOO   _  gg^  j,^  ^^  trtrngyerf*  secUon  F  = 


IKJOOO 


18S 


2  320 

•qnara  inches;  whenoSj  r  ^     / ^  13,7  .  0,564  ^  7,7  indim,  and  the  thickness 

should  l>e  1I>J  inches.     For  this  cuse  the  first  value  must  Ixj  taken. 

§  209.   Tamon.— Whea  a  body  ^£C,  Fig.  242,  fixed  at  one  ex- 


*  See  Appendix. 
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*  tremityi  is  acted  upon  by  a  force  whose  direction  lies  in  the  plane 
Dormal  to  the  axis,  and,  thereforet  endeavors  to  turn  the  body  about 
the  axis,  or  when  two  forces  of  revolution  F  and  Q  act  in  different 
normal  planes  upon  a  body  J?£,  fixed  by  its  axis,  Fig,  243,  the  fibres 
running  parallel  to  the  axis  undergo  a  wrenchitig  or  torsion,  the 
amount  of  which  we  wish  to  determine.     Let  ^B^  Fig,  242,  be  a 


Fig.  343. 


Fig.  243. 


I^^HI^u 


fibre  before,  and  ^7>the  same  fibre  during  the  torsion,  and,  therefore ^ 
let  the  extremity  of  the  fibre  B  be  advanced  by  the  force  of  torsion  to 
J},  If  now  /  be  the  initial  length  AB^  and  %  its  extension,  therefore 
I  +  nthe  length  AD  during  the  torsion,  and  iff  be  the  corresponding 
torsion  BDf  we  have  after  the  Pythagorean  law  to  put 

(l  4-  %f  ^  P  +  f«,  qtP  +  2l\  +  x^:=  P  +  ^,  may  be  put  appioii- 

matdy  =  it  =  — ,    If  further  F  be  the  section  of  such  a  fibre,  we 

then  have  for  the  force  required  to  produce  this  extension  in  the  direc- 

tion  of  the  fibre  5  ei  ^  .  F .  B.    But  this  force  or  tension  {S)  of  a 

fibre  is  only  a  component  of  the  force  of  torsion  J?,  which  produces 
besides  a  further  pressure  JV;  normal  to  the  fibres.  From  the  simi- 
larity of  the  triangles  RDS  and  BDJ^  it  follows  that  5 :  ii  =*  *  :  /, 

Bs 
hence  S  ts  —,  and  by  equating  both  values  of  S: 


I 


Fig*  2«» 


21 


F.E. 


Thtrtfote  the  force  of  torsion  of  a  J!hre 
increases  as  the  torsion  (^),  and  the  transverse 
section  F,  and  inverseli/  as  the  length  (l)  of 
the  fibre. 

To  find  the  force  of  torsion  of  a  cylindrical 
axle  CBJI^  Fig.  244,  let  us  divide  its  radius 
r  into  n  equal  parts,  and  suppose  concentric^ 
circles  passing  through  the  points  of  divi- 
sion, so  that  the  transverse  section  becomes 
decomposed  into  annular  elements  of  the 


/^ 


J.  .Y. 


Hfe^    -^ 


,'t  <•    •   i»'-f   •  %  I  ' 


y   //         ^-         ^''.     ^< 


'V  <^' 


•     /^  .'    ' '  "'      •  '  '  " 


/    -^StfJ^   'V  ;.'y 
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'■ 

<^ 

•'  •  ■■"' 

•-•  ' 

#  •' 

f  ^  < 

'  ■  - 

.    y 

r 

■••'' 

/ 

■r.*    V 

y 

^    .  / 

^' r    '  ■ 

/;' 

<Wr 

--- 

lL^ 

:>i- 

y 

-'^^..v.^ 

-f  .■ 

..    - 

,  ' ' 

C^'    -  V  Z'/      -      /r 


c 


'y ^' 


/ '  ^  .  V  '    '      c  c"    -'  y  ^  '  '^^  '      ^x  y  -  ■  -   /-^  -'^  •  z'- . '  r  ^  -y 


y' 


y 


^r,-^'/ 


/r/      ^<?/>> 


/!%--e^ 


.  t^'-^--'  tk^-y-Zf         *  /"  , 


//V,.' 


/  '^  A  ^  •  ^  -'  ^  .'  r  i'  v'V^ 


/>   .o^  ^  Vt  ^^^.' 


J^ 


lIOK. 


■*  ■  *»»-*r     M  4 


/ 


/^ 


\ 


-^   /^ y  -  ^'X^r-^ 


I 


^*   ^V  »'-''.     -    /f- 


'  ^''-    ^r^    x'     -; /t   y<<. 


V;  ^'  ^*"'    •'^    '^■'^    /■•     ■■-'^-'r  '  X-    •    '    .-, 


-z:: 


xr.  ^^    "^ 


-f   y^'  /» 


.^    •'•■  *-  C--  /■o^  /  -*• 


*■  ^  ,   f  ■t'^ 


y  f<  tt     ^^,    «  .^-^  /.■  /  , ,. 


/^ 


'-•'/?   rt     /      -,.  y^ 


^'Ste 


-•;     /'■ 


"r .    .4        y. 


/■:'.4' 


/»  '    X'* 


y. . 


^..      ^"     /r^/ 


;-'-•  .-/^ .  .<-^^  ".-^   ,. 


/ 


J  t  f  < 


C     xv    .  /  ..^. 


,^<<  /^    /    -^  ^^ 


^  / 


yrA ', 


/  y      ./' 


/'A     .' 


^ 


/ 


.    /' "..1 


'.-/    y;     /? '  f ' 


V'=--  /i^'/>  ' .. 


v^ 


^"/f-'   ; 


/ 


'  /" 


/   e  '^  j-f  ^  .r  '  T  .^^        ^  .  !     i  ^,/^^      ^  r*  ''.■ 


J-    ■■  y      / 


'.^^^ 


.       /-  ^ 


•  7  /     '    ^ 


/  ^ 


^~ 


^■.'/ 


/:'^-4r. 


•  <  -"        -fit 


r^  '^/^y  r../ 


y^ 


■■  t   ^i^^     y'^ 


/  /'  -^-^ 


'  ^ie.  /• 


/■      •  ♦ 


./ 


S       yf    r't  iTt    '   f    <.<^        y^,  t  ,^f  ^ 


/ 


y  /^ 


^*'y 


•■'  ^t'        /'f    /r  f.    /.'  t  -y 


X^^  y' 


-V7. 


/ 


/-.  '/ 


/ 


i] 


^,-  ^.     -    '. 


/" 


y 


y' 
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thickness  ^>  tud  radii -,  ^,  — ^, .  < ^,    The  solid  conlents  of  these 
n  n    n     n         n 

elements  aref.  «2ff.---^2rt  (t.)*^  F  =  2  >  .  —  .  -  « 

n     n  \7i/  71      n 


4n 


n     ft 

twisted  by  the  angle  BCD  i 

r  2r 

sions  I'l  ^  —  »y  j|  ^  —  tt|  j| 


If  all  the  fibres  are 


Qp,  they  have  the  corresponding  tor- 

B  ^^  a,  and  hence  the  forces  of  torsion 
n 


are 


-_i_i  £,  4c.    If  further  we  multiply  these  forces  by  the  areas 

1,  -J!,  _  I  and  add  together  the  values  so  obtained,  we  have  for  the 
n    n     n 

momeots  of  torsion  Pa  =^  j  (^V  (V  +  S^  +  3^  +  ., .  +  n")  £,f.e. 

Pa  ^  ^  {-\\  ^  ^  ^^\  £,  and  inversely,  the  measure  of  the 

angle  of  torsion : 

4 1.  Pa 

If  the  axle  be  hollow  and  have  radii  r^  and  r,,  we  have  then 

The  applicatbn  of  hollow  axles  gives  also  with  respect  to  torsion  a 
saving  in  material,  for  if  we  put  r ,  =  r,  and  rj  =*  r  v^2,  we  then  ob- 
tain for  the  hollow  axle,  which  has  the  same  sectioa  as  a  solid  oneg 
the  moment  of  torsion : 

9tt  E f.^      ^.       k    ^Hf*E  * 

"  TT  ^      ^^  ^       ^TT* 
ffince  as  great  as  for  the  solid  axle. 

§  210.  For  a  shaft  or  axle  of  a  rectangular  section  MBDE^  Fig, 
245,  the  moment  of  torsion  is  found  in  the  fol- 
lowing manner.     If  we  divide  half  the  breadth  Fi^S45. 
*4G  =  &  into  n  equal  parts,  and  carry  through 
the  points  of  division  the  parallel  planes  Hi, 
JMJV,  &c,,  we  obtain  elements  of  equal  sections, 

etch  =  ^  .  A,  where  h  represents  half  the  height 
n 

AF  =  G  C  of  the  section .   If  now  we  divide  one 

of  th^se  elementary  strips  into  m  equal  parts,  we 

have  for  its  area  ^  ,  ^  ^  — ^.   Let  the  normal  distance  CiTof  the 
m      n         nm 

strip  HL  from  the  centre  Cf^c^  and  the  distance  iCif  of  the  element 

19* 


m 
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Ktrom  the  normal  CH^  ».€,  then  the  distance  of  the  element  from 
file  axiaia'CJiC^  •€*+^,  cccotditfgly  the  arc  of  torsion  •■  •  \/€*+€*, 
aAd.tiie.  moment  of  torsion 

'  12*3' 

If  now  we  successi?ely  put  e  «  —  A,  —  A,  —  A,  &c.,  and  sum  the 

fvi   •  M      in 

results,  we  have  th^  moment  of  the  strip: 

■  m*  *    '  ' 
But  1+4+9+  •  •  •  +  m'  »  — ,  hence  the  moment  of  the  strip  ■« 
•  3 

•^  (^  ^.  A\  £•    To  obtain  the  moments  of  all  the  strips,  let  us 

again  put  c  «>  ~, — ,  — »  fcc.,  and  again  sum  the  resultS|  we  shall 
then  have: 

Generally  the  sections  are  square,  and  therefore  i  «  A.  As  we 
hare  only  considered  a  fourth  part  of  the  diaft,  it  follows  for  the 
iriwlediaftthat: 

For  a  cylindrical  axle  Pja^  «  ^^—  £;  if  we  put  ft  ■■  r  we  then 

obtain  Pa  ^•^.  ^  .  ^!L--  £  ipi  £.  P^.,  the  moment  of  the  square  is, 

3    H     4/  3k    " 

16 
therefore,  «p  =--  im  1,T66  times  as  great  as  that  of  the  round  axle. 

Bff  If  iro  |Balce4t*  •■ifr',  and,  therefore,  both  sections  equa),  we  then 
iila^Fu^^^E^J^.i.P,a,^^  Pa,  therefore  the 

sqaasa  shaft  {•  ediy  a  little  stronger  than  tfie  cylindrical  axle. 

If  flie  axle  be  hollow,  and  the  outer  and  inner  radii  be  2ft|  and  2ft,, 
wc  then  have: 

.,    0»    ... 


BREAKING   TWIST. 
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§  211.  Breaking  Twist, — Wben  the  torsion  exceeds  a  certain  limit, 
the  fibres  are  torn  asunder,  and  the  cylindrical  axle  is  ivmied  asunder* 

For  the  moment  of  rupture  of  the  fibre  furthest  from  the  axis  -  «  -=» 

I      E 


but  y  is  also 


hence  it  follows  that  — , 


ftr 


The  statical  moment  of  twisting  for  the  round  axle  is 


j: 


Pa 


but  for  the  square  shait|  where  the  greatest  distance  of  a  fibre  is  half 
the  diagonal  i  %/  2^  it  follows  that 

^=i^smce--^«     11. nd  Pa  ^iil^m 
E  2^*  /         S  E  3 

Since  the  fibres  are  not  only  extended  by  torsion,  but  also  com- 
pressed, and  as  we  have  only  had  regard  to  extension  in  our  develop* 
ment,  so  it  may  be  expected  that  the  formulae  found  do  not  in  their 
quantitative  relations  quite  correspond  with  experiment  and^  therefore^ 
it  is  necessary  to  take  the  constants  E  and  ^  KE  from  experiment? 
made  especially  to  determine  them. 

If  a  be  given  in  degrees,  such  observations  admit  of  our  putting  for 
tlie  torsion : 


Circular  section. 


Square  sectioii. 


Fa  =  3500  .  ! 
Pa  =  160000 - 
P.i=  280000  J 


In  what  relates  to  the  strength  of  torsion,  numerous  experiments 
made  upon  cast  iron  have  given     I  ^^  «  30000  to  66000  lbs,,  if 

It    I  KE 
therefore,  a  five-fold  security  be  taken,  then  is  -    f— «—  —  12600  lbs. 

therefore,  for  the  round  cast  iron  axle  Pa  =  12600  H,  and  for  the 
square  =  15000  ¥, 

The  same  formula  hold  good  for  axles  of  wrought  iron,  but  for 
wooden  ones  we  may  put  Pa  ^  1260  r^  and  =  1500  ^j,  i  e,  the 
modulus  of  strength  =  j\  that   of  iron    axles.     The  modulus  of 

strength  for  steel     I  ^^  must  be  taken  at  twice  that  of  iron,  and  gun 

N    2 
metal  at  one  half.*  _ 


*  See  Appendix. 
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-1.  The  iron  upright  axle  of  a  turbine  exerti  at  die  drcotnference  of  a 
toothed  wheel  of  15  inofaet  radius  repoiing  upon  it,  a  force  of  2500  lbs. ;  what  thick* 

I  mutt  be  given  to  it?    Pa^  2500  .  15  a  37500,  and  if  we  put  r«  i  ' 


12600 

^^^  «.  iZi,  we  ahaU  obtain  r  s    /IZEa  1,44  inches;  hence,  the  thickness  of 
18600        126^  V  126 

the  axle  2r  bs  2,88  inches,  for  which  3  inches  may  be  assumed.  If  the  distance  of  the 
tootiied  wheel  from  the  water  wheel  is  60  inches,  the  torsion  of  the  axle  ^  a®  bs 

Pal  37500 .60  876 . 6         14/)6       oo  ^  .u      r  j      ui 

:b ^ Hi  — m.  mar  ST ,  therefore  very  considerable. 

160000  H        160000.1^*       160.4,28        4.28 

—2.  On  a  square  axle  of  fir,  a  fixoe  P  wm  500  Ibii,  aou  at  an  arm  of  20  feet,  whilst 
the  load  is  applied  at  an  arm  of  2  feet,  die  distance  measured  in  the  direction  of  the 
•lis /■»  10  ibet;  how  tfaiek  most  this  axle  be  made,  and  how  great  is  the  torsioQl    Itis 

Pa  «  Q6  «  500.  2  .  12  B  120000  inch  Iba.;  but  the  knd  Q  MK  4  ^""^^^  ^  ^>^ 

0 
Pa  120000  *  — 

theside^oftheiutleiidetetminedbyA*  v^^sM  ~^  »  80;  hence6aB^o 

1000  1500  ^ 

^  4,31  inches,  and  the  whole  skle  :b  8,62  inches.    The  torsion  amounts  to  a^  ^ 

Pal  120000 .  12  .  10        144000      ,o    ,^  ^ ..^.^ku     In 

5800. 6«  5800.4,31«  58.346  * 

geaeial,  less  toisxm  is  allowed,  and  therefore  die  axles  are  made  much  stronger.  Gene* 

niif^  this  angle  does  not  amoimt  lo  i  a  dagiea.    If;  however,  we  pat  a^  as  |^  for  tbie 

14^000  *  — — — 

ewe  we  ihaU  ofaiaiB^  .  J^ZTiZ «i 4966, heMe  *  —  ^"^^6  «i  8,4 inehes, and 2* 

58  .  ^ 
^  16,8  inches^    According  to  Gerstner,  the  angle  of  tortfen  of  an  exie  oag^t  not  to 
«a»ant  to  mort  tfaan  0,1^. 

JMimk.  If  an  axle  hae  lo  sustain  relative  elasticiqr  and  that  of  torsion,  we  am  maks 
theeaknlatioii  for  bodi,  aad  apply  the  greater  zatio  of  the  dimensions  found. 
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SECTION  IV. 


DYNAMICS  OF  RIGID  BODIES. 


CHAPTER    I. 


BOCTRIKE   OF   THE  MOMENT   OF   IKEBTIA. 


Fig,  34€. 


§  212,  Kinds  of  Motion, — The  motion  of  a  rigid  body  is  either  one 
of  iranslatwn^  or  one  of  roiaiion^  or  both.  The  spaces  described  by 
the  pailiclcs  of  a  body  in  motion  of  transla- 
tion  or  progression  are  parallel  and  equal  to 
each  other;  on  the  other  hand,  in  motion  of 
rerolution  or  rotation^the  particles  of  a  body 
describe  concentric  circles  about  a  certain 
straight  line,  which  is  called  the  axis  qfreua* 
luiion.  Compound  motion  may  be  regarded 
as  a  motion  of  revolution  about  a  moving 
ajds.  The  latter  is  either  uniform  or  varia- 
ble. 

The  piston  DE^  or  the  piston-rod  BF  of 
a  pomp  or  steam-engine,  Fig.  246,  has  a 
motion  of  translation,  whilst  the  arm  or  the 
crank  AC  has  one  of  rotation,  and  the  con* 
necting  rod  MB  a  compound  motion ;  for  one 
of  its  extremities  B  has  a  progressive,  the 
other  *^  a  rotatory  motion.  The  axis  of 
revolution,  in  a  rotating  cylinder,  is  invaria- 
ble ;  that  of  the  connecting  rod  AB^  on  the 
other  hand,  is  variable ;  for  it  is  the  inter- 
section M  of  the  perpendicular  to  the  direc- 
tion of  the  axis  of  the  rod  BM,  and  the 
prolongation  of  the  crank  CM, 

§  213.  Reciilimar  Motum. — The  laws  of  motion  of  a  material 
point  found  in  §  81^  &c,,  have  their  direct  application  in  rectilinear 
progressive  motion.  The  particles  of  the  mass  M^^  M^^  M^  &c*,  of  a 
body,  moving  with  the  acceleration  p  by  their  inertia,  offer  resistance 
to  motion  with  the  forces  Mjf^  JV/^,  M^^  &:c.  (§  53);  and  since  the 
motions  of  all  these  take  place  in  linep  parallel  to  each  otheri  the 
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directions,  therefore,  of  these  forces  are  parallel ;  hence,  the  resultant 
of  all  these  forces  arisitig  from  the  inertia  is  equivalent  to  the  sum 
M^p,  +M^+M^,+. . .  ^  {M^  +  M^  +  J^f,  +  .  .  0p-=  ^A  where 
M  represents  the  mass  of  the  whole  bocly,  and  its  point  of  application 
coincides  with  the  centre  of  gravity  of  the  body.  In  order,  therefore, 
to  change  the  motion  of  im  otherwise  freely  moving  body  of  the  mass 
Jtf  or  of  the  weight  G  ^  Mg  into  one  rectilinear  and  progressive,  a 

force  P  ^  Mp  a  — ^j  whose  direction  passes  through  the  centre  of 

gravity  S  of  the  body,  is  requisite.  If,  in  virtue  of  the  action  of  the 
force  P,  the  velocity  c  acquired  while  the  body  describes  the  space  *, 
increases  to  the  velocity  v,  then  the  mechanical  effect  accumulated  ia  j 

the  mass  (§  71)  is  : 

Example.  The  prstoo  of  a  pump,  with  ita  rod  m  that  of  R  steam  engine  or  blowing 
mrachiiic^  ha  J.  a  Tariable  motion ,,  it  hna  no  velocity  at  iu  highest  and  lowest  positioi^c^ 
and  lit  its  mean  {position  its  voLocjt/  is  a  maxttnutn.  If  the  weight  of  ttie  pi«tc^  and  Tod 
be  =  (?j  and  lU  maximum  velocity  at  the  midcJic  of  ill  aacenl  and  descent  ^  e,  the 
effect  which  it  wiil  apeumuiftle  by  yinne  of  ita  inertia  in  the  Anl  half  of  ita  path,  andi 

will  give  out  ag^  m  the  second  half  ^  —  G.    For  G  =  800  Ibt.  and  »  ^  A  &  thitf 

effect  ^OjOiaS  .  5»  ,  800  ^  310  ft.  Iba, ;  were  half  the  path  of  ^e  pbton  •  a=  4  feet»  we 
sbauld  then  have  the  mean  force  which  would  be  requisite  lo  aooelcmte  the  motion  of 
the  piAton  in  the  fim  half  of  thl^  paih^  and  which  it  would  exert  in  the  s^oond  half  bf 
its  retEudation: 

§  214.  Motion  of  Rotation. — If  the  moviag  force  P  of  a  body  AB^,  \ 
Fig.  247,  does  not  pass  through  the  centre  of  gravity  S^  the  body 
wi|l  take  up  a  rotation  about  this  point,  and  tm 
motion  witl  go  on  as  if  the  force  were  directly  , 
applied  to  it,  as  may  be  proved  in  the  following 
manner     From  the  centre  of  gravity  let  a  per* 
pendicular  SJi  be  drawn  to  the  direction  of  the  1 
force  ;  let  this  be  prolonged  backwards  and  the 
prolongation  SB  be  made  equal  to  the  perpen-*! 
dicular,  and  let  two  forces^  balancing  each  other ' 
and  acting  parallel  to  P,  the  one  +  J  P,  sind 
the  other —  ^  P,  be  applied  to  the  point  B.  ITie 

force  +  i  P  will  give,  when  combined  with  hal£ 

the  force  P  applied  at  jf ,  the  force  applied  at  the 
centre  of  gravity  S^  P.=^  ^  P  +  ^P  ^  P,  for  which  the  force  —  i  P 
will  form  a  couple  with  the  second  half  of  P  applied  at  j9  ;  there  will 
result,  therefore,  from  the  excentrically  acting  force  P,  a  force  P  acting 
through  the  centre  of  gravity,  which  will  move  forward  this  point,  to*^j 
gether  with  the  whole  body^  and  a  couple  (|  P,  —  ^  P),  which  will  cause  - 
the  body  to  rotate  about  the  centre  of  gravity  without  producing  a 
pressure  on  it.  The  statical  moment  of  this  couple  will  be  =»  T  " 
PH-iaB,|P=  514, P  equivalent  to  the  statical  moments 
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force  applied  at  A  \  consequently  the  resultant  rotation  will  be  the 
same  as  if  the  centre  of  gravity  S  were  fixed^  and  P  acted  alone. 

According  to  this,  therefore,  every  arbitrarily  directed  force  com* 
municates  two  motions  to  a  body ;  one  of  translation  and  one  of  rota- 
tion ;  and  hence  it  is  necessary  to  study  the  laws  of  this  latter. 

Ifp  finally!  a  hodjr  be  constrained  by  a  path  or  directrix  to  assume 
a  motion  of  translation,  an  excentric  force  will  then  produce  the  same 
effect  as  if  it  were  applied  to  the  centre  of  eravity, 
because  the  forces  of  notation  will  be  taken  up  ^^s-  *^s» 

by  the  directrix. 

§  216.  Moment  of  Inertia. — In  the  rotation 
of  a  body  JkB^  Fig,  248^  about  a  fixed  axis  C, 
all  its  points  describe  equal  angles  in  equal 
times.    If  the  body  rotate  in   a  certain  time 


through  the  angle  f**  or  arc  t  j 

elements  of  the  body  M^,  M^  . 
at  the  distances  CM^  s=  y^, 


.  will 


CM^ 


-  rt,  the 
describe 

If  the 


from  the  axis,  the  spaces  t^y^  fy,,  &c. 
angular  velocity,  i.  e.  the  velocity  of  those  points  of  the  body  which 
are  distant  a  unit  of  length  {a  foot)  from  the  axis  of  revolution  ^  i*, 
tlen^e  snnultaneous  velocities  of  the  elements  of  the  mass  at  the 
disrances  y^  y„  &€.,  will  be  =  wy^  «y^  &c.  j  hence  their  w  vwa  \m 
(uyj*  JVfj,  {«yjp  Jtfj,  &^c.,  and  the  sum,  or  the  vis  viva  of  the  whole 
body :  {^,f  M,  +  {^,fM,  +  ,.,=.  «^  [M^y^^  +  M^y-  +  .  .  .). 

The  sum  of  the  prcxluct  of  the  particles  of  the  mass  and  the  squares 
of  their  distances  from  the  axis  of  revolution^  is  called  the  movient  of 
inertia  of  the  body,  the  moment  of  rotation,  and  the  moment  of  the 
masi.r  If  we  represent  this  by  T^  and  therefore  put  T=  .J%y^^  + 
M^^  +  . . , ,  we  then  obtain  «*rfor  the  vis  mva  of  a  body  revolving 
with  the  angular  velocity  u*.  Hence,  to  communicate  to  a  body, 
already  in  a  state  of  rest,  an  angujar  velocity^ w,  a  mechanical  effect 
P$  =  !«'  r  must  h^  expended ;  and  inversely,  a  body  produces  this 
effect  when  it  passes  from  this  angular  velocity  into  a  state  of  rest. 
If,  generally,  the  initial  an^lar  velocity  of  a  rotating  body  =  i»  and 
the  terminal  angular  velocity  =  h,^  we  then  have  for  the  mechanical 

effect  produced,  Pi  »  V*        '   i    T\  and    inversely,    the    terminal 

Telocity  corresponding  to  an  expended  or  accumulated  mechanical 
effect  P*: 


i 


J- 


2  Pi 


Extm^h.  IT  a  bodj^  AB^  Fig«  34 d|  origiimll/at  rest,  and  capable  of  turning  about  % 
fljEod  aiis  €y  poAsessei  n  ni<>tnent  of  inertia  of  50  fL  lbft.»  and  by  means  of  a  tM>rd  lying 
over  a  pulleys  ii  madp  to  rotnte  in  n  path  *  ^  5  feel,  tlie  (required  angulajr  velc»ciiy  of  lhi« 

body  will  ba  •  »     \1^  ^     I"    ^"^  ^  v^T—  2  feel,  tpi,  <eob  point  at  the  dis- 
tauoe  of  ofie  foot  from  th«  axii  of  revolutioa  will  deacribe,  after  ibe  aceomulation  of  tbi» 
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mechanical  efibci,  two  feet  in  a  visxmd. 


SMxmda,  and  the  number  of  r«w>liitioiia  per  tninuie  ii 


The  lime  of  a  t«vo1uUon  t  j 

60  60 


2w 


3,t4lfi 


19,1,      If  thfi 


Ulgular  vekidty  foimd  » ^2  feet,  pai«ei  LnU*  tlie  velocity  is}  feet, then  this  iBasa pro- 

duce»  the  mechanical  effect  i'li,  ^     3" (^)       '  i"  ^  t^**^^)  -  25  ^=  ^ ^^ 

^  8&f9a  ft.  Ibi.;  for  instance,  a  weight  P^  of  10  lU.,  mis€4  8,S93  feet  high. 

§  216.  Redudion  of  Inert  Masses, — If  the  angular  Telocities  of  two 
masses  .^^  and  M^  he  equal,  if,  for  instance,  these  masses  belong  to 
one  and  the  same  rotating  body,  their  vires  vivis  will  be  to  each  other 
as  their  moments  of  inertia^  T^  ^  M^  y^^  and  T^  =  M^  y/,  and  if  these 
be  equal  to  each  other^the  masses  will  possess  equal  vires  vivtB,  Two 
masses  have,  therefore^  an  equal  influence  on  the  state  of  motion  of  a 
revolving  body,  and  one  may  be  replaced  by  the  other  without  causing 
any  change  in  the  condition  of  motion,  if  they  possess  equal  moments 
of  inertia^  M^i/^^  and  M^y^^  and  are  inversely  as  the  squares  of  their 
distances  from  the  axis  of  revolution.  By  help  of  the  formula  JIf,  y^* 
—  ^%y%^  ^  mass  may  be  reduced  from  one  distance  to  another;  t.  e^, 
a  mass  M^  may  be  founds  which,  at  ihe  distance  y^,  has  the  same  in^ 
fluence  on  the  condition  of  motion  of  the  revolving  body,  as  a  given 

mass  M.  at  the  distance  y, ;  namely,  M.  =     ^f^  ■  =  ^»  u  e,,  tfm 

fnass  reduced  to  the  distance  y^  is  the  quotient  of  the  mmnent  of  inertia 
of  the  mass  and  the  squure  of  thai  distance. 

Two  weights,  Q  and  Q^  attached  to  an 
Fiff.  S49,  axle.  Fig,  249,  with  the  arms  CB  »  6  and 

CBj—  fi,  have  an  equal  influence,  in  virtue 
of  their  masses,  on  the  motion  of  the  wheel 
and  axle,  if  Q^  a*  ^  Qb* ;  therefore,  Qj  ™ 

-^.     Hence,  if  a  force  P  act  at  the  arm 

CA  =  CB^  =■  a,  and  cause  rotation  in  a 
mass  of  the  weight  Q  at  the  distance  CB 
=  i,  we  shall  have  then  to  reduce  the  latter 
to  the  arm  a  of  the  force  P ;  therefore,  for 

Q  substitute  Q^  a  -^  and  the   mass  set 


into  motion  by  P  will  be  > 

motion  of  the  weight : 
_  force 

^      mass 


i^-^y 


>+Q6«-ff  "  Po»+Qft***' 


g ;  whence  the  accelerated 


Pa» 


4 


4 


and  the  angular  acceleration  ? 

a 


Pa 


g- 


£nunplf,  The  weight  of  a  roialing  mB»  Q  s  360  Ibs^  iu  diflance  (torn  the  axis  of 
lOtation  b  ^Ifi  feet,  the  weight  conilituting  the  moving  force  Pbs34  Ibs^  and  its  ann 

a  ^  1,5  feet,  the  inert  maM  put  into  Boceleiaied  motion  by  Pa   [ P-\-  (  —  )   Q  |-i- 
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g  mm  ^ifil^i   ^24  ^  _  ,  3^  j  k  0,031 .  lD34»3l,7J^lba.;  &ndhenca  (lie  accelerated 

24 

motion  of  the  weight  ^9  ^  ., ^  0,756  feet;  on  the  other  band  the  acceleration  of 

31,75 

the  motioR  of  the  diau  Q,ss  —  ,p^  —  j^^^  — U — -  ^  1^96  ii^  and  the  angutar  aceele- 
a  15  3 

ntioii  ^  "!-  ^  0 .  SOI  feeL   AI^t  4  fecondi  tlte  acquired  angalar  ralocirf  will  be  »  ^ 
n 

Op  S04  .4^^ $^16  fe«c,  and  the  oorrefpondiT^  difmnee  ^  —       :  -  ^  4,032  feet ;  coq- 

4  032 
Beqaentlf  the  aijgje  of  revolution  f**«  _! 180*'  =  1,S8  .  ISO*  =»  230*  24'  ^  con^e- 

quently  the  ipaoe  deacrib*!  by  lh«  weight  P  =  €f!  «  ^'"^^^ '^*  s  6,05  feet. 

§  217,  BeducHm,  qf  the  Moment  of  Inertia. — When  the  moment 
of  iDertia  of  a  body  or  system  of  bodies  about  an  axis^  passing  through 
the  centre  of  gravity  jS^of  the  body,  is  known,  the  moment  of  inertia 
about  any  other  axis  running  parallel  to  it,  may  be  easiJy  found.  Let 
Fig.  260  be  the  first  axis  of  revolution,  passing  through  the  centre  of 
gravity  S^  D  the  second  axis,  for  which  the 
moment  of  inertia  of  the  body  is  to  be  deter-  *'*t'  *^' 

mined;  further,  let  SD^e  be  the  distance  of 
the  two  axes,  and  let  SJ\\^x^  and  Jf^M^^i/^ 
the  rectangular  co-ordinates  of  a  particle  of 
the  mass  Jtfj  of  the  body.  Now  the  moment 
of  inertia  of  this  particle  about  D*^M^ ,  DM^* 

and  about  S  -  Jtf ^  .  SM^^ «  Jtf, ,  (SA;*  +  JV;jtf^»)  =  M^  (x,^  +  3^^^) ; 
hence  the  difference  of  both  moments: 

«  M,  (e^+SJ  M:,+x,'+y,n— JIf,  (x,'+y,^)  =  M^e'+2M,€X, 
For  another  particle  of  the  mass  M^t  it  is  »  M^^^  +  2  M^ex^j  for  a 
third  =s  M^e^+2M^  ex^j  &c.,  and  for  all  the  particles  together; 

=  (M^+M^+M^+  .  ,  ,)  e^+2e  {M^x^+M^^+M^^+  .  ,  .)• 
But  Jifj4-Jtft+  •  .  •  is  the  sum  Jtf  of  all  the  masses,  and  ^^+ 
M^^+  *  .  •  the  sum  Mx  of  their  statical  moments;  hence  the  differ- 
ence between  the  moment  of  inertia  T^  of  the  whole  body  about  the 
axis  D  and  the  moment  of  inertia  T  about  Si  T^—  T^Me*+2€Mx. 
But  since,  lastly,  for  every  plane  passing  through  the  centre  of  gravity, 
the  sum  of  the  statical  moments  of  the  particles  on  the  one  side  is  as 
^eat  as  that  of  those  on  the  other,  the  algebraical  sum  of  all  the  par- 
ticles therefore  ■»  0;  we  have,  also,  Mx  ™  0,  and,  therefore,  T^ —  T 
^Me";  i.e.  T,=  T^Me'. 

The  inofnent  of  inertia  of  a  body  about  an  axis  not  passing  through 
the  centre  is  tquivdeni  to  Us  moment  of  inertia  abotU  an  axis  running 
parallel  to  U  through  the  centre  of  gravity^  increased  by  the  product  qf 
the  mass  of  the  body  and  the  square  of  the  distance  of  the  two  axes. 

It  is  also  seen  from  this  that  of  all  the  moments  of  inertia  about 
parallel  axes,  that  one  is  the  least  whose  axis  is  a  line  of  gravity  of 
the  body. 
20 
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§  218.  It  is  necessary  to  know  the  moments  of  inertia  of  the  prin- 
cipal geometric  bodies,  because  they  very  often  come  into  application 
in  mechanical  investigational  If  these  bodies  are  homogeneous,  as 
in  the  following  we  will  always  suppose  to  be  the  case,  the  particles 
of  the  mass  M^^  Jf,,  &c,,  are  proportional  to  the  corresponding  parti- 
cles of  the  volume  F^,  F,,  &c.,  and  hence  the  measure  of  the  moment 
of  inertia  may  be  replaced  by  the  sum  of  the  particles  of  the  volume^ 
and  the  squares  of  their  distances  from  the  axis  of  revolution.  In 
this  sense  the  moments  of  inertia  of  lines  and  surfaces  may  also  be 
found. 

If  the  whole  mass  of  a  body  be  supposed  to  be  collected  into  one 
point,  its  distance  from  the  axis  may  be  determined  on  the  supposi- 
tion, that  the  mass  so  concentrated  possesses  the  same  moment  of 
inertia  as  if  distributed  over  its  space.  This  distance  is  called  the 
radius  of  gyration^  or  of  inertia.  If  T  be  the  moment  of  inertia^  M 
the  mass,  and  r  the  radius  of  gyration,  we  then  have  Mr^^  T,  and 

hence  r  ^     f  — -*    We  must  bear  in  mind  that  this  radius  by  no  means 

%iM  ^ 

rives  a  determinate  point,  but  a  circle  only,  within  whose  circum- 
lerence  the  mass  may  be  considered  as  arbitrarily  distributed. 

If  into  the  formula  T,  =  T  +  Mi^,  we  introduce  T  =-  Mr^  and 
T^ «  .'Iffj*,  we  obtain  r/  =  r*  -|-  e*,  t.  e*  the  square  of  the  radius  of 
gyration  referred  to  a  given  axis  =  the  square  of  the  radius  of  gyra- 
tion referred  to  a  parallel  line  of  gravity,  plus  the  square  of  the  dis- 
tance between  the  two  axes. 

§  219.  Jl^e  Rod.—Th^  moment  of  inertia  of  a  rod  -^j  Fig.  251, 
which  turns  about  an  axis  XX  through  its 
middle  point  C,  may  be  determined  m  the 
following  manner.  The  cross  section  of 
the  rod  =  F,  its  half  length  C^  =  I,  and 
the  angle  which  its  axis  includes  with  the 
axis  of  rotation  ACX^  o.  If  we  divide 
half  the  length  into  n  parts,  we  then 
obtain    n  portions   each  of  the  contents 

J- 1  •  .  I    21  M 

—  I  the  distances  of  these  portions  f«>m  the  middle  C  are  -,  — , — , 

n  n    n     fi 

^  I  21 

&c,j  hence  their  distances  from  the  axis  XX  are  MJf^  ^  -  sin.  a  -^ 

n  n 


Fic.SGL 


Fl 


nn. 
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m.  a,  &c*,  and  these  squares  ^  ( 


I  iin. 


f  I  sin. 


9  (    ^"'  "  ]  Slq,   By  the  multiplication  of  these  with  the  contents  of 

Fl 
an  element  — ,  and  by  the  addition  of  all  the  products,  we  have  the 
n 

moment  of  half  the  rod : 
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^1 


JI*  Hn.  a^ 


{V  +  2*  +  3'  +. . .  +  n"),  or,  P  +  2^  +  3*  + . .  -+n» 


jRP  rin.  •* 


But  as  the  volume  of  half  the  rod  Fl  is  to  be 


Fir*  3^9. 


considered  as  the  mass  M^  it  follows,  finally,  that  T  ^  J  MP  nn,  »** 
The  distance  of  the  end  of  the  rod  from  the  axis  XX  is  JiB  ^  a  ^  t 
m,  a,  hence  it  follows  more  simply  that  T™  |  Ma%  which  formtila 
is  also  to  be  applied  to  the  whole  md,  if  ^be  the  mass  of  the  whole* 
A  mass  M^^  at  the  extremity  jf  of  the  rod,  has  the  moment  of  inertia 
M^a^^  hence  if  we  make  M^  =  J  M^  it  has  then  the  same  moment  of 
inertia  as  the  rod.  Whether,  therefore,  the  mass  be  uiiiforml|'  dis- 
tributed over  the  rod,  or  its  third  part  be  collected  at  the  extremity*^, 
it  comes  to  the  same  thing. 

If  we  put  T  =  *AfH,  we  obtain  r*  ■=  J  a%  and  hence  the  radius  of 
gyration  of  the  rod:  r  =?  a  ^Z  ^  *=  0,5773  •  a. 

If  the  rod  stands  perpendicularly  to  the  axis  of  rotation  a  =  ^, 
therefore,  T  =  |  MP,    If,  lastly,  the  rod  JiB,  Fig. 

252,  be  not  in  the  same  plane  with  the  axis  of  ro- 
tation, and  if  the  shortest  distance  between  the  two 
axes  be  CE  =  e,  we  shall  then  have  from  §  217, 
the  moment  of  inertia  Tj  =  T  +  Jtfe*  =^  ^¥  (e"  + 

§  220.  BeetmngU  and  Paralhlopiped. — The  mo- 
ment of  inertia  of  a  rectangular  plate,  MBDE^  Fig. 

253,  which  turns  about  an  axis  XX  passing  through 
its  middle  C,  and  parallel  to  a  side,  is  as  for  a  rod  =  J  Mt^^  but  if 
the  axis  FF  stand  perpendicular  to  the  plane,  the 
moment  of  inertia  is  then  determined  from  the 
former  paragraph  in  the  following  manner ;  the 
half  *'^EFGis  divided  by  lines  parallel  to  the  side 
JIE  into  strips  of  equal  breadth,  such  as  K£,  the 
moments  of  these  strips  determine,  and  then  added 
together.  If  the  half  length  FE  ^  GA  =  /,  half 
the  breadth  CF  =  CG  =  &,  and  the  number  of 

parts  =  fl,  the  area  of  a  part  &  ^  .  ^h  ^^ , 

H  n 

The  distances  from  C  of  these  strips  are  in  the 


Fig.  153, 


senes 


i,  ?f,  %  &c.,  therefore  their  squares  il\\A(-\\  9  /-^',&c., 
n    n    n  \nf       \n/       \n/ 


hence  moments  of  inertia  are: 


^'[(»-^i}"'[^{^r-o^[»0'-^] 


and  the  moment  of  inertia  of  half  the  plate : 

r=  i^  r  (L)" (1  +  4  +  9  +  . . .  +  a*)  +  « 


[0 


&*■ 


] 
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n    Lw   *  3  "*"     3  J 


2bi(P  +  y) 


lMiP+b% 
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because  2  &^  must  be  coosidered  as  the  mass  of  half  the  plate.     As 
the  semi-diagonal  CJ  ^  d  ^  x/  P  -¥  b\ we  may  put;  T^  JJlfti*. 

If  <Af  represent  the  whole  mass,  the  for- 
mula holds  good  for  the  moment  of  in- 
ertia of  the  whole  plate.  Since,  further* 
a  parallelepiped  BEF^  Fig.  254,  may  be 
decomposed  by  parallel  planes  into  equal 
rectangular  plates,  the  above  formula  is 
also  applicable  to  this,  if  the  axis  of  ro* 
tation  pass  through  the  middle  points  of 
any  two  opposite  surfaces.  It  follows, 
besides,  from  this  formula,  that  the  mo- 
ment of  inertia  of  the  parallelopiped  is 
equivalent  to  the  moment  of  inertia  of  the  third  part  of  its  mass 
applied  at  a  corner  -tf. 

From  the  formula  for  the  moment  of  inertia  of  a  parallelopiped* 
that  of  a  triangular  prism  may  be  also  calculated.  The  diagonal 
plane  ^DF  divides  the  parallelopiped  into  two  equal  triangular 

prisms  with  rectangular  and  triangu- 
lar bases  JBD,  fig,  255 ;  hence^ 
for  the  rotation  about  an  axis  XST, 
passing  through  the  middle  C  and  K 
of  the  hypothenuse,  the  moment  of 
inertia  =  ^  MtP,  If  now  we  make 
use  of  the  proposition  §  217,  we  ob- 
tain the  moment  of  inertia  about  an 
^xiB  YV^  passing  through  the  centres 
of  gravity  S  ana  *S,  of  the  bases  :  T 

=  f  M(P^  and  it  follows  also  that  the  moment  of  inertia  about  a  side 

edge  BH:  

T,=  T+  M.SB*^  f  M^  +  M  (§  df  »  g  Jtf f  =  f  Jtfif » wher« 

d  always  represents  half  the  hypothenuse  of  the  triangular  base. 
§  22L  Prums  and  Cylindirs.— For  a  prism  JlDFE^  Fig*  266, 

with  isosceles  triangular  bases,  the  mo- 
ment of  inertia  about  an  axis  XX^  which 
connects  the  middle  points  of  the  bases^ 
r  =  I  Md^j  if  d  represent  half  the  side 
jlD  of  the  surface  of  the  base,  because 
this  surface  may  be  decomposed  by  the 
line  of  the  height  JiB  into  two  equal 
rectangular  triangles*  If  now  the  height 
JiB  of  the  isosceles  triangular  base  =  h^ 
we  have  then  for  the  moment  of  inertia 
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of  this  prism  about  the  axis  fF  pawing  through  the  centres  of  gravity 
of  the  base : 

r-|JlfcP-Jlf(*y-Jlf(}cP-jA«)-JJf(2d«-JA>), 

and  finally,  the  moment  of  inertia  about  the  edge  passing  through 
the  points  A  and  F  of  the  bases : 

r,-r+Jtf(|A)«- Jif(?^_^  +  ^  -  J Jif(2d*+*»). 

Hence  the  moment  of  inertia  of  a  right  and  regular  prism  revolvine 
about  its  geometric  axis  may  be  found.  Let  A  be  the  height  CA^ 
Fig.  257, 6i  one  of  the  supplementary  triangles,  CA  m  CB  m  2  d^  r 
the  radius  of  the  base  or  of  a  supplementary  triangle,  and  JIf  the  mass 
of  the  entire  prism.    We  have  then  by  the  last  formula : 

re&rular  p 
when  A 


The  regular  prism  becomes  a  cylinder ^'g-  ^^' 
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af  this  prism  aboat  the  axis  YY  pawng  through  the  centTesof  graTity 
of  ihe  base ; 

and  finally,  the  moment  of  inertia  about  the  edge  paumng  ihfOtigh 
the  points  *i  and  F  of  the  bases : 

Hence  the  moment  of  inertia  of  a  right  and  regular  prism  rerolriog 
about  its  geometric  axis  may  be  found.  I4el  A  be  the  height  C'J, 
Fig,  257,  of  one  of  the  supplementary  triangles,  C.i  »  CB  =  2  d—  r 
the  radius  of  the  base  or  of  a  supplementary  triangle^  and  M  the  mass 
of  the  entire  prism.     We  have  then  by  the  last  formula : 

The  regular  prism  becomes  a  cylinder 
when  A  «  r,  hence  the  moment  of  inertia 
of  a  right  cylinder  about  its  geometric 
axis  is : 


F^f.  i57. 


J^(^  +  r')=i^r'. 


Fif,  238. 


The  moment  of  inertia  of  a  cylinder 
is,  therefore,  equivalent  to  the  moment  of 
inertia  of  half  the  mass  of  the  cylinder 
collected  at  its  circumference,  or  equivalent  to  the  moment  of  inertia 
of  the  entire  mass,  at  the  distance  r  v^| 
=  0,7071  .  r. 

If  the  cylinder  JiBDE  be  hollow, 
Fig.  258,  the  moment  of  inertia  of  the 
hollow  space  must  be  subtracted  from 
that  of  the  solid  cylinder.  If  the  outer 
radius  CA  =  r,,  and  the  inner  CG 
^  r^,  we  then  have  from  what  has 
preceded  the  moment  of  inertia  of  the 
hollow  cylinder : 

,    ^i-K*-  ; 

because  the  volume  considered  as  the  mass 


red  as  the  mass  ™  n  (fj — r,*],     If  r  be 
the  mean  radius  ^J-2I_!i,  and  b  the  breadth  of  the  annular  surface^ 


we  then  have  T  ^  M  (r^  +  —V 


§  222,  Cone  and  Sphere. — The  moment  of  inertia  of  a  right  cone, 
as  well  as  that  of  a  sphere,  may  be  calculated  from  the  formula 
for  the  moment  of  inertia  of  a  cylinder.  Let  JlCB^  Fie*  259, 
be  a  cone  revolving  about  its  geometric  axis,  Djl  =  DB  «  r 
the  radius  of  its  base,  and  CD  =  A  its  height  coinciding  with  the  axis* 

20* 
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If  we  make  n  slices  paraUel  to  the  base  at  equal  distances^  we  then 
Fir.  350. 


obtain  thin  discs  of  the  radii  ^,2^,3-  ,  -  -  n 

n      n       n 

_,  asd  of  the  comraon  height  -*    The  half  toI- 
n  n 

Dmes  of  these  discs  are  ^  [  - 1    «  — ,  h  (—\   . 

\n/      %n      \nf 
h         /3r\'     A 


2n         \n/      2n 
ments  of  inertia: 


&c.,  ajid  heDce  their  mo- 


/r\^      A       /2r\*A       /3r\*  A     „ 

the  sum  of  these  values  gires,  finally,  the  mo- 
ment of  inertia  of  the  entire  cone : 


and  as  1*  +  2*  +  3<  + 


r=  !!!^  1^  +  2*  +  3^  + 
2n* 

-I-  n^  «       we  have 


+  n% 


10      3  10 
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hence  its  moment  of  inertia 


For  the  right  pyramid  ACE^  Fig.  260^  with 
rectangular  base,  under  the  same  circum- 
stances r^  J  Md^^  if  d  represent  the  semi- 
diagonal  DJl  of  the  base.  Also  by  subtraction 
of  the  two  moments  of  inertia,  the  moment  of 
inertia  of  a  right  truncated  cone  with  the  radii 
rj  and  r^  and  the  heights  h^  and  h^  may  be  ob* 
tained : 

or,  since  the  mass 

In  a  similar  manner^  we  find  the  moment 
of  inertia  of  a  sphere,  revolving  about  one  of 
its  diameters  DE  =  2  r.  Let  us  divide  the 
hemisphere  J^DB^  Fig,  261,  by  sections  paraU 
lei  to  the  base  ACB^  into  n  equally  thick  cir- 
cular slices,  as  GKH^  &c.,  and  determine 
their  moments.  The  square  Glf*  of  the  radius 
of  any  such  slice  is : 
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2n 


Let  us  put  in  succession  for  CK  -,  — ,  — ,  &c.,  to  — ,  and  add  the 

n    n     n  n 

results,  we  shall  then  have  the  moment  of  inertia  of  the  sphere : 
r-  ^  [n  .  H— 2r»  Q*  (l«  +  2*  +  3»  +  .  .  +  n«)  + 

Now  the  solid  contents  of  a  hemisphere  .tf  «  |  nr^f  hence  we  may 
put: 

r  =  f  .  I  kH  .  r«  =  §  JMH, 
and  if  we  take  .tf  for  the  whole  sphere,  the  formula  will  hold  good  for 
the  case. 

The  formula  T  »  f  Mf^  is  true  also  for  a  spheroid  whose  equa- 
torial radius  =  r  (§  117). 

If  the  sphere  revolves  about  another  axis  at  tfaa  diitance  e  from  its 
centre,  the  moment  of  inertia  is  then 

The  radius  of  gyration  «  r  v^}  »  0,6324  .  r;  two-fifths  of  the 
mass  of  the  sphere  at  a  distance  from  the  axis  of  rotatbn  equal  to 
the  radius  of  the  sphere,  have  the  same  moment  of  inertia  as  the  whole 
sphere. 

§  223.  The  moment  of  inertia  of  a  circular  disc  ^BDE,  Fig.  262, 
revolving  about  its  diameter  jB£,  is,  as  for  the  mo- 

ment  of  flexure  of  a  cylinder,  (§  195]  s  — --  » 

4 

consequently  the  radius^f  gyration  ^r  ^  ^^^  rj 


m 
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2n 


(r-_2r*  CA:^+CA> 


Let  us  put  in  succession  for  CK 


r   2r   3r 


nr 


kc.m  to  ^,  and  add  the 


results,  we  shall  then  have  the  moment  of  inertia  of  the  sphere: 


2n 


[" 


.2r» 


:)   (l»  +  2»  +  3»+  ..  +  «»)  + 


0  g 


(1-i  +  i) 


15- 


2f* 


Now  the  soHd  contents  of  a  hemisphere  M  =  ^  nr^^  hence  we  may 
put: 

r  =  f  .  I  icf* ,  r^  =  i  -¥r>, 
and  if  we  take  M  for  the  whole  sphere,  the  formula  will  hold  good  for 
the  case. 

The  formula  T  =  |  Mr^  is  true  also  for  a  spheroid  whose  equa- 
torial radius  =  r  (§  1I7)» 

If  the  sphere  revolves  about  another  axis  at  the  distance  e  from  its 
centre^  the  moment  of  inertia  ifl  then 

The  radius  of  gyration  :^  r  ^i  ^  0,6324  »  r;  two-fiiVhs  of  the 
mass  of  the  sphere  at  a  distance  from  the  axis  of  rotation  equal  to 
the  radius  of  the  sphere,  have  the  same  moment  of  inertia  as  the  whole 
sphere- 

§  223.  The  moment  of  inertia  of  a  circular  disc  MBDE^  Fig.  262» 
revolving  about  its  diameter  BE^  is,  as  for  the  mo- 

meat  of  flexure  of  a  cyhnder,  (§  195)  = ^ , 


consequently  the  radius  of  gjrration  =  r  v'  J  =  J  r, 
t.  e,  half  the  radius  of  the  circle. 

From  this  we  may  now  find  the  moment  of  inertia 
of  a  cylinder  •^BDiT,  Fig.  263,  which  revolves  about 
a  diameter  f  G,  passing  through  the  centre  of  gra- 
vity 5,  If  I  be  half  the  height  and  f  the  radius  of 
the  cylinder,  we  then  have  the  volume  of 
half  the  cylinder  ss  jir*/,  and  if  we  make 
equi-distant  sections  parallel  to  the  base^ 
we  decompose  this  body  into  n  equal  parts. 


W\^.  S6S. 


htH 


each  of  which  = 

-  from  the  centre  of  gravity  5,  the  second 

— ,  the  third  — ,  &c. 
n  n 

muki  §  217,  the  moments  of  inertia  of  these  circular  slices  are: 


,  the  first  is  distant 


In  virtue  of  the  for- 


..m 
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^[*--(t)'} 


&c.,  their  sum  gives  the  rooment  of  inertia  of  half  the  cylioder 
n    L  4 


vfhich  holds  good  likewise  for  the  ^hole  cylinder,  if  M  represents  its 


mass. 


We  find  ia  like  manaer  for  the  right  cone  ^BD^  Fig,  S64,  whose 

axis    of  revolytion   passes 
^*i'^^'  Fig.  S66.         through  its  centre  of  gra- 

vity, and  is  perpendicular 
to  the  geometrical  axis  CD 


T=^%M 


(--^)- 


A' 


For  a  plate  ABC,  Fig, 
265,  in  the  form  of  a  rectan- 
gular triangle^  the  moment 
of  inertia  about  an  axis 
passing  through  the  centre 
of  gravity  S,  and  parallel  to 
the  side  jJC,  is  according 
to§  193: 


=  T^JlftS 


T     —       M 

36  ^  2      18 

if  the  breadth  6  parallel  to  the  axis  of  revolution,  and  A  the  height 
perpendicular  to  it  be  given.  This  formula  holds  good  even  for  an 
oblique  angled  triangle,  if  the  axis  runs  parallel  to  the  base,  and  A 
represents  the  height  of  the  triangle.  From  this  the  moment  of 
inertia  of  a  triangular  prism  ADEF^  Fig.  266 j  may  be  found,  if 
the  axis  of  revolution  XX  passes  through  its  centre  of  gravity  5, 

and  is   parallel   to  the 
^'"B  sfifi-  Fig.s67.  side  DE  of  the  surface 

of  the  base,  it  follows 
from  the  same  method 
as  that  adopted  for  the 
cylinder,  that 

(■-•*•+?)• 

where  /  represents  half 
the  length  of  the  prism. 
§  224.  Segrnmts,— 
The  moment  of  inertia 
of  a  paraboloid  of  revo- 
lution, BAD^  Fig.  267,  which  turns  about  its  axis  of  rotation  AC^  is 


T^Mi 
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SEGMENTS* 

determined  in  a  similar  manner  to  that  of  a  sphere.     Let  the  radius  of 
the  base  CB  =  CD  =  fi,  the  height  C/f  i^  ^  and  the  body  consist  of 

n  slices,  each  of  the  height  ^,  we  have  then  the  contents  of  these 

n 

«  _  ,  rt  ,  _  a*,  _  rt  .  -  a*,  --  »  If  -  <r,  «c», 
n  n       n       n        n       n 

because  the  squares  of  the  radii  are  as  the  heights^     From  this  the 

moments  of  inertia  are  given 

n     2     n^    n     2      ft*  '  fi     2      n*  *        ' 
and  hence,  finally,  it  foUows  that  the  moment  of  inertia  of  the  whole 
paraboloid  is 

2fir 


2fi^ 


3 


6 


KO'A 

2 


3        ^        ' 


2 


because  the  volume  of  this  body  isMe& 

The  same  formula  is  applicable  to  a  small  segment  of  a  sphere,  but 
if  the  height  h  is  not  very  small  compared  with  a^  we  have  to  put  the 
moment  of  inertia  of  sUces 

^  ^  ,  o^  „  ^  ,  A^  (2  r—hf  m.  ^  .  (4r^  A^^-lrA^+A^), 
2n  2n  ^        2n    ^ 

where  r  represents  the  radius  of  the  sphere.    If  now  we  take  suc- 

cessively  for  A  the  values  ^,  ^,  —^  &c.^  we  then  obtain  for  the  mo- 

In    n     n 
meut  of  inertia  of  a  segment  of  a  sphere 
I 


=  ^(20r'— 16rA+3A*). 


ITie  contents  of  the  segment  are  Jlkf  —  nA'  (r — }  A),  hence 
r-«AUr-lA).|(r-,*,A+,',  .  ;:q-j-) 
.i^A(r-AA+^,._^). 

Generally  T=^Mh  (r^i%  A)  is  sufficiently  correct 
finds  its  application  in  pendulum-bobs. 

The  moment  of  inertia  of  the  surface  of  a 
parabola  JBD^  Fig,  268^  which  revolves 
about  an  axis  XX,  passing  through  the  mid^ 
die  C  of  the  chord  BD^  is  found  if  the  sur- 
face be  decomposed  into  equally  broad 
stripes,  such  as  £f,  and  Their  moments 
added  together.  Let  J1C=^1  be  the  length, 
and  CB  =  6  half  the  breadth  of  the  sur- 


This  formula 
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face,  CF  m 
an  element 


y  the  ordinate  or  length  of 


z  the  ahacisSf  and  EF 
Its  moment  of  inertia  is  then  t^  -  y  r  x*  +  ^\  j  but  as 

—  =  ~r^»  therefore  y«Ml^ — ?-V  it  follows  that  this  moment 
=  -  Vh^  {\  —  -_J  +  ^3  /  1 —  _\  T    If  now  X  be  successively  put 

a  ^,  ^,  _,  &c«,  and  the  results  added,  we  obtain  the  moment  of 
ft    n      ft 

inertia  of  half  the  surface  of  the  parabola: 

because  the  surface  of  the  parabola  is  vTf  =  f  hL 

This  formula,  which  holds  good  for  the  entire  surface  of  the  para- 
bola, is  also  applicable  to  a  prism  having  a  parmbotic  surface  for  the 
base,  as  in  vibrating  beams. 

§  225.  Whed  and  Axk. — The  theory  of  the  moment  of  inertia 
finds  its  most  frequent  application  in  machines  and  instruments,  be- 
cause in  these  rotatory  motions  about  a  fixed  axis  are  those  which 
generally  present  ihemselves.  Many  applications  of  this  doctrine 
will  be  met  with  in  the  sequel,  hence  it  will  suffice  to  treat  of  only  a 
few  simple  cases  for  the  present. 

If  two  weights  P  and  Q^  act  on  a  wheel  and  axle  ACDB^  Fig.  269, 
with  the  arms  CA^a  and  DB^h  through 
Fig.  269.  tbe  medium  of  a  perfectly  flexible  string, 

and  if  the  radius  of  the  gudgeons  be  so 
small  that  their  friction  may  be  neglected, 
it  will  remain  in  equilibrium  if  the  stati- 
cal moments  P  >  €A  and  Q  ,  DB  are 
equals  aod  therefore  Pa^Qb,  But  if  the 
moment  of  the  weight  P  is  greater  than 
that  of  Q,  therefore,  Pa  >  Qft,  P  wiU  de- 
scend and  Q  ascend ;  if  Pa  <  Qh^  P  will 
ascend  and  Q  descend.  Let  us  now  ex* 
amine  the  conditions  of  motion  in  one  of 
the  latter  cases.  Let  us  suppose  that  Pa  >  Qb,  The  force  corre- 
sponding to  the  weight  Q  and  acting  at  the  arm  6  generates  at  the 

Oft         . 
arm  a  a  force  -=— ,  which  acts  opposite  to  the  force  corresponding  to 


<*<> 


the  weight  P,  and  hence  there  is  a  residuary  moving  force  P  — 


acting  at  A.     The  mass  ^  is  reduced  by  its  transference  from  the 

distance  6  to  that  of  a  to  -^,  hence  the  mass  moved  by  P  —  --^  is 
ga^  a 
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M^(p  +  -^)  -+•  gf  0^9  if  the  moment  of  inertia  of  the  wheel  and 

axle  «  -^^  andy  therefore,  its  inert  mass  reduced  to  Jl  »  -^,  we 

g  g^ 

have  more  exactly: 

From  thence  it  follows  that  the  accelerated  motion  of  the  weight  P, 
together  with  that  of  the  circumference  of  the  wheel,  namely 

moving  force  a  , 


Pa»+Q6»+Gy» 

on  the  other  hand,  the  accelerated  motion  of  the  ascending  weight  Q, 
or  of  the  circumference  of  the  wheel  is:  ^i/^li, 
b  Pa—Qb J 

The  tension  of  the  string  by  P  is  5  -  P  —  :^  -  P  (l  — €\  (§  73), 

that  of  the  string  byQ:7«-Q  +  .^»Q^l+^\  hence  the  pres- 
sure on  the  gudgeon  is: 

g        g  Pa'+QV+Gy' 

the  pressure,  therefore,  on  the  gudgeons  for  a  revolving  wheel  and 
axle  is  here  less  than  in  a  state  of  equilibrium.  Lastly,  from  the 
accelerating  forces  p  and  ;,  the  rest  of  the  relations  of  motion  may  be 
found.  After  t  seconds  the  velocity  of  P  is  v  »  p^,  of  Q :  v^  a  qt^  and 
the  space  described  by  P  :  ^  a  ^  pfi^  by  Q  :  ^^  «■  ^  ^. 

Exampk,  Let  the  weight  P  at  the  wheel  be  a  60  Ibs^  that  at  the  axle  Q  a  lOOIbe^ 
the  aim  of  the  first  C^tf  ^  a  «■  30  indies,  that  of  the  second  DB  «■  6  ^  6  inches;  fhr- 
tber,  let  the  axle  consist  of  a  solid  cylinder  of  10  lbs.  weight,  and  the  wheel  of  two  iron 
xiDfi  and  four  arms,  the  rings  of  40  and  13  lbs.,  the  arms,  together,  of  15  lbs.  weij^t; 
lasQx*  let  the  radii  of  the  greater  ring  jtEwm  30  and  19  inches,  that  of  the  less  FO  ^  8 
and  6  inches.  Bequired,  the  oonditioos  of  motion  of  this  machine.  The  moTing  fijiroe 
at  the  circumference  of  the  wheel  is: 

P—  iQa.60_i..l60a-e0  —48  a  13  lbs., 
a  30 

the  moment  of  inertia  of  the  machine,  neglecting  the  masses  of  the  gudgeons  and  the 

Strings,  is  equivalent  to  the  moment  of  inertia  of  the  axle  ss  -— bi  i '. ^  180,  plus 

the  moment  of  the  smaller  ring  as  ^' (*'«*+''«')  ^  Hs^st^lms  600,  plot  the  mo- 
ment of  the  larger  ring  as  — li it 2  sa  15330,  plus  the  moment  of  the  armt, 

^pp«»im.xelT^dk^^Al±LtdL£D.  «1£:0£1±I1_8±81.  2885; 
hence,  coIIectiTeljr,  63^  _  180  +  600  +  15320  +  2885  ■-  18885,  or  for  foot  1 
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18885 
■■  --- — ■■  131,14.    TbB  eollectiye  mass,  reduced  to  the  circumference  of  the  wheel 
144 


('+5!^)*.- [•»+■•»©•+ 


18885 ' 


20*    J      *• 

—  (eO  +  160  .  0,09  + 1?!^)  .  0,031 »  121,61  X  0,031  »  377  Ibt. 

Acoordingljr,  the  aoeelerated  motkm  of  the  weight  P,  together  with  that  of  the  circum* 
ftrenee  of  the  wheel,  it : 

^  ^  p^pgp:p^-«  -  ^- 3483  feel;  OQ  the  other  hwd.  th^^ 

a.  1. .  3,183  ■■  0,094  ftet;  findier,  the  tennon  of  the  ftiing  faj  P  is  «  A  —  f")  P 

«.  A  — M^^  .  60  a- 54,07  Ibe.;  tiuu  bjr  4  oa  the  other  hand,  Q  a-  (l+-)  •  Q 

■■(14. 0,935 .  0/)31)  .  160  ■■  1,030  .  160  ■■  164,8  Ihii;  and  oonaeqnendr  the  preemre 
onthegiid8eoni94-  TaB  54,06+  164,80  ■■218,86  Iba^  or  inchuire  of  the  wei^tof 
the  machine  ■■  218,86  +  77  «  295,86  Iha.    After  10  eeooodi,  P  has  acquired  the 

Telocitj  pi  mt  3,084  .  10  ■■  30,84  tet,  and  deMsibed  the  space  «  «■  !!f  «■  30,84  .  5 
mB  194,3  feet,  and  Q  has  afoended  a  beii^  i  t  a-  0,3  .  154,2  a-  46,26  feet 

§  226.  The  weight  P  which  communicates  to  the  weight  Q  the 
accelerated  motion  q  ..  oJ^Gi/^ '  *  "**^  ^^  ^^  replaced 

by  another  weight  P^  without  chan^ng  the  acceleration  of  the  mo- 
tion Q,  if  it  act  at  the  arm  «(,  for  which : 

P,a,—Qh  Pa—Qb 

P^^*+(»'+Gy'  ""  P««+<2ft*+Gy 
The  magnitude p      i^       >  represented  by  *,  and  we  obtain  a  • 

—  ka^  wm  —  J  >  ^d  *kc  ^^J™  '^  question  : 

We  may  also  find  by  help  of  the  differential  calculus,  that  the  motion 
of  Q  is  most  accelerated  by  the  weight  P,  when  the  arm  of  the  latter 
corresponds  to  the  equation  Pa* —  2  Qg&  »  <y  +  Gy\  therefore, 

^  "  "P"  +  J  V-p-j   +  — P 

The  formula  found  above  assumes  a  complicated  form  if  the  friction 
of  the  gudgeons  and  the  rigidity  of  the  cord  are  taken  into  account. 
If  we  represent  the  statical  moments  of  both  resistances  by  JV,  we 

must  then  substitute  for  the  moving  force  P Q,  the  value  P 

a 

—  -L-Z— T,  whence  the  acceleration  of  Q  comes  out 
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fPa-Fr)b-Qb^ 


Qb+Fr   . 


\/Qb+Fr\^  ^:W+Gy^ 


Mxmnpki,-^!,  the  weights  P  ss  30  lbs.  Q  »  80  lbs.  act  at  the  arnitf  a  «■  2  feet,  and 
6ss  i  ibotof  a  wheel  and  axle,  and  their  momenu  of  inertia  6y*  amount  lodO  lbs.;  then 
the  aooeteratad  motion  of  the  ascending  weight  Q  is : 

30 . a . f--80 . ay  80—26       ^^^  aft       iMtiL^  «« 

^""  30.2H-80.tty4.60   ' ^  '^ l^):fi6+90      '      ^tSr^  ^  ^^  ** 

if  a  weight  Pg  ■■45  lbs.  genemtes  the  same  aoceiamtion  in  tl»  MSoo  Of  ^  Om  tfrm  df 
P,  is  (hen :     


j25-.^.S  +  i  11^58^5+  3,786  «-  8,^86  f(tet,or  1^814  ree<>-«.  flM  Mdeto- 
rated  mdtkm  of  Q  comes  out  greatest  if  the  arm  of  the  fyim  61  mdhw  df  AfflrliMI 

\  30.  (3,44 15)* +80/*         435,38     ' 
ihoraeat  of  the  fiictkm,  together  with  the  rigidity  of  the  striAft  ta  JV  ■■  8  }  than,  intlead 

of  Q&,  wa  ttiMt  pat  Q6  4-  f r  »  40  +  8  m  48;  whence  it  MknN  Oat:  c  a  ^  4: 


JQ' 


^y  4.  i  BK  1,6  4-  ^5,227  ai3,886,and  the  correspondMitliiuimiimiio6elemtiiq| 


^30.  1,043-8.  i-20        .!l:L9.32.2«2/)7lfeet 
^  30 .  (3,886y+80       *  633 

§  227.  Attwood^s  JlfacMne.— The  formulae  found  in  §  225  for  the 
wheel  and  axle  hold  good  also  for  the  simple  fixed  pulley,  for  if  b^a^ 
the  wheel  and  axle  becomes  either  a  pulley  or  an  axle.     Retaining 


?«^^  a^-^ 


T^^a^.c,^9  ,  z:-'-^^- 


f  _    C£^.^^cit.*4.  ow- ..•,: 


.4*J     ■    %.%. 


V'y 


/" 


.^/^    _^^!-_^r'  ..  .^  .  ^^^V^/l^/i^-^J^^* 
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(p+Qya^+cy+G.yil 


g 


Frg.  370. 


^m^ 
r  \^'\  ^ 

11 

it, 
J  ^ 

(P_Q)a»_Far  '  *^' 

For  a  small  difference  of  the  two  weights  P — Q  the  accelerating 
force  |>  comes  out  small,  hence  the  motion 
goes  on  slowly,  and  if  the  resistance  opposed 
to  the  weight  by  the  air  be  inconsiderable, 
with  the  assistance  of  experiments  npon  the 
descent  of  weights  in  snch  an  arrangement, 
the  accelerating  force  of  gravity  may  be 
measured  with  tolerable  accuracy,  which 
by  a  body  falling  freely  it  is  impossible  to 
do.  Experiments  of  this  kind  were  first  in- 
stittited  hy  Attwood,*  whence  this  arrange- 
in  ent  is  known  by  the  name  of  Attwood*8 
machine*  To  determine  the  spaces  fallen 
through,  there  is  a  scale  HK  along  which 
the  weight  P  descends.  From  the  space 
fallen  through  s^  and  the  corresponding  time 

/,  it  follows  of  course  that  p  =  — 1.1;  if,  how- 
ever, during  the  descent^  the  moving  force 
be  removed,  wWe'an  equal  weight  LL^ 
forming  a  hollow  ring  is  taken  up  by  a 
fixed  narrower  ring  JVVy*^,  the  remaining 
part  of  the  space  ^j  will  be  described  with  a  uniform  motion,  and 
having  the  time  observed  by  a  good  clock,  the  velocity  will  be  given  v 

s  £l,  and  the  accelerating  force  ^  =      =  -i.  Ut^^t^  l,expe- 

riment  gives  directly  p  =  ^j,  and  by  putting  the 
Fig.  371.  value  found  in  the  above  formula,  it  will  give  the 

accelerating  force  of  gravity, 

§  228.  The  acceleration  of  the  motion  of  the 
weights  P  and  Q,  which  are  suspended  to  a 
system  consisting  of  a  fixed  pulley  J^B^  and  a 
movable  pulley  £C,  is  given  in  the  following 
manner.  Let  the  weights  of  the  pulleys  ^B  and 
EG  =  G  and  Gj,  their  moments  of  inertia  Gj* 
and  G^y^^f  and  the  radii  CJl  a=  a  and  DE  =  Hj, 
therefore  the  masses  reduced  to  the  circumference 
of  the  wheel 

g     ^"  g     «t 

If  the  weight  descend  a  certain  space  5,  Q  +  G^  will  then  ascend 

by  4  f  {§  151),  hence  the  mechanical  effect  produced  will  be  Pm  — 

(Q-|-  Gj)  ^;  if  by  this  descent   P  acquires  the   velocity   t?,  then 
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Q+  G^  takes  the  velocity  -,  and  the  pulley  AB  at  its  circumference 

the  veloeity  v,  and  the  pulley  £G,  since  in  rolling  motion  the  pro- 
gressive and  rotary  motion  are  equal  to  each  other^  at  its  circumfer- 
ence the  velocity  ^.    The  sum  of  the  vu  mva  corresponding  to  these 

masses  and  their  velocities  is  —  .  t?*  +  -!ii — L  .  ( ~  |   +  -SC  .  ©»  + 

— ^  •  f  -  j  ,  and  if  their  halves  be  equated  to  the  mechanical  effect 
expended,  we  shall  obtain  the  equation : 

Hence,  the  velocity  corresponding  to  the  space  *  deienbcd  pj  J*: 


.  /         -«'V' 


.{'-^) 


P  4.   Q+fi    4.  ^  4.    ^»»l' 

"^       4       '*'   (^    ^   4a* 
For  the  acceleration  ps  *a  --;  hence,  here 


^^       4       ^    a»    ^  4o,»  / 


The  acceleration  of  Q+  G^  is  «  ^,  and  the  rotary  acceleration  of  G, 

is  equal  to  it. 

The  tension  of  the  string  BEy  connecting  both  pulleys,  is  S^  P — 

{P  +  ^\  Ej  because  the  force  (p  +  ^\  E  is  expended  upon 

the  acceleration  of  the  motions  of  P  and  G.    The  tenskm  of  the 
fixed  string  GH^  on  the  other  hand: 

S  ^  S—  ^^'^     P 
a*      2g 

because  the  pulley  EG  is  put  into  rotation  by  the  difference  S  —  S^ 

of  the  tensions  of  the  strings. 

Example,  In  a  system  of  pulleys,  Fig.  271,  the  weights  P  >■  40  lbs.  and  Q  ^  66  lbs. 
are  suspended,  and  each  of  the  solid  pulleys  weighs  6  lbs.;  required,  the  acceleration 

of  the  motions  of  these  weights.    The  moving  force  is  P  —  ^-i — -  =  40 Z-? 

2  2 

^  4  lbs.,  the  mass  of  a  pulley  reduced  to  its  circumference  is:  ZL.  ^  -JlL  :b  —  ■■ 

6        3  **^         ^'  ^^ 

—  as  _  (§  221),  and  the  aggregate  of  the  inert  masses : 

-('+^+^+?%-)-'-("+?+'+l)*-n' 
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h«tioe  Uie  nccelemted  onotbb  of  ti»e  clesoemling  weight  ii:  j^ 

16  .  32,S_  ^  _5l5,g 
247  »4f? 

1,043  fept    The  l«nik]ii  of  tbe  itring  J3£  i» 


4|^ 


247     ' 


S,OS@  r^t;  <)a  ihe  QilieT  b^ni^,  the  accebratffd  pnmiofi  ^  lli^ 


tlac^efiditig  WeigtiE  t  £  1 


5  =  P—  (p  +  -?)f=a40  —  43,  ?^  -=  40  —  2,782  —  37^18  lb*.}   tbai  Of 

4be  ftrintf  CH,  ^  I  —  £   *  ^  =  37,ai«  ^  3  ,  ij^  ««  36,247  lbs. 
2       2f  32,2 

§  2S9,  The  motion  U  more  complioated^  if  the  pulley  £G,  Fig, 
272,  be  suspended  only  by  a  string  passing  round  it. 
Fig,  272.  Let  us  assume  that  P  descends  with  the  accelerating 

I  force  j?j  and  Q  ascends  with  the  accelerating  force 
q^  we  then  obtain  the  acceleration  of  the  rotary  mo- 
tion at  the  circumft^renee  of  the  loose  pulley  q^^  p 
—  7  (§  ^?)-  Let  us  now  put  the  tension  of  the 
strings  at  ME  =  S^  we  then  obtain  P  —  S  ^ 

(P  +  ^-)  ^ ;  f^rtbtr,  5-  (Q  +  GJ  -  (Q  +  C J 
S-^  since  from  §  214,  Jt  may  be  assumed  that  S  acts 


at  the  centre  of  gravity  D  of  EG\  and  lastly,  S  =  -i^  ,  h.^  since 

.V      i 
it  may  also  be  assumed  that  the  centre  of  gravity  D  is  fixed,  and  the 

pulley  put  into  rotation  by  A     The  last  three  forroulse  give  the  ac- 
celerating force 
P  —  S 

P  = 

P 

a- 

all  three  being  put  into  the  equation  9,  «»  j>  —  ?•  we  obtain 
Sa*  P—a  5— (Q+  G,) 


_._  £",  9  =  I ^    "\= — -  I  gt  and o,  =    ^  ' .  g,  and 


Ciy.* 


P  +  -' 


Gy» 


Q+G, 


whence  the  tension  of  the  string  follows 

g 2  Pa»  +Gy» 


The  accelerating  forces  are  given  from  the  value  of  S  by  the  appli* 
cation  of  the  above  formula. 

If  we  neglect  the  mass  G  of  the  fixed  pulley,  and  also  put  Q  =  0, 
we  obtain  simply  t  ^_     , 

^  2  Pa'  .  G,y,'  ^  ^^f^y,' 

If  the  extremity  of  the  string  AE,  instead  of  passing  over  the  pulley 
JB,  is  fixed,  we  have  then  the  accelerating  force  p  ^  0,  beoce  |^, 
=  —  f ,  and  consequi*ntly  the  tension 
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S^ 


(Q  +  C.)  G.y.*      , 
(Q+  G,)fl.«+  fi..» 


Tor  Q  =  0: 


',y.' 


P    IS 


^  ftat  S  <z  G, 


,  .«-.*  ^j  kuAj  aescend^  it  is  necessary 
therefore  ^' >  1  _  ?L.  *  "  '     i  »'lt  " 

ErofftpiSc:.  Ir  when  in  n  sjriti^iii  of  puUe^a,  Fii;;  271,  ibe  sLrtng  GH  mddcnly  bteaks^  llitt  I 
wirmg  BE  at  lUe  ixinimEnoemciil  b»oomc9  «tretditd  W  tlic  fotce 


2P  +  - 


2  .40+3 


(A+5T3:)('+^)  +  '   (t+4)<"+"+' 


S3  .  72 


5976 
1147  ' 


^1^.210  Iba. 


2&  .  43  +  72 

!  aooeteirated  motion  of  tbe  detceEiding  weight  P  will  be 
PS     ,  /40^5,210\     „„„  _  34,79 


■(?T?r 


\  40  +  3 


■) 


.  32,2  =  . 


43 


33,2  »  26,023  faH, 


f#urtlipr,  that  of  ttie  descemiiog  pulley: 
I    _  /QH-  g,  — g\     _/72«5,2T0 


/  7- 


,79 


72         /  72 

d  the  accieLentlinn  of  ratatjon  of  thb  putk^: 


.  32,2  =  30,0  feet^ 


0&,75  fi»l 
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§  *230.  Ji/*ommt  Force, — When  a  material  point  moves  in  a  curved 
line,  it  has  in  every  point  of  its  path  an  accelerated  motion,  deviating 
from  that  of  the  direction  of  motion,  which  we  have  become  acquainted 
with  ill  phoronomics  under  the  name  of  the  normal  accelerating  force, 
U  the  radius  of  curvature  at  any  place  of  the  path  of  the  moving  point 
■=  r^  and  its  velocity  =  tr,  we  have  then  for  the  normal  accelerating 

force  |>  =  —  (§  41),    Let  now  the  mass  of  the  point  =  M^  the  normal 
r 

21» 


»4S 
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accelerating  force  will  then  be  Mp  =  — -,  which  we  must  regard  as 

T 

the  first  cause  of  the  point  changing  its  direction  of  motion  at  each 
position.  If  no  Jihp  tjppiMiiftl  force  but  the  norma]  act  upon  the 
pointy  its  velocity  v  will  be  invariable  and  ^  c,  and  hence  the  normal 

Jlfc* 
force  P  =  will  be  dependent  only  on  the  curvature  at  each  mo- 
ment mi  on  the  radius  of  curvatuFe,  and  will  h^  greater,  the  greater 
the  curvatiirejHtaM^k^;  for  double  the  radius  of  curvature,  for 
tostance,  the  normal  force  is  only  half  as  great  as  for  a  single  radius 
of  curvature*  If  a  material  point  M  is  constrained  by  a  horizontal 
path,  Fig,  273,  to  describe  a  curve  ABDFH^  it  will  have,  disregard- 
ing the  friction  at  all  places,  the  same 
velocity  C|  and  will  exert  at  each  place 
a  pressure  equivalent  to  the  normal 
force  against  the  concave  surface. 
During  the  description  of  the  arc  *^B^ 

the  pressure  =  -^^,  during  that  of 

BB  =  -^,  for  the  arc  DF  it  «=  ^, 
EB  GD 

and  for  the  arc  FH  = 


Fig.  273. 


Md" 


KF 

EB^  GDf  and  KF  are  the  radii  of  curvature  of  the  portbns  of  the 
path  JIB,  BA  I^Pf  and  FH. 

§  23k  Centripeial  and  Cmtnfugal  Force. — When  a  material  point 
or  body  iiioves  iti  a  circle,  Hie  norilaal  force  acts  radially  inwards, 
whence  it  is  called  the  centripetal /one ;  whilst  the  force  which  the  body 
opposes,  by  virtue  of  its  inertia,  L  e.f  which  acts  radially  outwards, 
has  received  the  name  of  cmtnfugal  farce.  The  centripetal  force  is 
that  which  acts  directly  upon  the  body;  the  centrifugal  is  the  reacting 
force  of  the  body.  Each  is  equal  in  amount  and  opposite  in  direction 
to  the  other  (§62). 

In  the  revolution  of  the  planets  about  the  sun,  the  attractive  force 
of  the  sun  is  the  centripetal  ;^b^twi|re,t|ie  body  constrained  by  a 
directrix,  Fig*  273,  to  describe  lis  ©feewlaf  orbit,  this  directrix  would 
act,  by  its  ri^dity,  as  a  centripetal  force,  and  opposed  to  the  centri* 
fugal  force  of  the  body. 

If,  lastly,  the  revolving  body  be  connected  by  a  thread  or  by  a  rod 
with  the  centre  of  revolution,  the  elasticity  of  the  rod  w4U  then  be  in 
equilibrium  with  the  centrifugal  force  of  the  body,  and  thereby  act  as 
a  centripetal  force* 

Let  C  be  the  weight  of  the  revolving  body,  therefore  its  mass 

M  ^  — ,  the  radius  of  the  circle  in  which  it  revolves  =»  r.  and  the 

velocity  of  revolution  =  v ;  frona  the  last  §  we  have  the  centrifugal 
force ; 


.:f       /.-/       y^       /-/  ^  ^^* 


/  ^ 
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Mv^       Gn 


G 


P  ^  :^  =  rl  =  2  .  ^  .  _,  therefore  also  P  :  G  =  2  .  _  :  r, 

r  gr  2g     r  2g 

,  L  e*t  the  centrifugal  force  u  (o  $he  weight  of  the  bod^  as  d&ubk  the 

height  due  to  the  velocity  is  to  the  radius  of  revolution^ 

If  the  motion  be  uniform,  ^hich  always  takes  place  if  no  mfatr 

(tangtatial   iorcb)  iiia*  tlie  centripetal;' act  upon  the  body,  the 

Telocity  t?  =  c  may  be  expressed  by  the  time  of  revolution  T,  if  we 

path        2ftr 
put  c  —  ^ 


tune 


— — ,  and  hence  we  shall  obtain  for  the  centrifugal 


force: 


Since  4>t*  =  39,4784,  and  for  the  measure  in  feet  -  =  0,031,  we 

g 
then  hare  more  conveniently  for  calculation 

The  number  n  of  revolutions  per  minute  is  often  given*  and  tbere- 

fore  Tis  replaced  by  - — ,  whence  it  foUowa: 

n 


P  = 


39,4784 


3600 


n^  Mr  =  0,010966  n^  Mr  *  0,000331  n»  Gt. 


Hence,  for  equal  times  of  revolution,  or  for  an  equal  number  of 
revolutions  in  a  given  time,  the  centrifugal  force  increases  as  the  pro- 
duct of  the  mass  and  radius  of  revolution,  and  is  inversely  propor- 
tional, other  circumstances  being  alike*  to  the  squares  of  the  times  of 
revolution,  or  directly  proportional  to  the  gsqiiares  of  the  number  of 


2ft 
As  —  is  the  angular  velocity  «»,  we  may  finally  put;  P 


revolutions. 
«  ^*  •  Mr. 

E^ampia. — L  If  a  bocly  of  50  lbs.  weight  deicribo  a  eurele  of  3  feet  mdiuf  400  tinwi 
per  minutei  iU  centrifbgat  force  wiJl  then  be: 

P  =  0,OtJ033l  ,  40af* ,  50  .  3  =  52,96  .  50  .  3  =  7944  lbs. 
If  this  body  be  oonn^cM  wiih  an   axis  hy  m.  hempen  oord,  mid   ^0   niodalui  of 
Attettfth  of  ibe  cord  (|  186)  be  700<th9^  ii  will  follow  thai  19^  =  7000  .  F^  henco 

thifr  tcotioti  of  this  cord  wiU  ho  :  F  ^  — —  :=  LI  342  iqyar«s  incbes,  and  its  radius 
IQOQ  ^ 

B  =-    /—  =  J^^^  =  v^^  =  *'^  "^"     B«t  ifer  a  thc$«fc^d  seemj^  Jp 

tuuat  be  taken  ^  L2  ^3  ^  1,2  ,  1J33  =.  2,077  incbea. — 2.  From  the  €onli^ 
radius  r  ^^  SOj  milliooa  of  feel,  ajcid  tbe  lime  of  romijon  or  length  of  a  day  T  ^^  2A  h> 
?^  24  .  60  .  00  ^  86400^',  tbe  ccntrifagaj  foreo  of  a  body  at  tbe  earth's  equator  ia 
G  ■  20,250000         2478.,  ^  1 

864CW)'         ^  864' 


F  =  1,224  . 


£ll5  ■  G  =  -J—, .  G  neatly ;  but  weie  tb«  length  of 


300 


24 


the  day  ^^tb  part  only,  ilien:  _  ^^  1  b,  24  m.  42  sec  tbia  force  would  be  17«^2S9  times 

us  treat,  therefore  equnj  to  about  the  weight  of  the  body.  At  the  equaior,  iher©' 
fore^  tbe  eentrifugal  force  would  be  equivalent  10  ibat  of  gravity,  and  tbe  body  would 
neither  rise  nor  Ikll.  In  the  revoltuion  of  the  moon  about  tbe  eortb,  it»  oentrifugal  force 
m  counteracted  by  the  nttruetton  of  the  eartb.  Let  G  be  tbe  weigtit  of  the  mootii  r  ite 
dlsta^cice  from  tbe  eurtb,  and  T  iia  time  of  revolution  j   the  centrilbgeLl  ^roe  of  litis 


Hi 
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iMAVc-nlf  body  ^  1,224  *   ^.     Let  a  be  the  miljut  of  Ibe  earthi  and   tet  u*  nsvtitiie 

tluit  the  fQfce  of  gravity  at  liferent  dUoinoes  from  Its  cenire  IncrMtea  inversely  nm  m. 
power  of  lhe»Q  distnn^es;  wo  ItmTe  tlien  tiit»  {fr&^iy  of  the  mooti  or  llie  BttiacttTe  /bfoe 

*)£  tfae  cailh  x=  G    (  — )  i  «<nd  if  we  e<|uate  both  fnrcet  W  each  other,  we  then  obisitt 

Nqw  1  ^  J-,  r  ^  I2SC  miUioQ  fe^Vaml  T^  27  dB/«,  7  bonrv,  42  niiimte^  s^  39343 
r         60 
minutjee  ^  39342  ^  60  Beconds;  hetice  It  followi: 

/  1  Vn         U229.  12&0  1  /    l\l 

and  hence^  fi  s^  2  ;  i.  f^^  the  gravllalmg  forcfl  of  the  eanh  is  la  an  iDYcrae  mtio  to  the 
equate  ot  the  cltslance^ 

§  232.   Centrifugal  Forces  of  Extended  Masses, — For  any  system 

of  masses,  or  for  a  mass  of  finite  extension,  the  formula  above  found 
for  the  centrifugal  force  is  not  directly  applicable,  because  we  knom 

not  beforehand  what  radius  of  ^miin 
we  hare  to  introduce  into  the  calculatioii. 
To  find  thist  we  proceed  in  the  following 
manner;  In  Fig.  274,  let  CZ  be  the  axis 
of  revolution,  CX  and  CK  its  two  rectan- 
gular co-ordinate  axes,  further  let  Af  be 
a  particle  M^^  and  MK  =  ar,  MM  ^  y, 
and  MjY  =  Zf  its  distances  from  the  co- 
ordinate planes  YZ^  XZ  and  XY,  As  the 
centrifugal  force  P  acts  radially,  its  point 
of  application  may  be  transferred  to  its 
point  of  intersection  0  with  the  axis  of 
revolution.  If  now  we  resolve  this  force 
in  the  direction  of  the  axes  CX  and  CY^ 
we  shall  obtain  the  component  forces  OQ  ^  Q  and  OR  ^  R^  for 
which  OQ  :  OP  ^  OLi  OM,  and  OR  :  OP  ^  OK  i  OM,  whence 

Q  =  -  P  and  R  =  ^  P^  where  r  represents  the  distance  OJVf  of  the 
r  r 

particle  from  the  axis  of  revolution.     Let  us  proceed  in  a  similar 

manner  with  all  the  particles,  and  we 
shall  obtain  two  systems  of  parallel 
forces,  one  in  the  plane  XZ^  and 
the  other  in  the  plane  YZ^  but  each 
acting  perpendicularly  to  the  axis 
CZ.  For  distinction,  let  us  avail  our- 
selves of  the  index  numbers  1,2,  3, 
&^.,  and,  therefore,  put  for  the  par- 
ticles of  the  mass,  M^y  M^^  M^^  and 
for  their  distances  x^,  x^^  x^^  &c,j  we 
shall  obtain  the  resultant  of  the  one 
system,  Fig*  275, 

_   P,x,  ^  P^,  ^  P^, 


F^.  2W. 
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«»  •  (Jlfj^.  +  M^^  +  .  .  .)  and  that  of  the  other  R^  R^  +  R^+,  ,, 
—  i*' ,  {M^y^  +  Jtfj^,  +  ,•.).  Let  us  fin^\y  put  the  distances  of 
the  particles  from  the  plane  JCF,  CO^^  CO^^  &c.,  —  z^^  z^  &c.|  we 
shall  obtain  for  the  points  of  application  of  these  Tesuliants  the  dis- 
tances CV  ^  u^  and  CF=  v  by  the  equations  (Q,  +  Q,  +  .<.)**  = 

■  Qfx  +  QA  +  •  .  •  and  (jRj  +  il.  +  .  _)  r  =  il^:,  +  il^,  +  .  .  ., 

■  T¥hence  it  follows  r 


JtfjX,  +  Af^3+* . . 


and 


Hence,  therefore,  in  general,  the  centrifugal  forces  of  a  system  of 
bodies,  or  an  extended  body,  may  be  reduced  to  two  forces,  which, 
so  long  as  u  and  v  are  unequal,  cannot  be  resolved  into  a  single  one. 


Esc^m]^  The  ^aiie«  of  %  syacetn  ate 

Af,  =  lOIbi.,     J»fjj=«  15    lbs,, 


Ibi., 


M^  s=  la    Ills., 


M  =■ 


=?ii:  IS  ]|7U  Indies  Rdd 


and  tbeir  distancet  ^ ,  ^s    0  incb^i^  j^  ^    4  iiM:hes,  x,  : 

sr,  =   3     "      y,«    1     **       1^3^   ^* 

5.=    2      "        J,=«    3      **        H«t    3 

we  hii\'e  then  the  !bl lowing  mean  centrtfugiil  ibrces 

Q  =  i,».  (10.0-1-15,4+18  .2-1-  19  .  6)  =  168  .  w»  and 

il  s«* .  (to  ,  3  4>  ]5  .  1  +  18  .  5  4-  13  .  3}  B  171  ,  ^,  and  tlie  dbtnncea  of  lb*ir 

point*  of  ppplkadon  (lom  the  origtn  C : 

10.  U  .2+15.4  .3-hl8  .2  .3-H2  ,6  .0        2fiS    _  It 

10.0+15,4+18.2+12,6  ""  ]6S   "^1 

1,  _iO-3-g+t5. 1.3+16.5.3+12. 3. Q_375   _   125  ^  ^  ,^^  ^^^ 

10.3+15.1  +  18.5+12,3  ni  57  * 

The  dilference  of  ihe&o    cwci  valuer  of  u  atid  fi  sLoW9  thi|t  the  0«titriAigat  forces 
cannot  be  leplaced  by  a  lingle  forccL 

§  233,  If  the  particles  of  the  mass  lie  in  a  plane  at  right  angles  to 
the  axis  of  revolution.   Fig*   276, 
their  centrifugal  forces  may  be  re-  ^^^^  ^^^^ 

dnced  to  a  single  force,  because  tbeir 
directions  intersect  at  a  point  in  the 
axis.  Retaining  the  denominations 
of  the  former  §,  we  shall  obtain  the 
resultant  centrifugal  foree  in  this 
case^ 
P  =  ^^^+fi»  =  ««  ^/  [  {M,x,  + 

Now  CK  =  X,  and  CL  ==  y,  are  the 
co-ordinates  of  the  centre  of  gravity 
qf  the  system  M^  Jtf^  +  JVfj^  +  , .  ,,  we  then  have: 

Mx^  +  JtfjXj  +  , , ,  =  Mx  and  M^^  +  M.^^  +  •  • ,  =  JM 
hence  the  centrifugal  force: 

M»  Jll ^^  +  f  ^  *.«  Jtfr, 


f 


P^  J  ^M^j?+  MY 
provided  further  that  r  =  ^x^  +  y^  represent  the  distance  CSof  the 
centre  of  gravity  from  the  axis  of  rerolutiou  €Z. 
For  the  angle  PCX  ^  a,  which  this  force  includes  with  the  axis 


250 


CENTRlFUOAt   PORCEi. 


Wig.  277. 


Fig,  278. 


CXt  tang,  d  s  -^  =  -j-^  «  ^ ;  hence  ihe  direction  o/ ike  cenirifugul 

Q       Jwx      X 
force  p^ses  through  the  cmdre  of  gravUy  of  the  system,  and  centrifugal 
force  is  exactly  ths  same  as  if  the  collective  masses  were  united  at  the 
tmUre  of  gravity. 

For  a  disc  JiB  at  rig!it  angles  to  the  axis  of 
revolution  ZZ^  Fig.  277,  the  centrifugal  force 
is  from  this  ^  m^  Mr^  if  M  represents  its  mass, 
and  r  the  distauce  CS  of  its  centre  of  gravity 
S  from  the  axis*  To  find  the  centrifugal  force 
of  another  body  ABDE^  Fig.  278,  we  must 
decompose  it  into  elementary  discs  by  planes 
at  right  angles  to  the  axis  ZZ,  find  their  centres 
of  gravity  5^,  5^,  &c.,  and  determine  the  cen- 
trifugal forces  by  help  of  these  last,  decompose 
each  of  them  in  the  direction  of  the  axes  CX 
and  CFinto  component  forces,  and  reduce  the 
forces  in  the  plane  ZCX  to  a  resultant  Q,  and 
those  in  the  plane  ZCFto  a  resultant  J?, 

If  the  centres  of  gravity  of  the  aggregate 
discs  He  in  a  tine  parallel  to  the  axis  of  revo- 
lution, X  ^  Xj  ==  Xj,  &c.,  and  ^  =  y^  =  y^^  &c,, 
and  therefore  also  r  =  r^  =  r^,  &c,,  hence  the 
centrifugal  force  of  the  whole  body  P  «  i/ 
{M^T  +  JVf/  +...)=  t*^  Mr^  and  the  dis- 
tance of  its  point  of  application  from  the  plane 
XYi 
_  ( Jtf^g,  +  M^^  +  .  ,  . )  r  ^  M^z^  +  M^^+  ,. 

According  to  these  equations,  the  centrifugal  force  of  a  body,  whose 
elements  are  in  a  line  parallel  to  the  axis,  is  equivalent  to  the  centri* 
fugal  force  of  the  mass  of  this  body,  reduced  to  its  centre  of  gravity, 
and  its  point  of  application  and  centre  of  gravity  coincide.  From  this 
the  centrifugal  forces  of  all  rotary  bodies^  whose  geometric  axes  run 
parallel  with  the  axis  of  rotation  may  be  found.  If  the  geometric  axis 
of  any  such  body  coincide  with  the  axis  of  rotation,  the  centrifygal 
force  is  equal  to  nothing. 


E^ampU. — Tlii>  dicneiuk 
Fig,  379. 


the  density,  aad  tue^gtb  of  a  miU stone,  JBBE,  Fig.  270, 
ate  ^ven;  it  is  rt^quired  to  find  the  anga« 
[ar  velocity  »,  iti  consequence  of  which 

rupture  wUI  take  pi  woe  in  virtue  ofcenui- 

fugal  force.  If  wo  put  the  mdiua  of  Iho 
miUstfJoe  =  r^^  the  radius  €K  of  its  eye 
=^r^  the  height  ^J^=  GH=i  i,  the  den«iy 
s=  y,  and  the  modulus  of  strength  ^K,  we 
obwin  tiie  force  required  for  rupture  ^  2 
(r, — r^  iK,  the  wf ifhi  of  tlie  fiione  G  ^  • 
(r,' — 'r'q)  ty^  snd  the  tBdiu*  of  gfipliaw  gf 
I'uch  half  of  liie  srone,  i  t  the  drnXH^nee  of 
its  centre  of  gravity  from  the  Mia  of  rot*- 


tion  (§  109},  r  =  £  .  !i! 
3*     -* 


A(  the 
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moment  of  mpture,  tbft  centhtug^t  foree  of  half  the  itone  ii  equiraleat  lo  the  strength  ; 
we  hence  obmin  lh»  equntioo  of  condilion  uf  *i  —==2  (r^ — r,)  ?f  » i  #.  *• .  f  (r,* — r,') 

-2^2  (r, — Tj)  (JT,  at  leavmg  out  2  /  on  both  slde*^  it  folJowa  ihat 
f  ^__ ^ ^^_ 

If  ft  =t  a  feet  ^  24  inchcfi,  r*  =^  4   inchei^  IT  =  750  Iba,,  and  the  »pmulSe  gravity  of 

the  milltttme  ^  2,5,  therefore  tlie  weight  of  a  cubic  inch  of  its  mass  ^  -^^1! — — ^* 

1738 


0,0903  Ibe^  it  foUowa   that  the  angtilar   Telocity  at  the   momone  of  ropiiire  iai 

J3.  12  .32,2.7«'tQ_     /869400 
688,0^0903  462,121 


U1264 


112,1  loeliei. 


Efi,  we  h»Ye  tbeii  ■  =.  t-^i  hence  J  mreraety, 
<30 


Fig.  280. 


688  ,  0^0903 
If  the  number  of  itMatioos  per  miaole 

n  ^  ^^^,  but  here  ^  _!_ !_  se  1070.    The  aveiage  numbeT  of  fotatkms  of  audi  n 

w  w 

millatooe  i»  only  120,  tliercfofo  9  (imea  le?9, 

§  233.  If  the  collective  particles  M^^  M^^  of  a  system  of  jn asses. 
Fig.  280^  or  the  centres  of  gravity  of  the 
elements  of  a  body  lie  in  a  plane  passing 
through  their  axis  of  revolution,  the  cen- 
trifugal forces  will  then  form  a  system  of 
parallel  forces,  and  these  may  be  reduced 
according  to  the  rule  to  a  single  force. 
The  distances  of  the  particles  or  the  ele- 
ments from  the  ax:i5  of  revolution  ZZ^  are 
OjJIfj  =  fj,  O^f^  =  r^,  &C.J  we  obtain 
for  their  cent rify gal  forces: 

P^  =  <a3  Jt/ j-^^    p^  ^   ^3   J/^^^^   ^^^^ 

and  hence  the  resultant  centrifugal  force : 

P^^^M,r,  +  M^r,+  _  )  ^«*  ^fr, 
r  representing  the  distance  of  the  centre  of  gravity  of  the  mass  M 
from  the  axis  of  revolution.  Therefore,  here  also  the  distance  of  the 
centre  of  gravity  from  the  axis  of  revolution  must  be  regarded  as  the 
radius  of  ^f&^n.  But  to  find  the  point  of  application  0  of  the 
resultant  centrifugal  force,  let  us  put  the  distances  of  the  particles  of 
the  mass  from  the  normal  plana;  CO^  ^  2j,  CO^  =  Zj,  &c<,  into  the 
formula: 

By  help  of  the  formula  P  =  w^  Mr^  the 
centrifugal  forces  of  rotary  bodies  and 
other  geometric  bodies  may  be  found, 
when  tTieir  axes  and  the  axis  of  revolu- 
tion lie  in  one  plane.  The  centrifugal 
force  of  a  right  cone  JDB,  Fig.  281, 
may  be  found,  if  the  distance  SJ\'o(  its 
centre  of  gravity  S  from  the  axis  of  re- 
volution ZZ  be  put  as  r  into  the  formula. 
If  the  height  of  the  cone  CD  ^  A,  the 
distance  DF  of  the  point  D  from  the  axis 


Fig.  2S1. 


F 
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of  rcTolution  es  a,  and  the  angle  CGE^  by  which  the  geometrical  nets 
deviates  from  the  axis  of  revolution  ZZ  ^  a,  we  have  then  r  ss  a  -(- 1 A 
For  a  rod  ^B^  Fi^.  282,  whose  length  JfB  =  /,  and  angle  erf 
inchnatiozi  JIBZ  to  the  axis  of  reroli^jon  BZ 
=  A,  we  have  r  ™  &iV—  |  /  «n.  a,  thereforei 
the  centrifugal  force: 

P  ^  ^J  ,  1^  M I  sin,  a;  but  to  find  the  point  of 
application  0  of  this  force,  in  the  expression  -* 
M       , 
n  n 


J 


4 


for  the  moment  of  the  element  ^^  of  the  rod,  let 

f§ 

us  put  for  X  saccessivel y  the  values  -,  — ,  — , 

n    n     n 

&c.,  and  add  the  results,  in  this  manner  we 

shall  obtain  the  moment  of  the  entire  rod ; 

•^  nn.  a  COS.  a  H.  (i"+2*+3'+ .-+»') 


Pz 


Fig.  %nz. 


Cw: 


n  ft- 

3SS    J   i**  Jt/f  fill,   ft  COS,  », 

s  s  I  M^  Jtf/*  rirt.  A  cos*  Bn- 1  fci*  *W  sin.  a  ^  |  f  roi,  a,  and 
the  distance  of  the  point  of  application  0  from 
the  extremity  of  the  rod  B  lying  in  the  axis, 
BO^^L 

If  the  rod  JB,  Fig,  283,  does  not  reach  the 
axis,  we  then  have; 

P^^^  Fl^  nn.  a— J  <-*  /'i/m.  a  =  i  «*  JP 
rin,  ft  {l^^ — /^*),  and  the  moment : 

Pz  ^  I  ^^  Fm.  ft  COS.  a  (//— f,'), 
because  the  mass  of  CJl^  =*  the  cross  section  into 
the  length,  =  Fl^,  and  the  mass  of  CB  =  Fl^, 
hence  it  follows  that  the  distance  of  the  point  of 
application  0  from  its  intersection  with  the  axis 

I  expresses  the  distance  CS  of  the 
centre  of  gravity,  but  l^ — /^  the  length  of  the 
rod  JB. 

This  formula  is  also  applicable  to  a  rectan- 
gular plate  jiBDE,  Fig,  284,  whieh  is  di- 
vided into  two  congruent  right  angles  by  the 
plane  of  the  axis  COZ^  because  the  centri- 
fugal force  acts  at  the  middle  of  each  of  the 
elements,  which  are  obtained  by  sections 
normal  to  CZ.  Therefore  the  distances  CF 
and  CG  of  the  two  bases  ^B  and  DE  from 
the  point  C  of  the  axis,  are  i, 

here  also  CO  »  |     ^'      '^ 


C0=  I 


=  /+' 


Fig.  asc 


a 

where 


and  f J,  we  have 
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In  the  case  where  the  particles  of  the  body  neither  lie  in  a 

plane  normal  to,  nor  in  a  plane  passing  through  the  axis  of  revolution, 
the  resultant  centrifugal  forces^ 

Q  =  *,»  (JfjXi  +  M^^  +  •  0  and  R  =»  ^^  (Mttf,  +  M0^  +  .  ,)  cannot 
be  reduced  to  a  single  forcej  nevertheless  it  is  possible  to  replace  these 
forces  by  a  force  acting  at  the  centre  of  gravity : 

/>=  ^  Q^  +  /i^  =  «'  Mr, 
and  by  a  couple  composed  of  Q  and  R,     If,  namely,  we  apply  to  the 
centre  of  gravity  S^  four  forces  +  Q  and  —  Q,  +  J2  and  —  R  balance 


Ftff,  2S5. 


ing  each  other,  the  positive  parts  will  give  a  resultant  P=»^  y  Q'+/{^, 

and  the  negative  parts  on  the  other  hand,  — Q  and  —  li,  will  forra  the 

couples  (Q,  — Q)  and  (iJ,  —  R)  with  the  centrifugal  forces  applied  at 

t/and  V,  which  may  be  reduced  to  a  single  couple.     In  order  to 

make  ourselves  acquainted  with  this  reduction  of  the  centrifugal 

forces  of  a  rotary  body,  let  us  take  the 

following  simple  case.     Let  the  bar 

^Bf  Fig.  285,  which  turns  about  the 

axis  ZZ,  lie  parallel  to  the  plane  YZ, 

and  rest  with  its  extremity  B  on  the 

axis  CX     Let  the  length  of  this  bar 

=  /,  its  weight  =  G,  the  angle  SJD 

at  which  it  is  inclined  to  the  axis  of 

rotation  ^  fty  and  its  distance  CB  from 

the  plane  FZ,  which  is  also  its  shortest 

distance  from  the  axis  ZZ  =  a.     Let 

M 

now  E  be  an  element  —  of  the  bar, 
n 

and  BE  =  x  its  distance  from  the  ex- 
tremity Bj  we  shall  then  have  the  pro- 
jection SJV*=  X  sin,  o,  and  hence  the 
components  of  the  centrifugal  force  P^  of  this  element : 

Q^  =  «V  :?*  .  C^  ^  ^^  £  a  and  il.  =  w^ .  !?1  .  5JV  =  «^  !^ 
n  n  n  n 

X  sin,  a,  and  their  moments  about  the  principal  plane  XCYi 

Qr   ^^^^K,CB  .  EJ^=u^^.  —  axcoi,a  and  R,z,  =  4>^  :^  x^  , 
n  n  n 

The  several  components  parallel  to  the  plane  XZ  give 

M 
=  ?!.«",  —  a  =  w' .  Ma  and  its 


nn,  ti  €0$,  a. 


the  resultant  Q  =  Qi  +  Q^  + 
moment  Qu  =  Q^z^  +  Q^z^  +  . 


,-^* 


M 


a€OS.^{x^  +  ^^  +  ,,  ,J. 


or,  as  iCi  is  to  be  taken 


31 


r  &C*, 


Qu 


M 


I 


a  CO*, »,  i  (1  +  2  +  3  +  . .  +  n)  «  *** 


22 
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Mai  COS,  a;  the  distance^  therefore^  of  the  point  of 


application  of  this  component  from  the  plane  XY  is: 
I  M*  Mat  cm. 


LS 


u  = 


=  ^  /  cos,  a» 


J  Ma 

u  e.  it  coincides  with  the  centre  of  gravity  of  the  bar.  The  eom- 
ponents,  which  act  parallel  to  F2,  give  the  resultant  Jl  =  /i^  H-  -R, 
Jlf    .        ,      .         .  ,  ^      M    .        I     ^ 

n  n     2 


.  ,  .  ™  1^^ .  ^  sin.  o  (Xj  +  x^  +  .  ,  . )  =«   I 

M 

^€i^Ml  sin.  n  with  the  moment  «* ,  —  dn.  a  cos.  a  (x^^  +  x^  + 


—  Sin*  «  CO-S,  ei 


fill,   A  COJ*  a 

li  n* 


(1+4 +  9+.- +  «')-«*.— 


.  sm*  9  C0#.  a 


JUP 


dn.  d  eo^.  a;  the  distance  of  the  point  of  application  of  the  force  from 

the  plane  Jf  F  is  :  HO  »  v  e=  ^    ^  ^ ■  ^-,   ^  _  i  I  cos. «,  t.  e. 

^  ^^^  Minn,  a  ' 

this  point  lies  about  {§  —  J)  i  cos,  i*  i^  J  /  co^.  a  k  }  of  the  pro- 
jection j3I>  parallel  to  the  axis  above  the  centre  of  gravity  S  of  the 
bar. 

From  the  forces  Q  ^  J^  M  a,  aiid  R  ^  \h^  Ml  dn,  o,  the  final 
resultant   applied   at   the   centre    of  gravity  of   the    bar    follows : 

P  =.  v^Q^T^  ^  w*  M  v^a^+  iPdn.a\Bnd  the  couple  (J?i—ll) 
with  the  moment 

B  .  W«  i  i^*  ,Mlsin.  a  .  I  /  =  ,'j  i^^MPnn,  a. 
§  235*  JPnee  -^xts. — In  general,  the  centrifugal  forces  of  a  l)odj 
revolving  uniformly  about  an  a^is,  exert  a  pressure  upon  the  axis;  it 
is,  nevertheless,  possible  that  these  forces  mutually  counteract  each 
other,  and  for  this  reason  the  axis  will  have  no  pressure  to  sustain. 
This  case  presents  itself,  for  instance^  in  every  solid  of  rotation  revolv- 
ing about  its  geometric  axis,  or  its  axis  of  symmetry^  and  especially 
in  the  wheel  and  axle^  and  in  the  water-wheel,  &c.  If,  under  these 
circumstances,  no  external  forces  act  upon  a  rotary  body,  or  upon 
such  a  system,  the  body  will  remain  for  ever  in  this  slate  of  fevoiu- 
tion,  without  its  being  necessarj*  that  the  axis  of  revolution  should  be 
fixed*  This  axis  is  called^  for  this  reason,  a/r£«  axis.  From  the 
preceding^  the  conditions  immediately  follow  by  which  an  axis  of 
revolution  becomes  a  free  axis.  It  is  requisite  not  only  that  the  re* 
sultants  P  and  Q  of  the  components  of  the  centrifugal  forces  acting 
parallel  to  the  planes  of  the  axes  XZ  and  YZ^  but  that  the  sum  of  the 
statical  moments  of  each  of  the  two  systems  of  forces,  should  =  0. 
Hence,  from  this : 

!•  M^x^  +  JM>j  -h  ,  .  .  =.  0, 

2.  M.v.  +  M^^  4-  ^-  •  =  0,  further 


3,  M^XjZ^  +  M^x^j  H-  .  •  .  =  0,  and 
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The  two  first  equations  require  that  the  free  axis  pass  through  the 
centre  of  gravity  of  the  body  or  system*  The  two  last  afibrd  the 
elemeats  for  determimng  the  position  of  this  axis.  It  may,  besides, 
be  proved  that  every  body  or  system  has  at  least  three  frte  axts^  and 
•that  these  axes  meet  at  right  angles  in  the  centre  of  gravity  of  the 
system. 

The  higher  mechanics  distinguish  other  axes  besides  the  free, 

I  "which  run  parallel  to  these  and  intersect  each  other  in  a  point  of  the 
system^  and  are  called  the  principal  axes.  It  may  be  also  proved  that 
the  moment  of  inertia  of  a  body  about  one  of  the  principal  axes  is  a 

^maximum,  about  a  second  axis  a  minimum,  and  about  a  third  neither 

[one  nor  the  other. 

§  236.  If  the  particles  of  a  mass  lie  in  one  plane,  for  instance^  if 

[the  mass  forms  a  thin  plate  or  plane 
%ure,  then  the  straight  line  passing 

[through  the  centre  of  gravity  of  the  en- 

Ftire  mass,  and  normal  to  its  plane,  is  a 

^firee  axis  of  the  massj  for  in  this  case 

Nhe  mass  has  no  radius  oF'gy ration,  and 

Whence  the  only  possible  cenirifiigal  force 

tis  =s  0,     To  find  the  other  two  free 

""axes,  let  us  proceed  in  the  following 
[lanner.     Let  5,  Fig.  286,  be  thejcen- 
!  of  gravity  of  a  mass,  and  let  UU  and 

\VV  be  two  co-ordinate  axes  in  the  plane 
pf  the  mass ;  let  us  determine  the  mole- 

|cules  by  co-ordinates  parallel  to  these  axes,  ?iz.  the  molecules  M  by 

'the  co-ordinates  M^Jf  ^  u^  and  M^O  ^  v^.  Let  XX^  on  the  other 
hand^  be  a  free  axis,  ZZ  an  axis  perpendicular  to  it;  further,  let  the 
angle  to  be  determined  XSU^  which  the  free  axis  makes  with  the 
co-ordinate  axis  SU^  =  f  ^  and  let  the  co-ordinates  of  the  particles 


referred  to  the  axes  XX  and  ZZ:  be  x„  x^ 


.  ^  therefore  for 


the  particle  M^ :  M^K  =  x^  and  M^L  ^  z^.  From  this  we  easily 
obtain ; 

x^^M^K=SR+RL^SO  cos.  ^  4-  OM^  sin.  ^=u^  cos,  f  +  i^i  sin.  f 
Zj=  M^L  ^  —  OR^  OF^~SO  sin,  f+  OM^  cos.  ^  =  —  n^  sin.  f.+ f?^ 
€0$.  fi  and  hence  the  product: 

=.—  (tt^«_Vj*)  sin.  p  ca$,  t+Wjt^j  (cas,  t* — ««■  ^^) 
or^  since  sin,  f  cos.  f=i^  sin.  2  f  and  cos,  f*—  sin.  p^s^cos.  2  t,  x^z^^ 
=^  —  i  (u/  —  t\^)  sin.  2f  +  u^v^  COS.  2  f^  and  hence  the  moment  of 
the  particle  Jlfj  i 

M^x^x^  «  _  _j.  {u^  —  v^)  dn.  2  t  +  M^u^v^  cos.  2  f .     The  mo- 

ment  of  the  particle  M^ : 

M 
JfjXjjZ^  = -1  (u^«  —  v^^)  sin.  2  ^'+  M^ujl\  cos,  2  f ,  &c.>  and 
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the  stUB  of  the  moments  of  mil  the  parttcleSf  or  the  momeat  of  the 
entire  mass: 

M^T^z,  +  JWjt^,  +  .  ,  .  =— Jm.  2t[W<  +  JM; V  +  -  0 
—  (M.v^'  +  M^v^^  +  ^  01  +  c^*^'  2f  (M^u^v,  +  M^u^v^  +  .  ,)■ 

That  XX  may  become  a  free  axis,  its  moment  from  the  former 
paragraph  must  be  =  0;  hence  we  must  put 

i  sin.  2  t  [  {M,u,^  +  Jtf,u/  +  _  .)  _  (jV/,t?/  +  ^W  + 
—  CQS.  2  f  {M^UjV^  +  Mju^v^  +  ,  ,)  =  0, 
and  from  this  we  obtain  the  equation  of  condition : 

^'     ^^  COS.  2f~  (Jf,ti,'+Jlf,t£/+-  -  0— (•^*^^*+•^t«^/+  ■•-) 
twice  the  moment  of  the  centrifugal  force 

~      diflfereace  of  the  moments  of  inertia 
By  this  formula,  two  values  for  2  f  are  given,  which  vary  180**  from 
each  other,  and  therefore  also  two  values  of  f ,  which  vary  90^  from 
each  other  J  on  this  account,  not  only  is  the  axis  X.Y  determined  by 
this  angle  ^i  a  free  axis,  but  also  the  axis  ZZ  perpendicular  to  It* 

§  237.  The  free  axes  of  many  surfaces  and  bodies  are  known 
without  any  calculaHon,  In  symmetrical  figures,  for  instance,  the 
axis  of  symmetry  is  a  free  axis,  the  perpendicular,  lo-lhe^^oettJLre-ijf 
|rravity  is  a  second,  and  the  axis  perpendicular  lolhe  pla^ite  -of-lhe 
figure  a  third  free  axis.  The  axis  of  rotation  ZZ  of  a  rotary  body 
•4B,  Fig,  287,  is  a  free  axis,  so  is  every  normal  XX,  FF .  *  to  this, 
passing  through  the  centre  of  gravity  S,  Every  diameter  of  a  sphere 
is  a  free  axis^  the  axes  XX,  ¥¥^  ZZ^  of  a  right  parallelopiped  JBD^ 

Fig,  4S7. 


Fif ,  288, 


Fig-  289. 


Fig.  288,  bounded  by  six  rectangles,  passing  through  the  centre  of 

fravity  S^  and  normal  to  the  sides 
J>,  JiS^  and  JiD^  or  running  par- 
allel with  the  edges,  are  free  axes. 
Let  us  now  determine  the  free 
axes  of  an  acute  angled  parallelo- 
gram ^WCD,  Fig.  289.  Let  us 
draw  through  its  centre  of  gravity 
S,  the  co-ordinate  axes  UU  and 
FK  at  right  angles  to  each  other, 
so  that  one  of  the  sides  ^B  of  the 


JL  -<- 


-J-it- 


.X 


y 


V 


/ 


j^i^: 


.--2     ^  '^  <^^^^<   .  '  ^^  s/-  —    -/ 


>--     '''     -     .''    /'       y^  ,-<y»>y      <>ly-^  ^'^ >    *      t         fTt  J 


-•,t     ^t.ge>^   ,/  V      _-<       / 


.  ^  r  >  ■  •  A    ^  • '  ^^  /-^  V  '^  '<^-' 


--^ 


Z^^^-*.       . 


-«^     C^^-^  ^A^ 


'/»^'*  A'L^^  /^<i 


;^ 


'  / 


/ 


-    eff  jc  -/- 


^' '  -^*/ir-  ^^«-  *'*'c<?  y^v^^^if  ^;u^. 


-  ^    ^' 
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parallelogram  may  run  parallel  to  it,  and  let  us  decompose  the  paxallelo- 
gram  by  parallel  lines  into  2n  equal  strips,  such  as  FG.  If,  now,  one 
side  ^B^^a^  the  other  AD  ^2 1,  and  the  angle  JiDC  between  the 
two  sides  ^  a,  we  then  obtain  for  the  strip  FG^  distant  from  C/iJ, 
SE^x^  the  length  of  one  part: 

EG  =  KG+  EK^a  +  X  cotg.  e^, 

and  that  of  the  other  EF  =  a  ^ —  x  eotang,  a^  and  since  -  sin, «  is 


the  breadth  of  both,  the  area  of  these  strips  = —{a+xcotg.  a) 

and     "*''  ^  (a — x  cotg.  a)  j  the  measure  of  the  centrifugal  forces 


about  the  axis  VV  is  therefore: 


(a+i  coig,  ») .  J  (a+x  cotg^fk) 


SVUt  a 


2n 


{a-^xcotg.  «)* 


I 


and     ""'  ^  (a — x  cotg,  »f ,  and  their  moments  about  the  axis  UUi 
2 II 

^  *  **  (a+x  coig*  ^f  :r,  and  -       *  °  (a — x  cos.  tCf  x*     As  both  the 

forces  about  FFact  opposite  to  each  other,  the  uniting  of  their  mo- 
ments gives  the  difference: 

A  X  sin,  a  j^^^^  ^^^^  »)^-^(a_ar  cotg^f]  =.-ab^  co$,  a. 


2rt 

If  we  substitute  in  this  formula  for  x  the  values 
b  sin,  &    2  b  nn,  m    3  b  sin.  a 


»&«'t 


n  n  n 

successively,  and  add  the  results,  we  shall  obtain  the  measure  of  the 
moment  of  the  centrifugal  force  of  half  the  parallelogram: 


COSm  a  i 


(P+23+3"+.  *  +»*)^2aA^m.ft*€a*.», 


371^ 


-  ub^  sin.  «■  cos,  »,  and,  therefore,  for  the  whole  parallelogram,  or 

d 


MjU^v^+Mjiijb^+ 


ab^  sin.  «*  cos,  a.     The  moment  of  inertia 


of  a  strip  FG  about  the  axis  FF  is ; 

__  b  sin,  »  /{a+x  coig,  a)*        {a — x  cotg.  af 

^  ~~ir~  \      "3        ^        3 


2  b  sin,  a 
3li 


(0^+3  ax"  cotg.  a*)  =  I  —  rill*  «  (a*+3  x*  co/g-.  a*) ;  if 

3    71 


now  we  substitute  in  succession  for  x: 

tb  sin,  a    2  b  sin,  a    3  b  sin,  a    n,^ 
n  n  n 

and  sum  the  resulting  values,  we  shall  have  the  moment  of  inertia  of 

-      half  —  -  a6  Jtm,  o  (a^  +  ft*  eos.  a*),  and  hence  that  of  the  whole 

22* 
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^  1  a6  sin.  a  {a^+V  cos.  o').     On  the  other  hand,  the  moment  of 
o 

inertia  of  the  parallelogram  about  the  axis  of  revolution  UU  is  »  4  oft 

itn.  a  .  ^I^  =  1  oJ^  rin.  a^  (§  220);  hence  the  difference  of  the 

3  3 

moments  of  inertia  sought,  i.  e. 

;       (Jtf^u,»+Jtf,V+  .  .  .)— Jtf,V+JtftV+  •  •  •)» 

4  4 

sm  ^  ab  sin.  a  (a*+6*  cos.  o*)  —  -  ab^  sin.  o^ 

...         3  3 

8BS  -  a6  m.  o  [a*+6*  (co«.  a* — sin.  o*)] 

«  1  oi  nn.  o  (a*+6*  co«.  2  o). 

I^astly  for  the  angle  USX^mf^  which  the^ee  axis  XX  makes  with  the 
co-ordinate  axis  IfU  or  the  side  AB  from  §  236 : 
foTur  g  t  ,^  g  {M^u,v,+M^,v,+  .  .) 


3  6*  «n.  2 


a 


-  aft  «n,  a  (a*  +  i*  co«.  2  o)  ^ 

o 

In  the  rhombus  a  »  ft,  hence 

.         ^  sin.  2  a  2  Wn.  a  cos.  a 

tang.  2  t 


1  +  COS.  2  o       1  +  COS.  a^ — sin.  o* 

2  m.  o  co^.  a        . 

»  — —  rs  rawg".  O, 

2  co«,  o* 

therefore  2  ^  «  a,  and  t  »  5-     As  this  angle  gives  the  direction  of 
the  diagonal,  it  follows  that  the  diagonals  are  free  axes  of  the  rhombus. 

Example.  The  sides  of  the  acute  angled  parallelogram,  ABCD,V'i^.2%%  JBs=2  ass 
16  inches,  and  BC  a^2bsB  10  inches,  and  the  angle  of  the  perimeter  JiBC  s=  a  s=  60^, 
what  directions  have  its  free  axis  1 

f^^fro^^      y.n»».120O      _     25.nn.60O     _  25  .  0,86603  ^  ^ 
*'     ^       8«+  S«  .  cof.  120®        64—26  cot.  60«»  ""  64—25  .  0,6 
8s  tang.  22«  48',  or  tang.  202®  48'.   From  this  it  follows,  that  ^  =  11°  24'  and  101®  24' 
are  the  angles  of  inclination  of  the  two  free  axes  to  the  side  JiB.    The  third  free  axis 
stands  at  right  angles  to  the  plane  of  thp  parallelogram.    These  angles  determine  also 
the  free  axes  of  a  right  paraUelopiped  with  rhomboidal  bases. 
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OF  TffE  ACTION  OF  GRAVITY  ON  MOTIONS  ALONG  CONSTEAINED  PATHS*  -  ^ 


§  238,  Inclined  Plane, — A  heavy  body  may  be  impeded  in  various 
ways  from  falling  freely,  and  in  the  following  we  shall  consider  only 
'two  cases^  the  one  where  a  body  is  supported  on  an  inclined  plane, 
and  the  other  where  it  revolves  about  a  horizontal  axis.  In  both 
cases  the  paths  of  the  body  are  contained  in  a  vertical  plane-  If  the 
body  rests  on  an  inclined  plane,  its  weight  may  be  resolved  into  two 
components^  of  which  the  one  is  directed  normal  to  the  plane  and 
resisted  by  it,  and  the  other  parallel  to  the  plane,  and  acts  upon  the 
body  as  a  moving  force.  If  G  be  the  weight  of  the  body  JiBCD^ 
Fig,  290,  and  a  the  inclination  of  the 
inclined  plane  FHR  to  the  horizon, 
w^e  shall  then  have  from  §  134, for  the 
normal  pressure  j  J\r=  &  cos,  »,  and 
the  moving  force  P  =  G  sin.  m.  The 
motion  of  the  body  may  be  either 
sliding  or  rolling,  let  us  next  consider 
the  first  only*  In  this  case  all  the 
parts  of  the  body  equally  participate 
tn  its  motion  J  and  hence  have  a  com- 
mon motion  of  acceleration  py  which  is  given  by  the  known  formula 
force  P        Gsin.o^ 


Fig,  390* 


p  = 


g  =  g  nn.  !i- 


mass         M  G 

Therefore p  :  g^  sin.  a  t  1,  L  e.  the  accelerated  moiion  of  a  body  on 
an  inclined  plane  is  to  the  accelerated  motion  of  free  descent  as  the  sine 
of  the  angle  of  descent  to  unity.  In  consequence  of  the  friction  which 
lakes  place,  this  formula  is  rarely  sufficiently  accurate,  hence  it  is 
necessary  in  many  cases  of  application  to  take  this  into  account* 

If  the  body  moves  on  a  curved  surface,  the  accelerating  force  is 
variable,  and  at  each  place  equal  to  the  accelerating  force,  which  cor- 
responds with  the  plane  of  contact  to  the  curved  surface. 

§  239.  A  body  slides  with  the  initiRl  velocity  0  down  an  inclined 
plane,  without  friction,  from  §  10  the  final  velocity  af^er  t  seconds  is: 
V  :^  g  sin,  a  ,  ^  =  32,2  sin.  a  .  Tft.,  and  the  space  described  :  s  =  J 
g  sin.  a  .  i^  =  16,1  sin,  a  .  t^  ft.  In  free  descent  u^  =  gi^  and  ^j  =  | 
Hf/*,  hence  we  may  put:  r  :  r,  =  5  :  ^j  =  sin*  a  :  1,  t,  e.  the  ^fcwf 
velocity  and  the  space  of  descent  down  the  inclined  plane  are  to  the 
fnal  velocity  and  space  of  free  descent  as  the  sim  of  the  angle  of  in^ 
dination  of  the  inclined  plane  to  unity. 


Fig.  192. 


The  perpendicular  FH  of  a  right-angled  triangle, 
FGH,  Fig,  291,  with  vertical  hypothenuse  FG,  « 
FG  sin,  FGH  =  FG  sm.  FHR  .  FG  sin.  a,  if  a  is 
the  angle  of  inclination  of  this  perpendicular  to  the 
horizon,  hence  FM :  FG  =  sin,  a:  1,  and  a  body 
describes  the  vertical  hypothenuse  FG^  and  the  in- 
clined side  FH  in  one  and  the  same  time.  The 
space  of  free  descent  corresponding  to  the  space 
of  descent  down  the  inclined  plane  may  be  found 
from  this,  and  the  latter  from  the  former  by  construc- 
tion. Since  the  angles  of  the  periphery  FHfi^  FH^G^ 
&c.,  on  the  diameter  FG,  Fig,  292^  are  right  angles,  the  semicircle  on 

FG  cuts  off  from  all  the  inclined  planes, 
commencing  at  F,  the  spaces  described 
with  this  diameter,  and  therefore,  in  equal 
times,  FH^^  FH^^%lc.^  hence  it  is  asserted, 
th€  chords  of  a  circle  nnd  its  diameter  wUl 
descend  mtmltaneomly  or  isochronousli^. 
This  isochronism  is  besides  true,  not  only 
for  the  chords  F//j,  FH^,  &c.,  which  have 
their  origin  at  the  highest  point  F  of  the 
circle,  but  also  for  the  chords  if,G,  JC,Gj 
&C-,  which  commence  at  the  lowest  point 
G,  for  chords  FX^,  F/f^,  &c.,  may  be 
drawn  through  F,  which  have  like  posi* 
tions  and  equal  lengths  with  the  chords  fii/j,  GH^^  &c. 

6  240,  From  the  equation  j  «  -^  =  ^ ; 

'  ^  2p       2g  ,  sin.A 

s  Bin.  9  =x  — ^,  and,  inversely,  v  »  v^2  gs  sin,  o.     But 
2g 


I 


it  follows  thai 


now  s  im.  • 


From 
time. 


is  the  height  FR  of  the  inclined  plane  or  the 
Fig*  393*  vertical  projection  f,  of  the  space  FH  ==  * 

upon  it,  hence  the  final  velocities  of  bodie3 
which  descend  with  an  initial  velocity  0 
down  planes  of  equal  heights  F^H^  F^^^, 
&c^,  and  of  different  inclination,  Fig,  293, 
are  equal,  and  also  equal  to  the  velocity 
which  a  body  would  acquire  if  it  fell  freely 
^  from  the  height  FR  of  these  planes, 
the  equation  s  ws  ^  g  sin.  a  »  t^  follows  the  formula  for  the 


'-4. 


2  s 


|2  s  sin.  D 


gs%n. 


J 


2,  FR 


sin.  &  \        g  sin,  ^     S      S 

But  for  a  free  descent  through  the  height  FR  the  time  is: 

f,  »     P^,  it  follows  accordingly  t:t^=l:  sin,  a  =  FH,  :  FR,  the 
time  of  descent  down  the  inclined  plane  is  to  the  tiine  of  free  descent 
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Fig.  291* 


Jrom  the  keigki  of  this  plane  as  the  length  of  the  inclined  plane  is  to 
Us  hmghL 

E^amplii, — L  The  initial  point  F  of  ftn  incUn«d  plan^ 
FH,  Fig.  294^  is  given^  nnd  the  final  point  H  in  (l  given 
line  AB;  r**quiretl  to  determine  the  decent  dbiFn  the  plnne 
so  that  it  may  mke  placo  in  tbo  abortest  tima.  If  t)ic 
hortEOiitiil  line  FG  he  dmwn  thtough  F  to  it»  interseeiion 
wtrli  AB^  nod  OH  be  made  ^  GF,  we  thall  obtain  in  H 
the  point  sought,  and,  therefore^  in  FH  tbe  plani^  of  qiiickes?i 
tiescent;  for  if  through/'  and  Ha  circk  tangent  to  FG  atid 
/"H  Iw  carried,  its  isDchrouously  described  chords  FKi, 
F^^  &tit  will  be  fchoner  than  the  len^is  FH^,  FH^  ike,, 
of  the  eorreapondiag  ineUued  plnnei^^  eonaequentlyi  there- 
fore^ the  tin)e  of  descent  for  these  chords  wili  be  leas  ihan 
for  these  lengths,  atid  the  time  of  descent  for  tbe  itirlinrd 
plane  FH^  which  coincides  witl^i  a  chord,  wiJl  be  tjje 
ahorleiit 

2.  Beqwired  tbe  inclination  of  Oiat  inclined  platie  FH^^ 
Fig,  395,  down  which  a  hotly  would  fall  in  the  snin© 
time  as  if  it  ongioBlIy  fell  freely  from  the  height  FR^ 
and  then  pfoccederi  with  the  ai^quired  velocity  liorixon* 
tally  to  Hi*    The  time  of  Jailing  down  from  the  vertitail 

117 
height  FR  ^  *i  is  t^  -=,     I— S  and  the  acquired  veto- 

city  at  i? :  D^  ^  v^2  gi^.  If  now  no  lo«s  of  velocity  ensue 
in  imnaitioa  from  the  verrical  to  tiie  horizontal  motbn, 
whi<Ui  wdtild  Ibllow  if  the  corner  R  were  rounded,  the 
space  JUfj  aef^coff.  a  will  be  unifom^ly  described,  and 


Ftg.  tn. 


m  the  time  f,  a 


-^\^g. 


J¥ 


1  I  2  J 
/ — i-  S  hence,  if  we  put  f  s 


The  time  of  descent  down 


'  ^  +  ^1  ^B  sl^l^  obtain 


1 


the  inclined  ptanfi  is  1 1 

th«  equatiofi  of  condition 

In  the  corresponding  itkcliued  plane,  accordingly,  the  height  la  to  the  base  and  to  the  i 
len^  as  3  is  to  4  is  to  5,  and  die  angle  of  inclinftrion  is  a  ^  36**  52'  ll".-^!  The  time 
for  sbding  down  an  incUuixl  plnne  of  a  given  b«*e  a  h 


L  4*  )  ^g'  A,  whose  iolution  will  give  ttmg.  a  ^  f . 


n 


•Sg  ttn.  A        *4  g  titi.  A  cm.  n       ^  g 


4  a 


Ig  ttfL  A        \J  g  *wi.  *  CTM.  «        ^  g  win.  ^2  m 
hence  the  des«?etit  is  quickest  when  fijt,  2  a  is  a  maiimum,  i  #,  =  1 ;  therefore  2  ^ 
=  90° t  or  *^  ^  45**,     Hence^  water  falls  down  in  the  shortest  time  froni  roofs  of  45* 
inclination. 

§  241.  If  the  motion  on  an  inclined  plane  proceeds  wilh  a  certaia 
initial  velocity  c,  we  shall  then  have  to  apply  the  formulae  found  in 
§  13  and  §  14»  According  to  these  the  terminal  velocity  of  a  body 
ascending;  an  inclined  plane  is  w  =«  c  — g  sin,  a  .  i^  and  the  space 
describea  s  =  ci —  ^  g^ri,  a  .  /*;  on  the  other  hand,  for  a  body  falling 
down  the  inclined  plane: 

u  ==  c  +  g  sin,  a  .  L,  and  s  ^  ct  -\-  ^  g  sin.  *  .  t^. 
In  both  cases  of  motion  the  formula  is  true: 


v^—d" 


or  s  stn.  a 


v^—e" 


2gsin.o.'  2g  2g      2g 

The  vertical  projeciiont  therefore^  {s  sin,  a)  of  the  space  {s)  described 
along  the  inclined  plane  is  always  eqttal  to  the  difference  of  the  lights 
due  to  the  velocity. 
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If  two  ioclioed  planes  FGQ  and  GHR,  Fig.  296,  meet  each  otfaej- 
in  a  rounded  edge,  no  impulse  will   take 
place  in  the  passage  from  one  plane  to  the 
other,  and  for  this  reasOD,  no  loss  of  velo-l 
city  ensue ;  the  rule  for  the  descent  of  a  1 
body  down  this  combination  of  two  planes  I 
is  also  true,  the  ketghi  qf  descent  {FR)  is\ 
equal  to  the  di^ermce  of  the  heights  duel 
to  the  velocity .     It  is  easy  to  ascertain  that 
this  Tule  is  correct  also  for  the  ascent  or  I 
descent  on  any  system  of  any  number  of 

planes,  and  for  the  ascent  or  descent  on  curved  lines  or  surfaces*! 

(Compare  §  82,) 

E^osmplt^ — L  A  bod^r  ascends  with  a  St  feel  tniUai  velocity  an  indi[)4?d  plane  of  33' 
in£^1inatlon«  wbat  ia  tiie  amoimi  o^  its  velocitf  aiid  ils  ^pace  deimbed  in   1}  seconds  I  j 
The  velocity  is : 
I?  =  21  —  32,2  ««.  22''  .  1,5  =  31  —  32,2  ,  0,374$  ,  1,5  =  2,906  fftet;  and  the  ipao 

2  2  2  4 

2.  How  high  doe*  a  body,  wiili  an  initial  velocity  of  36  feet,  itscend  an  iooUned  plane  of  1 


la*  aqcliTJIy?     The  vettidai  height  is  t^  =s 


n 


0,01560  ^  =  0,0155  .  36'  ^  21,638 


feet  j  heKteo  the  whole  space  up  the  iacUned  plane :  t  ^  _-!— 


2K638 


fin.  s       n'rk  48* 


,28^94 


2  .  2Md9        2%AM 


^  1,533  seocmda. 


feet.    The  time  i-equixed  k : 

V  36  IS 

§  242,  Sliding  friction  exerts  a  considerable  influence  upon  the 
ascent  and  descent  of  a  body  along  an  inclined  plane.  From  the 
weight  G  of  the  body»  and  from  the  angle  of  inclination  »  of  the  in- 
clined plane,  the  normal  pressure  follows,  JV*  =  G  cos,  o,  and  again' 
from  this,  the  friction  F  ^  f  JT  ^  f  G  cos.  a.  If  we  subtract  this 
from  the  force  P  =  G  nn,  a,  with  which  gravity  urges  the  body 
down  the  plane,  there  then  remains  for  the  moving  force  =  G  nn,  » 
—  f  G  COS.  ttf  and  the  accelerating  force  of  the  body  sliding  down 
the  plane  is  known  : 

the  force        G  sin,  a  —  f  G  cos,  a  ,  .  j- .  „ 

^  =  th^^i;^ -d^—-  ^ = (**"• "  ~'^"";  -^  ^- 

The  moving  force  of  the  body  ascending  the  inclined  plane  is  nega-^ 
live  and  =s  G  sin.  n  +^,  G  cos.  a, hence  also  the  accelerating  force 

P  is  negative  and  =  —  [sin,  a  +/cos^ 

If  two  bodies  are  supported  on  dif- 
ferent planes  FG  and  FH,  Fig,  297, 
by  perfectly  flexible  strings  connected 
with  each  other,  passing  over  a  roller 
C,  it  is  then  possible  for  one  of  the 
two  bodies  to  descend  and  pull  up  the 
other.  If  we  represent  the  weights 
of  these  bodies  by  G  and  Gj,  and  the 
angles  of  inclination  of  the  inclined  planes  along  which  they  move  by 


Fif.  SS7. 


ROLLllfG    MOTIOK, 


263 


ff- 


a  and  «j,  and  if  we  assume  that  G  descends  and  draws  G,  upwards^ 

we  shall  then  obtain  as  the  moving  force : 

G  sin,  et — Gj  iin,  a^ — /  G  cos,  a — -^  Gj  cos,  m^^  G  (nn.  o^-fcos,  a) 

—  G,  (nn.  ft.  +fcos,  t^X  and  the  mass  moved  =  — — — ',  hence  the 

g 
accelerated  inotion  with  which  G  descends  and  G^  ascends : 
G  (sin,  a  — X^^"  **)  —  ^1  (^'  **!  +j£os*  a,) 

Since  friction  as  a  F€«ifltiiig  force  can  generate  no  motion^  it  h  requi- 
site for  the  fall  of  G  and  the  rise  of  Gj,  that 

G  {sin.  d  ^'f  cos,  tt)  be  >  Gj  {sm.  a^  ^  fcos,  oj,  therefore 
G_  ^sm.^,+fa>f.m^^    jf^  ^^  ^j^g  ^^^^^  j^^^j^  Q^  descend,  and  G 

Gj        ^m.  (& — f€OS,  a 

be  drawn  up,  then  roust: 

^  be >  *^'°+/g<^^><>  or,  ~  <  ^'^''*^~/^^^-  **». 

So  longj  howeverj  as  — -  lies  within  the  limits: 

sin  04  +  /cos,  ttj       *  *t»  a,  — y  c<?^.  «i 
m*  tt  — y  COS^  o  sin*  «  -h  ^  CO*,  a 

«o  long  ^lU  the  friction  resist  motion. 

Exampki^^l.  A  sledge  move*  down  an  mclined  snow  plftDC^  150  fmt]ong  and  20''  m- 
dinaUon,  and  when  arriTed  bI  the  bouora,  proce«da  along  a  liorizonal  otic  until  fticlkm 
bring!  it  to  reit.  If  tbe  a>^fficiefit  of  friction  between  tli&  snow  and  the  sledge  be 
taken  ^Qf03  feet,  what  space  will  the  sledge  describe  aloD^  the  horizontal  plane,  neglect- 
ing die  redstancd  of  the  air  ?  The  accelerating  fatoe  p  sa  (tin.  a  ^/  eo$.  a}  g  =.  (tin, 
20*)  .  32,S  ==  (0,3490  —  0,03  , 0,9307)  ,  3S,2  s  0,3138  .  32,2  =  10,104  feeij  heuoe, 
tlie  £n&l  velocity  of  descent  ia, 

V  ^  y/^T*  =  %/^  •  IftltM  .  150  =  v^^03l,9  ^  55,64 feet    On  the  hofizotitai  plane 
the  aiTeelemiing  fore*  isp^^  —  fgms^^  0,03  *  32,2  =s  0,966  feel;  hence,  tlie  apace  tj 

B  -^  =  ^31.2   ^  leSO  feet.     The  time  of  deaceffit  is  f  =  —  ^  ^  =  5,22 
2/g  1,932  u  55,M 

aeccmds,  and  (hat  for  aE<!bg  onward  t^  ^  — !^  ^  _ — .  ^ 

^     , ,  _  55,54  y 
time  of  the  counw  f  +  f^  =  53,82  seconds  »  I*  3,82^^.— 2-  A 


s  58j6  seconds  j  hence  ihe  wbole 


filled  tub  JST,  Fig.  ^98,  of  250  iHa.  cleat  weight,  is  drawn  up  ai» 
imolined  plane  FH,  70  feel  long  and  of  50*  inclination,  by  a  de- 
scending weight  G  of  260  lbs.;  what  will  be  llie  time  requiretl 
for  this,  if  the  c^j-efEcient:  of  friction  of  the  tub  along  its  path 
amount  to  0j36*  The  moving  force  is  ^  G  —  («n,  m  -\-  f  cot. 
«)  jr  =  260  —  itm.  50^+0,36  .  <m.  50*>  .  250  ==.  260  —  0,9974 

10  R 

,  2&0^10,,6  lbs»j  hence,  the  accelerating  (bt^e  p  ^ 1-    ■ , 

250  *^  260 
10  & 
K  -Lj„  s  0,0208  lU,-  ftmlietr,  the  lime 


rig.  ssn. 


J  J?      J  o,i>aos 


I  ^731  =  82,04  seconds  =  1*  22^. 


2f 


ttnd  the  find  velocity  v  jx  ^  ^ 


t,70  feet 


§  243.  Rolling  MoHon,~Whm  a  carriage  rolls  down  an  inclined 
plane^  the  friction  of  the  axle  chiefly  acts  in  opposition  to  the  accele* 
rating  force ;  if  r  be  the  radius  of  the  axle,  and  a  that  of  the  wheels 
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ft  ft 

ihe  friction  will  amount  to  ^  JV*  «  ^  G  ca*.  a^  and  henee  the  ac- 

a  a 

ft 
celerating  force  f  =  (m.  a  —  -L-  cm,  o)  G. 

a 

If  a  round  body  AB^  a  cylinder  or  sphere,  for  examplej  roll  down 
an  inclined  plane  Fli^  Fig,  299,  we  have  to 
Fig*  299.  consider  a  progressive  and  a  rotatory  motion 

at  the  same  time.  Generally  the  accelera* 
tion  of  the  progression  is  equal  to  that  of  the 
rotation  (§  156);  since  if  we  put  the  moment 
of  inertia  of  the  rolling  body  =  G  ^>  and  the 
radius  of  the  cylinder  =  a,  we  shall  then  ob- 
tain for  the  force  JiK  ^  K^  with  which  the 
cylinder  is  set  into  revolution  by  \irtue  of  the 

penetration  of  its  parts  into  those  of  the  inclined  plane  :*  iC  =  p  .  —M^^ 

But  the  force  K  acts  opposed  to  the  force  of  descent  G  sin,  a^  hence  it 
follows  that  the  moving  force  for  progressive  motion  =  G  $%n.  a — K^ 

and  the  accelerating  force  j?  =  - — -^t" *  i-    '^  ^'^  eliminate  If 

G 

from  both  equations,  we  shall  obtain  G  p~G  g  sin.  a  —  if^  ,p,con- 

a 

seqnently  the  accelerating  force  sought : 


P 


g  nn,  a 


1  + 


r 


For  the  case  of  a  homogeneoos  roiling  cylinder  ^«i  a'  (§  221), 
hence  p  =  l^^  ^  f  g  dn,  a ;  but  for  a  sphere  y'  =  f  «*(§  222), 

hence  p  =  ^       ~  ^  ^  g  **'*•  =*;  therefore,  the  accelerating  force  of 

the  rolling  cylinder  is  only  f ,  that  of  a  rolling  sphere  only  f  that  of  a 
body  sliding  without  friction, 
*  The  force  of  rotation  Isi 

g  sin,  d     G^  __  ^  y*  ^^'  ^ 


1  + 


0^  +  3^ 


As  long  as  this  is  less  than  the  sliding  friction  /  G  cas*  «,  the  body 
descends  rolling  perfectly  down  the  plane*     But  if 

K  is  >^f  G  cos,  df  i.  e.  taitg,  n  >  /  f  1  +  —l, 

the  friction  is  no  longer  sufficient  to  communicate  to  the  body  a  velo- 
city of  rotation  equal  to  its  velocity  of  progression ;  hence  the  accele- 
ration of  progression,  as  for  sliding  friction,  is; 


*  See  above,  pagea,  109  to  17^,  ooie. 
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Gfin,  9^  G  COS.  a 
find  that  of  rotattori: 

f  G  €0$,  a 

Pi  ^  - 


g^  {si7l.  a—fcas.  a)gf 


^' 


'f^gcas. 


Gf  ^  a^ 
For  a  carriage  of  the  weight  G  with  wheels  of  the  radius  a,  and  with 
the  moment  of  inertia  Gj^*,  w^  have; 

^     ,                  G  sin^  a-  — y*—  G  cos,  a  —  K 
K  =  p^i^  and  p  = ^_ .  g^  I  e. 


g  i^n. 


G 

COS.  a) 


?  = 


1  + 


Barampiei.— L  A  loaded  wagon  of  3600  Ibi.  weight,  wjth  wLeeli  4  foot  high,  (Uid 
p  tnotmem  Of  inertia  *2000  ft.  Ibs^  rolls  dawn  aRinctmcd  plane  of  1^**  inclination^  what  will 
be  its  nccele rated  motion^  If  the  co>efficient  of  ajile  frietlon  ss  0,15,  and  the  thkbiefs  of 
the  ttJtle*  of  the  wheels  amountH  to  3  inches? 

Cy    _       2000       ^    5_   ^  Q  ^3^    isna  /  L  =:=  0,15  ,  J_  «    0,0094 
360U.2»  36  "^   a  4.4 

-  3S,2  (iifi.  la**  ^0,0094  .  roi.  IS^) 


It 


Go* 


bence  the  accelerating  forcie   louglil 

32,3  <0,g079— 0,0094.0,976)        3S,5 .  0,1  &S7 


1  +  0,J39 
=  6,30S   feei.--a.  What  will  be   ilie 


1,139  1,139 

|W3Gelermting  foK»a  of  a  mUd  cylinder  rolling  tlown  an  inclined  plane  of  a  40°  angle  of 
BUt  ?     The  co-effloient  of  tiie  JiJiiiing  fciction  of  the  cylinder  on  the  plane  ^  0,24,  we 

I  then  /  (  1  +  ^)  =  0,24  (I  +3)  ^  0,73 1  but  now  the  iang,  40°  =  0,839,  hence 

the  tang,  m  is  greater  than  /  f  1  +  ^ Y  add  the  acMeleratian  of  tbe  rellmg  moUoa  les« 

timn  tblt  of  the  progiewire.  Tbe  taat  is  |j  =  {tin.  **-/«»,•)  g  =  (0,6428—0,24  * 
0,7650)  .  32,2  ^  0,459  .  32,2  =  14,78  feel,  hut  the  fixst  imly  p, «  C^24  .  2  .  33,^  (9t.  iO» 
«i  11,85  f^t. 

§  244,  Circular  Pendulum, — Equilibrium  subsists  In  a  body  sus- 
•  pended  to  a  horizontal  axis  so  long  as  its  centre  of  gravity  lies  ver- 
ticallj  below  the  axis ;  but  if  its  centre  of  gravily  be  drawn  out  of 
the  vertical  plane  containing  the  axis,  and  the  body  be  left  to  itself, 
it  will  take  an  oscillatory  motion;  that  is,  it  will  moTe  up  and 
down  in  a  circle.  In  general ,  however,  a  body  oscillating  about  a 
horizontal  axis  is  called  a  petidulum.  If  the  oscillating  body  is  a 
material  point,  and  its  connection  with  the  axis  of  revolution  be  made 
oy  a  line  devoid  of  weight,  we  then  have  the  mathemaiical  or  simple 
pendulum;  but  if  the  pendulum  consists  of  a  body  having  dimen- 
sions, or  of  several  bodies,  we  have  then  a  comp(>und^  physical^  or 
'  material  pendulum.  Such  a  pendulum  may  be  regarded  as  a  con- 
nection of  simple  pendulums  oscillating  about  a  common  axis.  The 
Mmple  pendulum  is  an  imaginary  one  only,  but  its  assumption  pos*- 
messes  great  advantage,  because  it  is  easy  to  reduce  the  theory  of  the 
motion  of  the  compound  to  that  of  the  simple  pendulum. 
23 
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Fig.  soa. 


If  the  pendulum  suspended  at  C,  Fig. 
300,  be  drawn  out  of  its  verlical  posilioa 
CM  into  the  position  Cl^,  and  then  left  to 
itself,  it  will  go  back  by  virtue  of  its  gravity 
with  an  accelerated  motion  towards  CM^  nnd 
its  mass  will  arrive  at  its  lowest  point  M 

with  a  velocity  v^  whose  height  —  is  equal 

to  the  height  of  descent  DM.  In  virtue  of 
this  velocity,  it  will  now  describe  on  the  other 
side  the  arc  AlB  ^  MA^  and  will  thereby 
ascend  to  the  height  DM.  From  B  it  will 
again  fall  back  to  M  and  Jl,  and  so  it  will  go  on  successively  describ- 
ing the  circular  arc  JiB.  If  the  resistance  of  the  air  and  friction  were 
entirely  set  aside,  this  oscilktion  of  the  pendulum  would  go  on  in- 
definitely ;  but  because  these  resistances  can  never  be  done  away 
irith,  the  amplitude  of  the  oscillation  will  become  smaller  and  smalleri 
and  the  pendulum  come  at  last  to  a  state  of  rest* 

The  motion  of  the  pendulum  from  w^  to  B  is  called  an  oscillnHon^ 
the  arc  ^B  the  amplitude^  the  angle  measuring  half  the  amplitude  by 
which  the  pendulum  is  distant  from  either  side  of  the  vertical  CM^  the 
angle  ofehrigation  or  angk  of  deviation.  Lastly,  the  time  in  which 
the  pendulum  makes  an  oscillation,  is  called  the  tinw  of  osdUaiion, 
§  246*  On  account  of  the  frequent  application  of  the  pendulum  to 

the  purposes  of  life,  to  clocks  namely, 
it  is  of  consequence  to  know  the  times 
of  oscillation,  hence  the  determination 
of  these  is  one  of  the  principal  pio- 
blems  in  mechanics.  With  the  view 
of  solving  this  problem,  let  us  put  the 
length  of  th^  pendulum  JiC  =  MC  ^ 
Tf  Fig.  301,  and  the  height  of  ascent 
or  descent  corresponding  to  a  complete 
oscillation  MD  ^  h.  Let  us  assume 
that  the  pendulum  has  fallen  from  M  to 
G,  and  let  the  height  of  fall  DU  =  x 
correspond  to  this  motion,  we  may  then 
put  the  acquired  velocity  v 
which  the  particle 


rig.  30K 


and  the  particle  of  time  in 

.,    ,              GK          GK 
acnbed,  r   =» =  — -^ 

^  h  and  the  radius  OM  =  Oi>  =^  J  A,  we 


of  space  GK  is  de» 


If,  now,  from  the  centre  0  of  MD 


describe  the  semicircle 
JHJfD,  we  then  have  a  portion  of  this  arc  JfP  of  the  height  PQ  ^ 
KL  =  RH  equal  to  GK^  which  is  in  a  simple  ratio  to  this  particle  of 
space  GK.     From  the  similarity  of  the  triangles  GKL  and  CGU^ 

^  =  ^  and  from  the  similarity  of  the  triangles  JfPQ  and  OJ^H^ 
KL        Gil 
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s ;  hence,  if  we  divide  these  two  equations  by  each  other, 

pq     JTH'  M  J 

and  bear  in  mind  that  jKL  »  PQ,  we  then  obtain  the  ratio  of  th6  said 
portion  of  arc :  -i-  »  _-l_-,     From  the  properties  of  the  circle, 

and  from  the  theorem  of  the  mean  proportional,  GU^  «  MH^i  CM-^ 
MH)  and  A&  -  MH .  DH;  hence  it  follows :         _ 
GK  CG.s/DH  Ty/x 

JVy  "  OJV.  /2  CM—MH"^  \  hy/2T^{h—x) 
and  the  time  for  describing  an  element  of  space  is: 
r^x"  JVP  2r 


JVP 


\hy/2r—{h—x)     V^gx       hy/2g[2r—{h—x)\ 

J 7  JVT 


A— X 


In  most  cakes  of  application,  a  small  angle  of  deviation  is  given  to 
the  pendulum,  and  for  this  reason  — .,  as  also—,  and,  therefore, 

A— X 
also  .— —  is  so  small  a  quantity  that  we  may  neglect  it  as  well  as 

its- powers,  and  now  put  f  m    |-  .  —r--.    The  duration  of  a  semi- 

oscillatiosi,  or  the  time  in  which  the  pendulum  describes  the  are 
jiM,  is  equal  to  ttie  sum  of  all  the  particles  of  time  corresponding  to 

the  elements  GK  or  JVjP,  or  as  ~  .    f-  is  a  constant  &ctor^«^fiiii 

to-. ,  f  !1  times  the  sum  of  all  the  elements  forming-  the  semidJli^ 

JDJV*^;  <•  «•  °-  ^  J-  ^^^^  ^e  semicircle  {^\  itself,  therefore 
1     Ir      kA       h    Ir 

The  pendulum,  however,  requires  the  same  time  for  ascending, 
for  here  the  velocities  are  the  same,  and  only  opposite  in  direction, 
and  for  this  reason  the  duration  of  a  complete  oscillation  is  twice  as 
great. 


t.e.  t  ^H 


41- 


§  246.  To  determine  the  duration  of  an  oscillation  with  greater 
accuracy^ which  is  necessary  where  the  angles  of  oscillation  are  large, 
let  us  transform  the  expression : 


96S  OiaCOLABr  PUHMJLUM* 

into  the  series 


md  we  shall  obtain  the  time  finr  an  dement  of  space^ 

If  we  put  the  angle  JV*OLtf,  subtended  at  the  centre  by  JV*Jlf  ,  «>  ti  we 
shall  then  also  obtain 

MHm*  h — xmmjf0{l — coi.f)^^k{l — cot.f);  hence: 

If  ure  divide  the  semicircle  DJVJlf  into  n  equal  parts,  and  if  \re  put 
e«:h  «  JVP  -  ^,  we  shall  obtain 

by  substituting  successively  for  t  —  -,  — ,  —  ...  to  —,  and  add- 
Ing  the  results,  we  shall  then  obtaiin  half  the  time  of  an  dsciUation : 
(  «t  f  n  +  g-.(i» — the  sum  of  all  the  cosmes)  +  •  • )    i     *  ^  * 
But  the  sum  of  the  cosines  of  all  the  angles  from  t»0tOf«;i<is 
mm  0;  hence,  we  have  more  correctly  :  f  «■  Yl  4.  —\  .  h     I-. 
If  we  have  regard  to  more  members  of  the  seriesi  we  shall  obtain : 

the  last  formula  but  pne  is,  however,  generally  sufficient.    If  the 

Sendulum  oscillates  in  a  semicircle,  we  then  have  A  »  f ;  hence  the 
uration  of  an  oscillation:  ^ 


From  the  angle  of  elongation  a,  it  follows  that 

cot.  •  H  ^^ZZ^  H  1 ..«  -^  therefore,  -  »  1  —  cot.  m;  and  hence,  -- 
r  r  r  8r 

H  J  .  ^^  ***  n  J  (tin.  ^\  ;  from  this,  consequently,  the  cor- 
rection for  the  time  of  oscillation  corresponding  to  a  given  angle  of 
elongation  may  be  found.    If,  for  example,  this  angle  » 15^  we  have 

±m^l(rin.  ir-\  »  0,00426 ;  on  the  other  hand,  for  a  »  5»  :  -^ 
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L,^-^^ 


f^^i^..^*-;*^^^    ^^,^0^^^€^>       :^^ 


y^^  i:;^.^  ^    /f^^cw>^  .ca^^,**^  ^^s^-n^jK,       y^i  -^^ 


-m 


.J^a-^z^-^  /'=    jr    l/; 


''X. 


-.^J^-^-:^^ 


C^ 


W^  ^^'* 


>:^^^ 


y 


.^^j-->  ^-^^cJ     y7^?^. 


^tr-^:^.<^      y-r^ 


l--^€^t^::^- 


/  / 


/'x:;^'£y  ^-nf^tyU^^ 


^^         ,^^^ 


m/  cy^yfjt^/^- 


'^"Cr^'f-.'^ 


^^y" 


y 


y 


y 


? 
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Oj00047;  for  the  latter  angle  of  elongation,  therefore,  the  time  of 

losciJIatJOtt  is  t «  1,00047  ,  *f     f  JL. 

We  may,  therefore,  for  a  deviation  under  6**,  put  tolerably  accurately 
ftfae  time  of  oscillation: 

t  =  H  J—  =^  -J^^-p^  0,562  ^7, 

§  247.  ^s  the  angle  of  deviation  does  not  appear  in  the  formula 
i  ^  H  I — ,  it  follows  that  the  small  times  of  oscillation  of  pen- 
dulums are  independent  of  this  angle^  and  therefore  that  pendulums 
of  equal  length,  but  of  different  angles  of  deviation,  vibrate  isochro- 
nously,  or  perform  their  oscillations  in  equal  times.  A  pendulum 
deviating  4*  has  the  same  time  of  oscillation  as  a  pendulum  de- 
viating 1^ 

If  we  compare  the  time  of  oscillation  t  with  the  time  of  free  descent, 
we  shall  then  arrive  at  the  following*  The  time  of  free  descent  from 
[  the  height  r  will  be  t^  fl 

^  J^  =  ^2  .     f— ,  hence  t  i  t^  ^  h  :  ^2; 

[the  time  of  an  oscillation  is,  therefore,  to  the  time  in  which  a  body 
of  the  length  of  the  pendulum  freely  descends,  as  h  to  the  square 

at  of  2,  or  since  t,  h  also  =     f^  ^  ^  ^  =  2  Jlil ,  the  tim  of, 

^oscillation  is  to  tke  time  of  descent  of  ha(fih€  Imgtk  of  ike  pendviuml 

as  His  to  2, 

If  we  put  the  times  of  oscillation  t  and  ij,  corresponding  to  the 

lengths  of  the  pendulum  r  and  r^,  we  then  obtain  t  i  t^  =  s/r  i  %/r^*/ 

[therefore,  Jbr  one  and  the  same  acceleration  of  gravity^  tJie  tirms  ^\ 

[escitlation  are  as  the  square  roots  of  the  lengths  of  the  pendulum.     On 

||he  other  hand,  if  n  be  the  number  of  oscillations  which  a  pendulum 

Imakes  in  a  certain  time,  one  minute,  and  n^  the  number  i^'hich  ano- 

.  *  11 

tier  pendulum  makes  in  the  same  time>  we  then  have  t :  t^  ^  -  -  —t 

lience,  inversely,  n  :  nj  =  v^r^  :  %/  r^  i,  e,  the  number  of  osctUations 

i$  in  an  inverse  ratio  to  the  square  toots  of  tke  lengths  of  pendulums, 
A  pendulum  four  times  the  length  gives,  therefore,  half  the  number 
of  oscillations. 

A  pendulum  is  called  a  seconds  pendulum^  when  its  time  of  oscijla- 


tion  IS  one 


second.     If  we  put  ^  ==  1  into  the  formula  t  ^  rt     \ — , 

we  obtain  the  length  of  the  seconds  pendulum  r  «  ^  »  39,13929 
inchea  ~  0,9938  meters. 
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From   the  formula   i  =  :t      f—  it   follows    by  inversion   that 

^=  (^\  r;  the  acceleration  of  gravity  may  be  fotiodj  therefore, 

from  the  length  of  a  pendulum,  and  from  its  time  of  oscillation  C. 
This  method  is  both  simpler  and  safer  than  that  of  Att wood's  ma- 
chine. 

Mrmark.  The  diminution  of  gravity  frona  the  pol^i  to  tliP  equotor  has  been  proved  by 
pemiuliim  obsert'iiikini'T  and  lu  quanlity  determined.  This  dimiiiution  is  due  to  the 
eflect  of  the  Dentrif^pil  force,  which  ia  generated  by  the  diurnai  rotation  of  ibe  earth 
about  iU  axil,  and  to  the  increase  of  tho  eartii  s  r&diufl  from  tbe  potes  to  die  equator.   The 

Centrifugal  force  ni  the  equator  diminiahes  gtavity  by  -      ■  of  its  value  (§  231),  whiUt  at 

the  poles  it  is  tiutl.  If  i^  be  the  latitude  of  ihe  pUicie  of  oti«CTir«tkm,  ih»  Booelerating  force 
of  gravity  frotn  penduhiwj  observation  a  will  be  g  s=  32,2  (1  —0,00269  roi.  2  fi),  there- 
ibre  at  the  equator  where  S  =  0;  rhrrefore  ro#.  2  0  =  J,  |?  =  32,2  (1  —  0,00259)  ^ 
32,11  feet,  and  ai  the  poles,  where  tf  =  &0**;  therefore  to*.  2  ^  =  c&i-  ISO*  ^  —  1 ; 
g  ^  32,2  >  1,00250  2==  32,283  ft  For  the  rest  g  ia  leea  on  mountains  and  in  mines  than 
at  llie  level  of  the  sea,^ 


infiiiitelnumlb 


§  248,  Cycloid* — We  may  in  anijiifiiiitel  number  of  ways  set  a 
body  into  vibration^  or  into  an  oscillating  motion,  and  we  call  every 
body  in  this  condition  of  motion  a  pendulum,  and  distinguish  accord- 
ingly several  kinds  of  pendnlumSj  for  example,  the  circmar pendulum^ 

which  we  have  al- 
^k*  5^-  ready     considered, 

and  the  cydoidtdy 
where  the  body,  by 
virtue  of  gravity > 
oscillates  to  and  fro 
in  a  cycloidal  arc, 
and  the  torsion  pen- 
dtduntf  where  the 
body  vibrates  by 
virtue  of  the  torsion 
of  a  thread,  or  wire, 
Itc.     We  shall  here  speak  only  of  the  ctfdoidal  pendulum. 

The  cycloid  JD^  Fig.  302,  is  a  curved  line  described  by  a  point  jJ 
of  a  circle  APB  which  rolls  along  a  straight  line  BD,  If  this  gene- 
rating circle  has  rolled  forward  BB^  =  CC„  and,  therefore,  come  into 
the  position  ^jB^  it  has  then  also  revolved  through  the  arc  jJP  =s 
jS^Pi  =  BBj  =  PFp  consequently  the  ordinate  corresponding  to  any 
absciss  MP^  =  ordinate  MP  of  the  circle  plus  the  arc  of  revolution 
AP.  In  this  rolling  the  generating  circle  revolves  about  the  point  of 
contact  at  each  instant  with  the  base  line^  if^  therefore,  it  be  in  -^jBj, 
it  will  then  revolve  about  Bj,  and  describe  thereby  the  elementary  arc 
P^Qj  of  the  cycloid;  consequently  the  chord  BjP,  will  be  the  direc- 
tion of  the  normal,  and  the  chord  Ji^P^  that  of  the  tangent  to  the 
cycloid  at  the  point  P^,  The  prolongation  PQ  of  the  chord^P  reach- 
ing to  the  ordinate  OQj  is,  therefore,  equal  to  the  element  of  the  cycloid 
i*iQj,  as  further  the  space  of  revolution  is  equal  to  the  space  RQ  of 


/    -/^^^^^^^-^ 


^£r^ 


*t->       ^^t-^- 


'.,^^ 


4^   ^^1,  ^^-^^^U^A  A /J 


— JCv  ^^«e-#--*^  «^^ 


--  A^:^*  ^-„.^^-  ■  -^-%/fv^''- 


J^i^-sa^l^f-^'v 


1^'^2^^^ 


OJ 
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progression,  PQ  is  then  the  base  line  of  an  isosceles  triangle  PRQ^ 
and  equal  to  double  the  line  PM^  which  the  perpendicular  RJf  cuts 
off,  but  PJ\ris  the  difference  of  the  two  contiguous  chords  JiP^  JiR, 
and  consequently  the  element  of  the  cycloid  P^Qi  =  twice  the  dif- 
ference of  tbe  chords  {JiR--JIP). 

As  the  continuous  elementary  arcs  make  up  together  the  whole  arc 
jfPj,  and  likewise  the  aggregate  of  the  differences  of  the  chords,  the 
whole  chord  JiP^  the  length  of  the  cycloidal  arc  JiP^^  is,  from  this, 
equal  to  double  the  chord  of  the  circle  AP^  appertaining  to  it.  To  the 
semi-cycloid  JiPfi^  corresponds  the  diameter  as  a  chord  of  a  circle, 
hence  the  length  of  the  half  of  the  cycloid  is  equal  to  double  the 
diameter  of  the  generating  circle. 

§  249,  Cycloidal  Pendulum, — Fmm  the  aboTe  known  properties 
of  the  cycloid,  the  theory  of 

the  cycloidal  pendulum,  or  Fig*  303. 

the  formula  for  the  time  of 
oscillation  of  a  body  vibrat- 
ing in  a  cycloidal  arc,  may 
be  easily  developed.  Let 
JfKJlf,  Fig.  303,  be  the  half 
of  the  cycloidal  arc  in  which 
a  body  ascends  or  descends, 
or  oscillates,  and  ME  the 
generating  circle,  therefore, 
C£  =  CM  =  r  its  radius. 
If  the  body  has  described  the  arc  .^G,  it  has,  therefore,  fallen  from 
the  height  DH  =  x  (§  246),  it  has  then  acquired  the  velocity  v  = 
%/  2  gx^  with  which  it  describes  the  elementary  arc  CK  in  the  time  ^ 
GK  GK  ^ 


%/2gx 


GK 


But  from  the  similarity  of  the  triangles  GLK  and  FHM^  __  ^ 


„„    ^„  GK      ^  MM  ,  ME      ^  ME   ^ 

MM  ,  MEy  jjj-  = —^^ ^  -    — ^;  from 

KL  MM  ^  MH 


the  similarity  of  the  triangles  JVPQ  and  OJVH,  ^  =  2^,  orsmce 

jm^=MH.  DH,  ^ ^f        .    Now  KL  =  /»Q,  hence 

it  follows  by  dirision :  

GK 
JfP 


s/  MB     ^/  MH  .  DH       V'  ME  .  DH" 


OJV 


y/  MH 

or,  since  O.A'is  half  the  height  of  descent 

DH~x\ 

GK 

JVP  JA" 


-,  ME  =  2r,  and 


v'  2  rx       2  ^y  2rx 
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By  putting  GK 
we  obtaio : 


V  2rz 


JfP  into  the  farrnula 


GK 


^2gx 


%  ^  %rx 


JVP  =  * 


JVP. 


•  2  gar.  A  A^/^ 

The  rime  of  falling  from  A  \o  M  is  the  sum  of  all  the  values  of  *, 
which  are  obtained;  if  for  */V7*  all   the  particles  of  the  semicircle 


/f 


DJCM  be  successively  substitutetj,  therefore. 


2      \r 
h4g 


times     the 


iemictrck  DJV;^  (|  A  \ .    In  this  manner  we  obtain   the  time  for 


falling  through  the  arc  AM^ 

and  as  the  time  for  ascending  the  arc  MB  is  likewise  as  great,  the 
time  of  oscillation,  or  the  time  of  describing  the  whole  arc  AMB: 


S  g 


Sg       ^Jff' 


f\g.  304. 


As  this  quantity  in  quite  independent  of  the  length  of  the  arc,  it 
follows  that,  malhemalically  speaKing,  the  times  of  oscillation  for  all 
arcs  of  one  and  the  same  cycloid  are  equals  the  oscillations  of  the 
cycloid al  pendulum  are,  therefore,  perfectly  isochronous.  If  we  com- 
pare this  formula  with  the  forraula  for  the  time  of  oscillation  of  a  cir* 
cular  pendulum,  i!  folio wis  that  the  times  of  oscillation  for  both  kinds 
of  pendulums  are  equal,  if  the  lengih  of  the  circular  pendulum  is 
equal  to  four  times  the  Yadius  of  the  generating  circle  of  the  eycloidal 
pendulum. 

MrrrMrk  L  It  may  be  proved  hf  the  higlier  ealcuhia  that  the  cycloid  hfts,  besides  the 

property  of  wKhnmitm  or  iauiochromnn^  al^a  ihml 
of  hrtichwtodmmam^  wbich  is  that  iieia  between 
two  given  |x)jnti  in  wbkch  n  body  Talli  in  tbd 
shortest  lime  from  one  point  to  the  other, 

Mtmark  2Ati  order  to  mikke  a  body,  ftiupefided 
to  a  perfis^ctly  dexible  tliread^  vSbmte  k\  ft  ey- 
cloidBl  arcj  ^nd  thereby  represent  the  cycloidsi 
pendulum,  we  suspend  the  body  between  twoigr*^ 
cfcii*lal  arcs  CO  tmd  CO,,  Fig.  304,  so  that  the 
t)iread  for  every  devmtion  unwinds  from  the  one 
arc  &nd  w  inds  round  ilie  oUiet .  By  liu5  wtmUng 
and  unwinding  of  the  thread  COP,  its  txiremity 
F  doscribeA  a  curve  BimiLar  U>  the  given  eyctoid, 
and  it  may  be  siiniZcu'ly  represented  that  the  evo" 
tiite  of  the  cycloid  is  n  siinllnr  cycloid  in  an  inverse 
1 1  H  r  i .  m .  A  a  the  lengtli  of  ha  U'  the  cycloid  C  OJ^ 
(  I>r=^  '2  AB,  we  tiave  likewise  the  arc  ^  to  the 
stiaiKht  line  evolved  OP  *  but  the  arc  QjI  ^  2 
chord  JF^2  GO,  benee  alifj  PC  3=  GO^JP, 
and  HN^jSE,  If  tjow  we  describe  apoti  BH  a  semicircle  BKH  and  dr^w  the  ordinate 
NP,  we  then  hflve  KJi^PG;  and  hence  also  PK  =  GH  ^  AH—^G  =  JH—FO^ 
arc  JFB  —  arc  JF  =  arc  BF  ^s^  arc  DJT-  and  lassily,  the  ordinate  NP  =  tlie  ordinwe 
JVJT  of  the  circle^  plus  the  oorrcBfKindmji  arc  DK ;  the  retire  NP  is  the  ordinate  of  a 
cycloid^  and  DPJ  the  cycloid  corresponding  to  the  generating  circle  DKH. 


-^H 
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For  the  applicaiion  of  t]i«  cyclopia]  pemitilum  ho  clockS}«e«  Msrhikher  da  pc^yt9^^ 
Inttilutef  in  Wien.,  voL  xx.  art.  2. 

§  250,  Compound  Pendulum, — To  find  the  time  of  oscillation  of 
the  cam  pound  pendulum,  or  that  of  any  other  body 
^Bf  Fig,  305,  oscillating  about  a  horizontal  axis  C,  ^»f'  30o- 

let  us  first  seek  the  centre  of  oscillationj  L  e.  that 
point  Jf  of  the  body,  ^vhich  if  it  oscillates  of  itself 
about  C|  or  forms  a  mathematical  penduluni»  has 
the  same  time  of  oscillation  as  the  whole  body.  It 
is  easily  seen  from  this  explanation  that  there  are 
several  centres  of  oscillation  in  a  body^  but  in 
general,  that  point  only  is  meant  which  lies  with  the 
centre  of  gravity,  in  one  and  the  same  perpendicular 
to  the  axis  of  revolution. 

From  the  variable  angle  of  deviation  KCF  =  f ,  the  accelerating 
force  of  the  isolated  point  A",  ^  g  sin,  ti  because  we  may  suppose 
that  it  slides  down  an  inclined  plane  of  the  inclination  KHR  =  KCf\ 
But  if  Jtfy*  be  the  moment  of  inertia  of  the  entire  body  or  set  of 
bodies  AB^  Ms  will  be  its  statical  moment,  t.  e.  the  product  of  the 
mass,  and  the  distance  CS=  s  of  its  centreof  gravity  S  from  the  axis  of 
revolution  C,  and  r  the  distance  CXof  the  centre  of  oscillation  J^from 
the  axis  of  revolution,  or  the  length  of  the  simple  pendulum  which 
Tibrates  isochronously  with  the  material  pendulum  *^B,  we  have  then 

the  mass  reduced  to  K  ^  -^^  and  the  force  of  rcFolution  reduced  to 

r* 

this  ^  Mg  dn,  f ;  consequently  the  accelerating  force  »   —    = 

^  jnass 

i  Me  sin.f^  *-^  =  V^  *  g  sin,  f.  That  this  pendulum  may  have 
r  r^         M^ 

the  same  time  of  oscillation  as  a  mathematical  one,  it  is  requisite  that 

both  should  have  their  motion  in  every  position  equally  accelerated, 

that  therefore,  — -  .  g  m,  ^  =  gsin^  f.  Now  this  equation  gives  j 

_  My^  _  moment  of  inertia  ^| 

^  Ms  "    statical  moment  '  " 

We^  thertforef  find  the  distance  of  the  centre  of  osdltation  from  the 
tmUre  of  g^uUon^  or  the  length  of  tht  nmpk  pendulum^  which  fms  a 
time  of  oscillation  equal  to  that  of  the  compound  one,  if  we  divide  the 
moment  of  inertia  of  the  compound  jiendulum  %  Us  static^U  moment* 

If  we  substitute  this  value  in  the  formula  t  =  h     i_L,  we  obtain 

for  the  time  of  oscillation  of  the  compound  pendulum  the  formida 

t  ^  7i     [4v-^  =  «     f— »  ^^  ^^^^  accurately  ss  [  1    +  ^^\  n    fi^. 

SMgs  Sigs  ""        \  Sr/     ^gs 

Inversely,  the  moment  of  inertia  may  be  found  from  the  time  of  oscil- 
lation of  a  suspended  body,  if  we  put; 

(t  \^  / 1\^ 

~j   .  Mgs,  cif^  ^- j  gs* 
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Fig.  306. 


Exatnpkt,* — 1.  For  &  uniform  prismatic  tod  ^B^  Tm,  306,  wboee  centre 
of  oflcilktiun  i$  distant  Cvf  ^  ^  and  CB  ^  ^  fruin  ihe  eitremide^  A  Iknd 
J9.  we  have  (S  *210)  fof  the  moment  of  itieftia:  Jfy* «  i  F  (/,»  +  4^)1 
and  the  gtaticHl  Ttiomem  JCt  ^  f  f  Ci*— "  ^')  J  hrnco^  tiio  lepgth  of  ih^ 
mntbemntical  pendultim   which  vibraies  teochronouily   with  thii  rod  If 

r  fs  ^  ^  I .  !'^+i'*=^"*"^.  if  f  repr^aetit  die  sum  f,  +  i,.  and  rf 
the    dilference  ij  ^-  ^.      If   thia    rod    beaii    half   seocmds,  we    bave 

enliru    length  I  of  the  rod  ainount    to    IS    indieA,  we   mutt  then    put: 
9J37  ^   144  +  3  rf^  _^_]9rf^_4S  nearly;  benee  it  followii 


i  ,  0,10132  .  a2,S  >-i  0,81  S6  feet  «  9,737  inches,  but  if  the 


d^ 


I  3  npatiyj  am?  ftom  this 


Fif.  307. 


il 


—  ^  H  itichen. 
2 


1^  ^  _I_  ^  -^  =  74  incbci,  and  /^  ^  ^_- 

2  ^  '4 

— ti.  For  a  pendulum  with  a  spherical  lexiiicular  bob  JB,  Fig*  307^  if  G 
be  the  wei|rht  and  I  the  lengtb  C^  of  the  rod  or  tbreaxl ;  iC,  o«i  the  oilier 
hand,  the  weight  of  the  bob»  and  *  ici  mdiu»  JO  ^^  JlfB: 

If,  now,  ihe  wire  is  0,05  Iha^  the  bob  2,5  lbs.,  further,  the  Jenglh  of  the  md 
1  foot,  end  the  radin»  cif  the  bob  1,13  inehe*,  W©  then  have  the  discanoe  of 
rhe  ceatre  of  osi^illBtioa  of  this  pend^Utm  from  the  nxh  of  roiatiot) : 

_  i  .0,05  ■  12^+  t,5  .03,15*+  I  ■  1,15'}  __  2.4  +  2(]0,n7        262,577 
'""  4,0,05, 12+  1,5, 13»13  '~  0,3+  J9,72&  ^  20,035 

«  t3,U2  inche*,     Difire^rdir^g  the  iGd.t  would  >=  ?^£I?  ^  15^312 

1 0,7  SO 

inches;  and  die  inert  maas  of  the  bob  being  reduced  to  ita  centre,  r  would  ^  13,15 
mches*     The  time  of  Oflcillation  of  this  bob  is : 

i  =  w  jZ  =  0,562  jHiH  =  0, J62  ^1,0926::  1=  0,5874  s^eondi. 

§  25L  The  centre  of  suspenaion  and  centre  of  oscillation  of  a  ma- 
terial pendulum  are  reciprocal,  t,  c.  the  one  jnay  be  interchanged 
with  the  other,  and  the  pendulum  maybe  suspended 
at  the  centre  of  oscillation,  without  the  time  of  oscil- 
lation heing  altered.  The  proof  of  this  proposition 
may  be  given  by  aid  of  §  217,  in  the  following  man- 
ner. If  T  be  the  moment  of  inertia  of  the  com- 
pound pendulum  JIB^  Fig.  308,  oscillating  about 
the  centre  of  gravity  S^  we  have  then  for  a  revolu- 
tion about  the  axis  C,  distant  CS  ^  s  from  the  cen- 
tre of  gravity  S,  7^=7*+  Ms^^  hence  the  distance 
of  the  centre  of  oscillation  K  from  the  axis  of  revo* 
lution  C: 

r,      r+jift^     _T_ 

"  Ms 


Fig.  90S. 


-  -i7-  +  ^' 


MS  Ms 

If  now  we  represent  the  distance  KS  ^  r  —  s  of  the  centre  of  oscil- 
lation from  the  centre  of  gravity  by  #1,  we  then  obtain  the  simple 

T 

equation  ss^  s  — ,  in  which  s  and  b^  appear  in  a  similar  manner,  and 

hence  may  be  substituted  one  for  the  other.     This  formula  is  not  only 
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Fig,  309. 


true  for  the  descentj  if  ^  represents  the  distance  of  the  centre  of  oscil- 
lalion  from  the  centre  of  gravitj%  but  also  inversely,  if  i  expresses  the 
distance  of  the  centre  of  oscillation,  and  ^j  that  of  the  cen- 
tre of  gyration  from  the  centre  of  gravity,  and  C  will  there- 
fore serve  for  the  centre  of  oscillation  if  A'  serve  for  the 
centre  of  suspension.  We  avail  ourselves  of  this  property 
in  the  so-called  convertible  pendulum  AB^  Fig.  309^  first 
proposed  by  Bohnenberger,  and  afterwards  applied  by 
Kater,  which  is  furnished  with  two  knife  edges  C  and  X, 
which  are  so  situated  i^uth  regard  to  each  otber^  that  the 
times  of  oscitlatlon  remain  the  same  whether  the  pendulum 
oscillates  about  one  or  the  other  axis.  In  order  that  the 
axes  may  not  be  displaced  with  regard  to  each  other,  two 
sliding  weights  P  and  Q  are  applied,  the  smallest  of  whicli 
is  attached  by  a  fine  screw.  If  by  the  shifting  or  adjust- 
ment of  these  weights,  the  time  of  oscillation  comes  to  be 
the  same,  the  pendulum  may  be  suspended  at  Cor  at  X, 
we  shall  then  obtain  in  the  distance  CK  of  the  two  edges, 
the  length  r  of  the  simple  pendulum  which  vibrates 
synchronously  with  the  convertible  pendulum,  and  we 
shall  now  obtain  the  time  of  oscillation  by  the  formula 


/ 


Jf 


Fig.  310, 


§  £52.  The  swinging  or  rocking  of  a  body  with  cylindrical  base 
may  be  compared  with  the  oscillations 
of  a  pendulum.  This  rocking,  like 
every  other  rolling  motion,  is  composed 
of  a  progressive  and  a  rotary  motion, 
but  it  may  be  assumed  that  it  consists 
of  a  simple  rotary  motion  with  a  varia- 
ble axis  of  rotation.  This  axis  of  rota- 
tion is  the  point  of  support  P,  by  which 
the  vibrating  body  ABC,  Fig,  310, 
rests  on  the  horizontal  base  HR,  If 
CD  ^  CP  is  the  radius  of  the  rolling 
bftse  ADB  =  r,  and  the  distance  CS  of  the  centre  of  gravity  of  the 
entire  body  from  the  centre  C  of  this  base  =3  $,  we  have  then  for  the 
distance  corresponding  to  the  angle  of  rotation  SCP  ^  f ,  SP  =  ^  of 
the  centre  of  gravity  from  the  centre  of  gyration : 

y*  =  r*  +  s^  —  2rs  cos.  t  =  (^  —  $f  +  4rs  /sin.  L\  ; 

hence,  if  further  we  represent  the  moment  of  inertia  of  the  entire 
body  about  the  centre  of  gravity  S  by  Mk\  we  shall  obtain  the 
moment  of  inertia  about  the  point  of  support  P: 

T=^Mik^  +  f)^M[k^+  {r  —  sf  +  4rsinn. 
which  for  small  angles  of  vibration  may  be  put 
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or  only  M  [i*  -|-  (r — s)*].  Since  now  the  moment  of  force  =  G  » 
6Wr«=  Mg  .  CS sin,  ^  =  Mg$  sin,  f,  it  follows  that  the  angular  ae- 
celeration  for  the  rotation  about  P: 

moment  of  force  Mgsfin.  f  gs$in,  f 

^  moment  of  inertia  "  •¥  [t*+(r— *)*J  "  ft»+{r— ^« " 
For  the  simple  pendulum  it  is  »  ^  >  if  t^i  represent  is  length ; 

if  both  are  to  vibrate  isocbronously,  it  is  necessary  that: 
gssin^f    _  gn/i-t,  i  ^  ^  _  A-^  +  (r—sy 


k^+[r—sy 


t,  e,  n 


The  time  of  the  vibration  of  the  balance  is  from  this: 


-sf 


^t 


m 


This  theoiy  may  also  be  applied  to  a  pendulum  JiB^  Fig. 
31 1>  with  a  rounded  axis  of  rotation  CMj  if  for  r  the  radius 
of  curvature  C^lf  of  the  axis  be  substituted.  Ifj  instead  of 
the  rounded  axis,  a  knife  edge  D  be  applied,  the  time  of 
vibration  will  then  be 


I 


^     gDS     =''^      gi^-x)     * 


the  distance  CD  of  the  edge  from  the  centre  of  the  rouno 
axis  being  represented  by  x.  Both  pendulums  have  equal 
times  of  vibration  if 


k'+is—xf       fe*+(r— s)» 


or —  X  = 


f^+f^ 


i  r. 


If  we  write 


s — X 
shall  then  obtain  x 


S  S X  I 

f  k^  X 

( —  approximately,  and  neglect  r*,  we 

s  $* 

2rs* 


s^—k^ 


Fig,  31S, 


mmurk  1.  In  the  Second  Part,  under  the  article  "EegnlBtor,"  the 
cofjicaJ  pendulum  will  bo  mentioned; 

^ttftm-k  2.  Ekutk  PtndtUmh—Boihea  are  likewise  very  often  sei 
into  Tibtmwry  motion  by  elasticity,  A  string,  or  fln«  wire,  ^B,  Tig, 
312,  i$  stretched  by  a  weight  G  ^  Mg.  If  this  weight  i*  carried 
from  the  point  of  repoae  C  to  I>,  the  string  i«  thereby  ittstched 
CD  ^  r;  anil  if  the  weight  be  afterward*  left  to  itself,  it  will,  by 
virtue  o(  Ibo  elasticity  of  the  string,  be  ntis^  a^m  lo  I?  ^  it  will 
ajTive  them  wiih  a  csertain  velocity,  and  aaoend  by  its  wi  vma  to  £» 
from  wbenoe  it  will  again  Ikll  to  D  and  C,  In  tbifl  manoe;  the 
weight  will  oscillate  a  certain  time  in  tlie  space  DE ^ 2  CD ^2r 
to  and  fro,  and  the  question  now  ij,  as  to  it*  duratlDti  of  Odcrillation. 
From  the  lengih  AM  =  i,  transverse  section  F  nod  modulus  of 
ela^tlejiy  £  of  the  strijjg,  it  follows,  §  183,  that  the  fort-e  to  extend 

it  a  length  CM  ^xi&  P  ^  t  . 

rec^uired  to  extend  it  the  length  L  Is^tLss  ^  ,   -  F  E, 
fl  n  i       n 

us  now  put  »u«5e««Telyje  ^  1,    —^    ^,  Aie^  and  add  the  oor- 

fV        fl  M 

responding  niecbanical   eirecta,  we  simll  then  obtain   ibe   whote 
me^hariical  effect  for  the  oxtenatoti  of  the  string. 


.  J£^  beoce,  the  mechanteal  ^flecl 
Let 
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CD 


'.xiL,^ 


FE.     If  now, 


ri              fi*          r" 
=  _#*£♦  ^  =  —  .  FE;  and  for  the  extension  CJIf  =        ^ 

mverselj,  the  string  bo  contractwl  by  DM,  iherefofe  the  weigh li?  ascend  from  i?  to  itf, 

i,  f,  r^  j:,  it  wiU  give  ihe  mechanical  eflect  X  —  i*  ^  ( '^Ti —  )  ^^^  andoomniuoicate 

t^ 
10  the  weight  Q  a  velocity  v  correBponciing  to  ^e  vu  vwa  v^M  ^^^  .  G;  whence  wo 

shall  httTeto  put  _  G^  (  J  ^^i  ai^  i^e  Tariablo  velocity  c^roacillaiion  will  be 

tt  =:     /  tr  y^^ — jc",    Bol  now  ^/r^~^  may  be  pat  equal  to  the  ordinato  MK  s=  j  of 

W  Ml 


a  semieircle  described  uponi^Zj  bcnco  it  folio Wi,ttiore  simply ^  that  e  = 

MJlJ  I  If/ 

the  instiLiit  for  describing  the  particle  of  fpwco  Jlf^  -  f  s  — ^  .     f—-. 

KB 


J 


FE 


y,  and 


buity  of  the  triangks  KLH  mnd  KCM^ 


KL 


KM  ,      MN 
TC^        KL 


Ml 

From  ih&  timi* 


hence,  it  follows  that  t  s 

time  of  dex^ribiog  the  space  DE\^\t 

afthesemlcifdeBi    /il' 


^;  and  lastly,  the  whole  time  of  ooc illation,  or  the 
_     / —   tiinea  the  stiin  of  nit  the  element* 


FE 

tunes  the  aeroicircle 


'  r  ^FE~^  ^FE'^y/J* 


If^  for  example,  an  iron  wire,  20  feet  long  and  0,1 
inc^h  thidr,  be  stretched  by  a  weight  G  ^  100  lU. 
and  set  into  longimdinal  vibmlion,  the  duration  of 
the  oeci nations  will  iben  be,  since  from  §  1S6  E 
=  26000000. 


Fig.  313* 


,_!L,,    i         iOQ 
v^   -JC0|i)^»* 


20 


260U0O0O 


0,553 


4 

E  0,0&464  seconds. 


Mematk  3.  We  hare  a  torsion  pendulum  if  a 
fitring  or  wij©  CD,  Fig.  313,  turns  about  an  arm 
JB  and  is  brought  out  of  its  natural  petition  MN 
into  the  poaition  jiB,  and  then  le^  to  itself.  The 
rod  or  arm  ^B  is  set  into  vibiaiion  by  vlnue  of  the 
loTsion-  cif  ihe  string,  which  extends  to  an  equal 
distance  on  both  sides  of  MN,  «o  tliat  JM  ==  Jl^M. 
If  we  pat  the  fotce  of  torsion  for  the  di^ttance  (J) 
and  Ibr  the  arc  of  vibration  (1)  ^  JT,  it  will  then 
be,  for  the  angle  of  vibration  3WP  =:  t*^,  ^  Kf, 

and  the  oorre^ponding  mechanieal  eflbct       ^ 
of  clongHtibn  MCJ ' 


2 


J  on  tlie  other  bond,  for  iho  entire  angle 


E=L,  ^^  — .,    If  now  the  inert  mats  of  tlte  entire  pendulum 
^  M  be  retliwed  to  the  distanee  (r),  and  Ihe  angular  velocity  with  which  it  pni^scs  from 

the  poajiiou  j£B  into  that  of  PQ  s^  v,  we  *ball  then  have  -^  =>  K(^  —  ^'') 
2  _2 

henee»  *  s  J-jiC*'  —  V)  i  ^^^  finally,  the  time  of  oscUlaaon  i  =  w  JM. 

24 


and, 


278 


IMPACT    IX   GENERAL. 


CHAPTER    IV. 


THE    DOCTBINE    OF    IMPACT* 


§  253.  Impact  in  GeneruL^-ln  virtue  of  the  impenetrability 
matter,  two  bodies  cannot  simultaneously  occupy  one  and  the  same 
position.  But  when  two  bodies  in  motion  come  into  contact  with  one 
another,  so  that  the  one  strives  to  penetrate  the  space  occupied  by  the 
other,  a  reciprocal  action  takes  place,  producing  a  consequeut  change 
in  the  conditions  of  motion  of  the  two  bodies.  This  reciprocal  action 
is  what  is  called  impact  or  collision. 

The  relations  of  impact  depend  upon  tht  law  of  equality  of  action 
and  reaction  (§  62);  during  impacti  the  one  body  presses  exactly  as 

forcibly  on  the  other  as  does  thia 
latter  m  an  opposite  direction  on 
the  former.  The  straight  line,  per- 
pendicular to  the  surfaces  in  which 
the  two  bodies  touch,  and  passing 
through  the  point  of  contact,  is  the 
direction  of  the  impact.  If  the 
centres  of  gravity  of  the  two  bodies 
lie  within  this  line,  the  impact  is 
then  called  a  centric^  but  if  with- 
out, an  Excmiric,  impact.  The  bodies  .^  and  B,  in  Fig.  314,  give  a 
centric  impact,  because  their  centres  of  gravity  S^  and  S^  lie  in  the 
normal  JV^'to  the  plane  of  contact  DE;  of  the  bodies*^  and  B^  Fig, 
315,*^  thrusts  centrically,  and  B  excentrically,  because  S^  lies  within^ 
and  S^  without,  the  noroial  line  JVW, 

With  respect  to  the  direction  of  motion,  we  distinguish  between 
direct  impact  and  obiique  impact.     The  direction  of  motion,  in  the 


Fif. 

i14. 

HI 

HI 

Fig.  316. 


Fig.  ?t6. 


* 


case  of  direct  impact,  lies  in  the  line  of  impact ;  hut  in  that  of  oblique 
impact,  there  is  a  deviation  between  the  two  directions.  If,  for  ex* 
ample^  the  bodies  ^  and  B^  Fig.  316,  move  in  the  directions  S^  C^ 
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and  SjCj,  which  deviate  from  the  normal  or  line  of  impact  JVI/V,  an 
oblique  impact  will  take  place ;  whilst,  if  the  directions  coincided 
with  the  normal,  it  wonld  be  direct. 

We  make  the  further  distinction  of  tfie  impact  of  free  bodies  and 
the  impact  of  bodies  entirely  or  partiuUi/  mipporied^ 

§  254*  The  time  occupied  in  the  communication  or  change  of 
motion  by  impact  is  indeed  very  smaJl,  but  by  no  means  indefinitely 
small;  it  depends,  as  well  as  the  impact  Itself,  upon  the  mass,  velo- 
city, and  elasticity  of  the  impinging  bodies.  We  may  regard  this 
time  as  consisting  of  two  periods^  In  the  first  period,  the  bodies 
become  mutually  compressed,  and  in  the  second,  they  again  partially 
or  entirely  extend  themselves.  Elasticity  is  brought  into  action  by 
this  compression,  and  puts  itself  into  equilibrium  with  the  inertia,  and 
thereby  alters  the  state  of  motion  of  the  impinging  bodies.  If  the 
limit  of  elasticity  is  not  exceeded  by  the  compression,  the  body  at  the 
end  of  the  impact  perfectly  recovers  its  former  figure,  and  we  then  call  it 
zpeffedly  elastic  body;  but  if*  at  the  end  of  the  impact,  a  disfigure- 
ment takes  place^  we  then  call  it  an  imperfectly  elasik  body ;  and 
lastly,  if  the  body  retains  its  original  form,  at  a  maximum  pressure, 
and  therefore  has  no  tendency  to  expansion^  we  call  it  an  inelastic 
body.  At  any  rate,  however,  the  distinction  must  only  be  taken  as 
correct  relatively  to  a  certain  strength  of  impact,  for  it  is  possible  that 
one  and  the  same  body  may  show  itself  elastic  to  a  weak,  and  inelaiitic 
to  a  stronger,  impact.  Strictly  speaking,  no  body  is  perfectly  elastic 
or  perfectly  inelastic ;  yet  we  shall,  in  the  sequel,  call  bodies  elastic 
which  nearly  recover  their  form  after  impact,  and  those  inelastic  which 
undergo  a  considerable  and  permanent  disfigurement  by  impact  (com* 
pare  §  181), 

In  practical  mechanics,  impinging  bodies,  such  as  wood,  iron,  &.C*, 
are  generally  considered  inelastic  bodies,  because  they  possess  but 
little  elasticity,  and  by  repetition  of  the  blows,  lose  still  further  that 
elasticity.  It  is  a  most  important  rule,  moreover,  to  avoid,  as  far  as 
possible,  in  machines  and  constructions,  all  jars  or  impacts,  or  so  to 
moderate  their  effects  as  to  convert  them  into  elastic  ones ;  because 
shocks  and  abrasions  would  be  thereby  produced,  and  a  part  of  the 
mechanical  eflect  consumed. 

§  255.  Inelastic  Impact.  —  Let 
us  in  the  first  place  develop  the 
laws  of  the  direct  central  impact  of 
freely  moving  bodies.  Let  us  sup- 
pose the  time  of  impact  to  be  made 
up  of  equal  parts  r,  and  let  us  as- 
sume that  the  pressure  during  the 
first  instant  is  Pj,  during  the  second 
Pj,  during  the  third  P^^  and  so  on- 
Let,  now,  the  mass  of  the  one  Ijody 
be^=.  J^f,  Fig,  317,  we  shall  then 
have  the  corresponding  accelerating  force: 


Fig.  317. 


S80  INELASTIC  IMPACT. 

Px  P*  P3     ». 

but  from  §  19,  the  change  of  Telocity  due  to  the  acceleratiug  force 

p  and  particle  of  time  t  is  »  tm  p  t;  henccy  for  the  ensuing  fall,  we 

P  t 
shall  have  the  elementary  increment  or  decrement:  x^  «  -^9  »,  «« 

Jtf, 

P  t  P  t 

-X-y  x^  s  —^j  &C.9  and  the  consequent  increment  or  decrement 

of  velocity  of  the  mass  M^  in  a  given  finite  time  «,+  «a+«3  +. . .  ■■ 
(Pj  +  Pg  +  P3  +  •  •)  "ij-j  as  also  the  consequent  change  of  velocity 

of  the  mass  B  of  the  magnitude  M^i  ^  {P^  + P^  +  P^+. .)  ^. 

In  the  following  or  impinging  body  j9,  the  pressure  acts  opposite 
to  the  velocity  Cj,  consequently  here  a  decrement  of  velocity  takes 
place;  and  after  a  certain  time,  the  residuary  velocity  of  the  body  is: 

©J  tm  Cj  —  (P,  +  P,  +  .  •)  -i7-5  ^"  ^^^  preceding  or  impinged  body 

Bj  on  the  other  hand,  the  pressure  acts  in  the  direction  of  motion ; 
hence  there  is  an  increment  of  velocity  c,,  and  it  is  converted  into 

^,^c,+  {P,  +  P,+  ..)-l^. 

If  we  eliminate  from  both  equations  (P^  +  P,  +  •  •)  ^»  ^^^^  ^^^^ 
then  remain  the  general  formula: 

I.  Jtfj  (Cj— v,)  fm  M^  (v, — c,),  or  M^v^  +  Mjo^ »  Jf^c,  +  Mjc^. 

The  product  of  the  mass  and  velocity  of  a  body  is  called  the  mo- 
mentum  of  the  hody^  and  it  may  therefore  be  enunciated,  that  for  each 
instant  of  the  time  of  impact^  the  aggregate  of  the  momenta  of  the  two 
bodies  is  as  great  as  before  impact. 

At  the  instant  of  maximum  compression,  both  bodies  have  an  equal 
velocity ;  hence,  instead  of  v,  and  v,,  we  may  put  this  value  into  the 
equation  found;  then  Mjo-^-Mjo  will  remain  »  M^c^'\-M^c^^  and  the 
velocity  of  the  two  bodies  at  the  instant  of  maximum  compression 
will  be: 

Jtf,c^  +  Jtf,c, 

If  the  two  bodies  A  and  B  are  inelastic,  they  exert  therefore  no 
power  after  compression  to  re-expand  themselves,  and  the  communi- 
cation of  a  change  of  motion  will  then  cease,  if  both  bodies  are  com- 
pressed to  a  maximain:  and  hence  the  two  will  go  on  after  impact 
with  a  common  velocitf? 

Ezompln.— 1.  An  inebutic  bodj  B  of  30  lbs.  weight,  moves  with  a  3  feet  velocity,  and 
it  struck  by  another  inelastic  hoAy  A  having  a  7  feet  velocity,  the  two  will  then  proceed, 
after  the  blow,  with  the  velocity 

50.7+30.3       350+90       44       11       • .  -    ,     «    t,  ,     ,      r  ion  lu, 

P  ■=  — -—I ^ -L —  IB  —  IB  — ^  5*  feet — 2.  To  cause  a  body  of  120  lbs. 

50+30  80  8         2       ^  ^ 


StAlfiC 


fPACT* 


weight  ki  pflfl«  from  a  velocity  r,^  1 J  feet  toto  a  2  feel  vclodiy  t,  it  k  stnick  bj  ■  bcxty 
«tf  lio  lbi„  wdglitj  what  veiQcity  will  the  bodj  acquire  ?    Here 


.1,  +  ^ 


,+Ci^ia^„a  +  :i^3^i^ 


5(1 


§  256*  Elastic  Impact, — If  the  impinging  bodies  are  perfectly  elaa* 
tic,  they  will  then  expand  them&elTes  Sler  cotnpressbn  Id  the  first 
period,  gradually  again  in  the  second  period  of  the  time  of  impact, 
and  when  they  have  resumed  the  former  shape,  they  wiJ]  proceed  in 
their  motions  with  different  Telocities*  But,  since  the  mechanical 
effect  which  is  expended  on  the  compression  of  an  elastic  body  is 
equal  to  the  effect  which  the  same  gives  out  again  by  its  expansion, 
no  loss  in  vis  viva  will  take  place  from  the  collision  of  elastic  bodies, 
and  hence  the  second  following  equation  will  be  also  true  for  this  case ; 

From  the  equations  L  and  IL,  the  velocities  r^  and  t?,  of  the  bodies 

after  impact  may  be  Iband,     First,  it  follows  by  division  that 

r  * «  «      «  ^ c  *  • 

-1 L  »  _J — ^,  1.  e.  Cj  +  tJj  =  rj  +  r^t  QTv^—v^  »  Cj^—c^i  if  now 


we  put  the  resulting  value  of  v^  «  c^  +  v^ — c,,  into  the  equation  I ; 

M^v^+Mjt)^+M^iCj—Cj)  ^M^€^+M^c^,  or, 
(-V,+Ji^)ri=-(Jtfi+JtfJc^ — i2JWj(e, — c J,  from  which  we  have  the 
value: 


2Jf 


i^r 


-cj,  and 


Whilst  for  inelastic  bodies  the  loss  in  velocity  of  the  one  body  is 

f  Jbr  elastic  bodies  it  comes  out  twice  as  greats  namely: 

2.V.(c.-e.) 

[and  while  the  gain  in  velocity  of  the  other  body  for  inelastic  bodies  is: 
Jtf,c,4-JW,c,  M,{Ci — c,) 

.jbr  elastic  bodies  it  is 

v^—e,~  ^'^  ^'''TT^'^  likewise  twice  as  great. 

Ejcatj^k.  Two  peTfectly  elastic  spheres,  the  one  of  10  Iba,  tho  other  of  1 6  Iba,  wcn|{h%| 
j  impinge  with  the  velocities  12  and  6  feet  a^ainat  eacU  otl>er,  wbut  will  be  tlieii^  ve|ociii«i| 
J  ftlkr  irnpaci  ?    Here  Jf |  ^  10  and  f ,  is  1 S  feetf  bui  M^  ^  16  atkl  r,  s:  —  6  fe>etj  h^oce  the 
iJoiB  of  velocity  of  the  flrii  body  wrN  be 

10+ 1«  S6 

|«iid  tbe  gam  in  yekcity  of  the  other;  v^  —  c^  ; 


2,  10.18 


26 


18  13,B46  feet.    From  Ibli 

'  the  flm  body  after  imfmct  will  recoil  with  the  velocity  tf^  ™  12  —  22,154  =s!—  10.154^ 
feel  J  and  ihe  other  wiih  that  of  —  6  +  13,846  sm  7,846  foet.    M<»eoTer,ihe  meutm  t  " 

24* 
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m§  tn»a  oflhe  two  botii^j  aA*r  impact  «  M^v*  +  J!f^,»  k  10  .  10^154*  +  10  ;t^(P  *■ 
1031  +  965  ^  2016,  as  likewife  of  that  b^jfofe  impact,  namdy :  Jf,^,*+  M/^*^  10,  IIP 
-|>  16  .$<ss  1440  -|-  576  ^2016.     Were  llicte  bcxliea  mebiti^  the  fitirt  >»ould  ontjr  kne 


In   velocity 


■  ^  11,077  feet,  and  ibe  oihof  gain 


. !•  S3  6,9^3  (eet-  the  fi»t 

2  "  *^ 

wouUI  ftlitl  retain,  after  impact,  the  yetocitjr  12 — 1 1,077  ^0,953  feet,  and  the  wecxmd  ai^ 
quire  the  pelcciiy  ^ — ^-\-  ($.923  ^0,923,  and  the  ]o«s  of  mechanical  efleel  would  b«  (^1^^ 
(10  +  16)  0,9'2:f)  -h'2g^  (2016  —  1£'i,a)  .  0,0155  »  ^9,^5  a  lbs. 

§  257 •  PftrHcular  Cases. — The  formula  developed  in  the  foregoing 
paragraphs,  for  the  final  velocities  of  impact,  hold  gocxl  also  in  the 
case  where  the  one  body  is  at  rest,  or  where  both  bodies  move  opposed 
to  each  other,  or  where  the  mass  of  the  one  is  indefinitely  great  com- 
pared with  the  other.   If  the  mass  M^  be  at  rest,  we  then  have  c^  ^=  O, 

hence  for  the  inelastic  body 
i# « 

and  for  the  elastic: 


-V,+ 


M,  —  M^ 


M,4-M^ 


f^h 


0  + 


and 


If  the  bodies  meet,  c^  is  therefore  negative,  and  for  an  inelastic 
body  it  will  follow  that  v  »  — ^:^ rr-^^  *^^  ^^^  ^^  elastic  one : 


M^+M^ 


A!^j£L_tO    .nd 


—  <^.+ 


2M^{c^^c^) 


If  in  this  case  the  momenta  be  equals  M^c^  =  M^c^ 

body  then  v  =  0,  u  e.  the  bodies  bring  each  other  to  rest,  but  for 

elastic  bodies : 


for  the  inelastic 


^, + 


c,t  and 


—  C,  +  2€^-  +c, 


'%$ 


then  the  bodies  rebound  after  impact  with  opposite  velocities*     If  on 
the  other  hand  the  masses  are  equal,  we  have  then  for  inelastic  bodies 

-1,  and  for  elastic  t?^  =  —  e,  and  i\  «  c^,  L  t.  the  masses 


V    tss 


rebound  with  their  velocities  interchanged. 

If  the  masses  a^in  meet  in  the  same  direction,  and  if  the  preceding 
mass  M^  be  indebnitely  great^  we  shall  then  have  for  inelastic  bodies 

V  9  ~~  «  Cj,  and  for  elastic  w^  =Cj  —  2  {c^  —  <?a)  =  ^  €%  —  ^1$ 

i?j  =  Cj  +  0  3=  e^;  the  velocity  therefore  of  the  indefinitely  great  mass 
will  not  be  altered  by  the  collision  of  the  finite  mass.  If^  now,  the  in- 
definitely ^at  mass  be  at  rest,  therefore,  c^  =  0,  we  shall  then  have 
for  inelastic  bodies  v  ^  0,  and  for  elastic  v^  ==  —  ^n  ^i  =  0;  the 
indefinitely  great  mass  will  then  remain  at  rest,  but  in  the  first  case, 
the  impinging  body  will  entirely  lose  its  velocityj  and  in  the  second 
case  thit  will  be  converted  into  an  opposite  one* 


tm^timnmtMift  uvktt. 


<'■■■,,  ■  ^ 


'  ^/'         C  ^  <C.^ i  t-C  •■  i   V,      -      .--- —      —  {aZJ 


LOSS    OF   MECHA5ICAt    EFFECT. 


J I   Exmnplm^^l*  With  what  vekieity  must  a  body  of  S  Ibfl.  impitiae  agniiisl  anollJ(^r  at  ten 
'  bf  2S  Iba ,  in  order  Ibat  the  last  may  have  a  vekidty  of  2  feet  ?   Were  tlie  UnJies  Joclo^ue, 

M  t  "  '*'' 

we  ibouJtt  iben  hoite  to  put :  *»  ^    —  *-^ 


,  i<.a  H.^ — ifL.heooec,  I 


the  teqiiireftt  veboUy;  butweie  they  elastic,  we  tboakl  have  Uj 


f!  «  4|  feet^2.  If  a  .phere  Jf».  Fig. 
b 

3lSf  strike  agam^t  a  mMM*  M  r««t  Jf|  s^ 
nM^  with  the  velociiy  c^»  the  second,  a 
third  mass  Jf |  ^  n  jITy  ^  ft*  M,  wiUi 
tlie  velocity  ominmunicated  by  (he  im- 
|.|NH:t|  UiU  again  ancniier  maaQ  ilf^  s^n^f^ 
r  tei  Hi*  Jff I  l(C>,  we  shall  have  liorii  Um 
utet  elasiiaity  of  the<e  mo&aet^  the 
Vebeity 

**""  J^i+iiJif,  ^'  *^  T+^ '  ^'^'^^  ^  S^  4-  « Jifj 


2y,r, 


H£«=,HfeeL, 


2  JIf. 


l  +  « 


(tt^)"- 

p^  ^  f  ^ V  rj,  ^    I£l  for  ejcmnpte^  the  weight  of  each  ma«fl  be  half  as  greal  mt 

thai  of  the  succeeding  mie,  and  we  have  therefoie  the  eipooeuu  of  the  geooieti-ical 
■eries  fonned  by  the  maA*ea:  w  ^  |,  it  wiJI  follow  that 

§  258.  l^ii  of  Mechanical  EffetL — In  the  colUsioa  of  inelastic 
masses,  a  loss  of  vh  vina  constantly  ensues,  whence  the  masses  after 
impact  have  not  the  power  of  producing  so  much  mechautcal  effect, 
as  before  impact.  Before  impact  the  masses  Jtf,  and  M^  proceeding 
with  the  velocities  €^  and  c^,  contain  the  du  viva^  M^c^^  +  •M^t/, 
but  after  impact  the  masses  proceeding  with  the  velocity  v  =» 
^^^i  -f  -^3^  ^^y^  tii^  ^^  ^^^  jjfy  _|_  jfy  J  ijgQ^.g  tjjg  subtraction 

of  these  forces  will  give  the  loss  in  vis  viva  by  the  collision  :  JT  «  Jtf^ 

(V  —  t?'J  +  M^  (c/  —  1^')  -  Jtf,  {c,  +  V)  (r,  —  V)  —  ^,  (c,  +  V) 

(v-e,),hxitM,)c,^i>)^M,iv~c,)^^^^^^^^^^   hence 

K  »  (c^  +  V €^ — t?) 

M,M,ic,^c,)       {c,-c^M,M,        ic,-c,Y 

M^  ^  M 
If  the  weight  of  the  masses  are  G^  and  G^,  -M.  is,  therefore, 

G  G 

_l,and*M^™-J,  we  shall  from  this  have  the  loss  in  mechanical  effect; 
g  g 

T  _  (^t-^)'         G|G.        «T.  __«      G.  G, 
G. 


2f 


+  G, 


We  call 


-'-- J^-  the  harmmdc  mean 


G,  +  G, 


of  G,  and  G,,  and  we  may  from  this  assert  that  th  hss  in  mechanical 
effect  which  is  produced  by  the  impact  of  two  inelastic  masses,  and 
which  is  expended  upon  the  disfigurement  of  these,  if  equivalent  ta  the 
product  of  the  harmonic  mean  of  both  masses^  arid  of  the  height  of  fall 
which  is  dm  to  the  d^erence  of  the  velociiies  of  these  masses. 

If  one  of  the  masses,  for  example  Jtfj,  be  at  rest,  we  shall  have  the 
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G.  G 


f~t  and  if  the  mass  moved 


loss  in  mechaoical  effect  /.  =  _'..  ^ ^. 

JIfj  be  very  great  in  comparison  with  the  one  at  rest,  G^  will  vaiiish 

€  * 

as  compared  with  Gj,  and  there  will  remain  £  ™  ^  •  G^, 

For  the  rest  we  may  ptit 

K  =  M,  (c/  —  V*)  +  M^  (c/  —  I?*)  =  ^f,  (c;  —  2  c,v  +  v^  +  2  c^v 
—  2  v^)  +  M^  (e,»—  2  €,»  +  tt«  +  2  f,v  —  2v/) 
=  M^  (c.—vf  +  2  Jif^w  (€i  —  p)  +  M^{c^~vf  +  2  Mjtf  (c,  — t?) 
=1  JWj  (Cj  — 1^)>  +  .Jlf^  ( c,  —  t»)%  because  Jtfi  (c^  ^  t^)  =  Jtf Jt?  —  cj. 

From  this,  therefore,  ihe  vis  viva  lod  6y  ifielasHc  impacts  is  equiva* 
imU  to  ike  sum  of  the  products  cf  tfte  masses  and  the  squares  of  thmr 
loss  or  gain  in  velocity. 

Exair^le9.'-l.  It  in  a  tn«chiiie,l6blciwa  i»r  mmuie  lake  ploeo  tietweeii  two  ioeloslk 

bodies  M^  ss  ^^^  Ibo.  and  Jlf,^ Ib^^  with  the  velocities  r^  ^  5  feet,  and  t«^  ^ 

g  g 

jeet,  tbf  Q  the  loss  in  mechanical  effect  frotn  these  hlowj  will  be ; 


f5— 2)*     1000  .  1200 


.9*0,0166 


flOOO 


.o,$3a 


400 

11 


:  30,39 


2g  i^aoo  15  n 

a  Iba,  per  ieoond, — a.  If  two  \mim  upon  a  railroad  of  120000  lbft.BT>d  1 60O0O  |b».  wdght, 
come  into  tt>liiaion  with  the  ve  loci  ties  r^  x=  SO^and  e^js  15  feet,  there  will  enjue  a  Iom 
of  meehHtiifial  effect  expended  upon  the  destruction  of  tlie  locomotives  and  caffin^Sj 
which,  in  the  c^se  of  perfect  inclastieily  of  the  impinging  paftSf  will  amount  lo 


(1^0+  16)i     1200QO 
"^  2g         '  t^SOOOO 


160000 


,3S*.  0,0165 


1920000 


2« 


:  1302000  itlba. 


§  259,  Pile  JXnmn^.— The  effects  of  impact  are  veiy  often  applied 
to  ram  or  drive  one  body  jB,  Fi^.  319,  into  another  £,  a  soft  mass,  for 
instance,  ^  If  the  resistance  which  the  latter  mass  opposes  to  the  penC' 
tration  of  the  former  be  constant  and  =  P,  and  the  depth  of  penetra- 
tion by  one  blow  ^  s^  b.  mechanical  effect  Pj  will  be  then  expended. 
Iff  on  the  other  hand,  this  resistance  at  the 
Fig.  319,  commencement  be  ^  0,  and  if  it  increase  si- 

multaneously with  the  depth  of  penetration,  so 
that  at  the  end,  after  the  body  has  penetrated 
the  second  mass  a  depth  y,  it  be  =  P,  the  me- 
chanical  effect   expended  will  be  then  only 

—3 — -  *  =  t  P^'     Ift  lastly,  the  initial  resist- 
ance be  "=  P^f  and  increase  simiiitaneonsly 
with  the  space,  so  that,  after  describing  a  space 
s,  it  becomes  Pj,  ^^  shall  then  have  to  put  the  mechanical  effect  — 

If  the  body  B,  whose  mass  may  be  Jf,  begins  with  the  velocity  v 
to  penetrate  a  mass,  and  if  this  velority  of  penetration  JJHiiMC,  it 
will,  in  virtue  of  its  vis  viva^  have  produced  the  mechanical  effect 
Mv^       v^ 
-^  =  2~  ^>  ^f  ^  ■=  *%  represent  its  weight*  ^ 
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am 


When  the  resistance  is  constant,  we  must  pnt :  Ps  =  —  G;  on  the 

% 
^other  hand,  when  the  resistance  beginning  from  nought  graduaUy 

2  G  ,  ;  and  when  it  increases  gradually  from 


increases : 


P.^r 


% 


2G. 


P,toP,:(P,+  P,).-^ 

The  initial  velocity  v  is  generated  if  a  third  mass  ^,  whose  magni- 
tude may  be  »  M^  and  weight  =  Gj,  be  allowed  to  impinge  upon 
the  second  mass  B^  with  a  certain  velocity  c.  If*  now,  these  masses 
are  inelastic,  we  then  have  the  velocity  with  which  the  two  proceed 
after  impact^  and  begin  to  penetrate  the  mass  Ei 


0,0 


Fig,  320. 


Ji! 


^^  M+M,       G  +  Gj 

In  the  driving  of  a  pile  or  pot/,  Fig,  320,  B 
consists  of  a  pile  shod  with  iron,  and  ^  of  a 
heavy  body  falling  from  a  certain  height, 
which  is  called  a  mm,  or  block  of  iron.  If 
the  height  of  fall  =  H,  we  shall  have: 

2g      \G+gJ      2g      \G  +  G)     ^ 

heoce  the  mechanical  effect  of  the  pile  due  to 
the  velocity  v 

and  that  of  the  pile  and  ram  together 

\G  +  Gj  ^     ^    '^  G  +  G^ 

But  if  the  resistance  of  the  bed  of  earth  hr 
constant,  the  mechanical  effect  expended  in 
the  penetration  of  the  pile  will  be  ^  Ps^  hencr 
we  shall  have  to  put : 

the  first  if  the  ram  does  not,  during  penetration,  remain  upon  the  pile, 
and  the  second  if  both  go  down  together. 

The  w^eight  G  +  Gj  pitxiucesj  in  penetrating,  the  mechanical 
effect  (G  +  Gi)  s^  we  may  then  more  correctly  put:  (P — G — G,)  s 

G  ^M 
ss  ^_J__;  but  G  +  Gj  is  smaU  compared  with  P,  and  may  gene- 
rally be  neglected. 

Hence,  were  the  impact  perfectly  elastic,  we  should  have  to  put: 

(2  G    \* 
'    j   .  GH.     Were  G  small,  compared  with  Gj,  as  for 

instance,  in  the  driving  of  a  oaiJ,  we  should  have  either  Ps  ^  GM^ 
Of  Ps^  4  GK 


PILE   DftlVtHe. 


Exampk.  A  pile  or  400  Iba.  weight  i«  driven  by  ibe  Inftt  lound  of  20  blows  of  ft 
700  Ibfl.  mm,  faUing  from  a  hM^hX  of  5  fe«t,  6  inches  tlceper^  wh«i  reeitianoa  will , 
the  f round    offer,  or  what    loud  will  the  pile    suitajn   withoui    penctiQting   deeper  f] 

Keie  G  &s  400,  C.  s  700  UiA.,  IT  =  5,  and  i  a  ^ 

20 
fuppoaed  ibai  tlie  pile  penetmtei  eqimlly  far  for  e^h  biow^    fzom  the  firsl  forrDUIa 

/ 700     y  400  .  5       /  ly 

^,700+  400/      0,0-i3    ^  ^71/   * 


P  — 


^700  +  400^ 
7008  ^  5 


4900 


fiOOGO 


0,025  feet,  wherebf  it  iJ  | 


a2400  lU.:  and  from  ±&  jeOQOd: 


200 -^sg  too  lbs. 


1100*0,026  II 

For  durattofi,  with  iemirli|^f  fuch  pil» 
itren|£ib« 


are  oa\j  Icnded  ffom  j^^  m 


jV  of  **»«>f 


Ftg.  33L 


§  260.  The  formube  found  above 
are  appticable  to  the  breaking  of 
bodies  by  descending  weights  or  balls. 
Let  BB^  Fig,  321,  be  a  prismatic 
body  of  the  mass  M^  or  weight  G 
=s  J%»  supported  at  its  extremities, 
which  is  bent  a  depth  CD  «  i,  by 
a  weight  Gj  falling  from  a  height 
^iD  sss  H  upon  Its  middle,  and  in 
this  manner  broken;  the  condUions 
nnder  which  this  is  possible  are  to  be 
determined. 

From  §  190,  the  deflexion,  or  the 

PP 

height  of  the  arc,  is  given  *  =  ■, 

from  the  pressure  P  in  the  middle  of  the  beam»  and  from  its  length 
BB  =  /,  and  if  further  its  moment  of  flexure  WE  is  known ;  there- 
fore, inversely,  the  pressure  corresponding  to  a  certain  deflexion  i  is: 

48  WEs 
p  =  -^ — ,    This  pressure  however  is  not  constant,  but  increases 

simultaneously  with  s^  hence  the  mechanical  eflect  expended  in  the  de- 
bs /s  /»  f> 
flexion  by  a  depth  s,  not  ^  P*,  but  only  |  Pi,  i.  e.  ^ .  |g-jj7^  -  B6WE' 

This  mechanical  effect  may  now  be  equated  to  that  which  the  falling 
body  communicates  to  the  beam.  Since  the  beam  rests  on  its  ex* 
treniittes,  we  must  (from  §  219)  consider  only  the  third  part  of  its 
mass  as  inert,  and  hence  put  for  this  mechaninal  effect: 


\i  G  +  gJ 


i  GH,OT 


G,»« 


-    .  ....        7*  9+^1 

The  first,  if  the  weight  C,  fluftihielc  af^er  its  descent^  and  the  secc 

if  it  remains  on  the  beam  during  the  fracture. 

If  we  suppose  a  rectangular  beam  of  the  depth  A,  and  breadth  &, 

we  shall  then  have  to  put:   W^  ^^^  bh\  and  P  =  J  — -  K^  hence 
-_y  A  ^  .  — ir*»  accordingiy,  the  mechanical  effect  for  the  rupture 


of  the  beam  vrill  be 
1.  Off  I 


HARDNESS. 
i»  P         bhlK* 


WE 


18  £ 


m 

,  and  we  may  now  put : 


6£ 


,  or  2. 


G.'K 


iC+G. 


18  £' 


£raffi^£r.^Fr(>n]  what  height  muK  an  iroa  weight  Cj  of  100  [bs,  be  ailoweii  to  fell  r^ 
break  a  <aist*]mn  plate^  3®  incbe*  long,  12  inches  b  mad,  aod  3  inches  thicb,  tn  iy  mid  rile  f 
The  moddluj  ofeladtidty  ofca^-iron  E  ^  17000000^  and  the  modultu  afBirengtb  i^  ^ 
I9000|  bence  it  fbUows  ibat: 

bhlK"  ^  la  ■  3  .36  .  19000*  ^  S16.  1&«  ^  216  .  Ml  ^  ^^g^ 
6  £  6  .  17000000       *"        17         ^        17        " 

If  now  a  cubic  inchof  cajt  iron  weigbi  0.27 S*  Ibft^  the  weight  of  a  plate  I?  will  then  be 
=  12  ,  3  .  36  ,  0,375  =  J29fl  .  0,275  =  356,4  Iba.j  hence: 

G  ('-_2L_y  s  356,4  .  /J!5L  Y— 74,44^  on  tbd  other  hand. 


t?.' 


lOOOO 


IG+G,         2IM,8 

£r»  -l^>i  QM  iiiclieft,or  H 

74,44 


45,70.    Hence  the  height  of  Ml  required  b ; 
4S87 


3  .  45,7 


1 33,5  incha*. 


Fig.  nit. 


§  261.  Hardness, — When  the  modulus  of  elasticity  of  the  imping- 
ing hodies  is  known^  we  may  then 
find  the  force  of  compression  and  its 
araoont.  Let  the  transverse  sections 
of  the  bodies  J  and  B,  Fig,  322,  be 
F^  and  F.,  the  lengths  i^  and  1^,  and 
the  moduli  of  elasticity  E^  and  iT,, 
If  both  impinge  against  each  other 
with  a  force  P,  the  compressions 
effected  will  be  from  §  183 


PL 


and  their  ratio: 


,  and  ^ 


PK 


FK  P 

If  for  simplicity  we  represent  __  by  H,  we  obtain  n^  =  — ,  and 

X,  =  ^,  as  well  as  i  =^  ^^    If,  after  the  example  of  Whewell,t 

we  call  the  quantity  ^—  the  hardness  of  a  body^  it  follows  that  the 
I 

depth  of  compression  is  inversely  praportional  to  the  }mrdness» 
/I 
If  a  mass  M  ^  ^  impinges  with  the  velocity  c  upon  an  immor&« 

ble  or  indefinitely  great  mass,  it  then  expends  its  whole  vis  mva 

upon  the  compression,  hence  ^  Ps  &  ~_  s  —  G.     But  now  the 

space  *  is  equal  to  the  aggregate  of  the  compressions  Xj  and  x^,  and  %^ 


*  A  nenrer  statement  of  it*  weight  is,  0,2604  lb*.  amidapoiiw^Att.  En. 
t  The  Mechanic*  of  Engineering,  §  207, 
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P  P 

fm  —J  and  x^mm  —;  hence  it  follows  that 

asy  inyerselji  P  »       '^    i,  and  the  equation  of  condition  ^  . 

from  which  P,  x,  and  si^  may  be  calculated. 

Exampie,  If  a  wiought-iion  hammer,  of  4  square  inches  base  and  6  inches  high, 
strikes  with  a  yekxntf  of  00  feet  upon  a  plate  of  lead,  of  3  square  inches  base  and  1  inch 
thick,  the  following  relations  present  themselves.  The  modulus  of  elasticity  of  wrought 
iron  is  £, «  29000000,  and  that  of  lead  E^  tm  700000;  hence,  the  hardness  of  these 

bodies  is:  ^.  =  M«  «  il£?22222?  =  19333333.  and  a;  =i^  «  ^:Z2^ 
1400000.    If  we  put  these  values  into  the  fivmula  Bimc    /'"■+ft  .  — ,  and  substi- 


tute  for  the  weight  of  the  hammer  im4  .  6  .  0,29  b  7  lbs.;  therefore,  —  ^  7  .0,031  ; 

g 
OfUllf  we  itian  tfien  obUJa  tlig  ipaea  of  the  hammer  in  the  compression: 


^^^120733333.0^^         pd?^  «  0,0207  inches  «  0,249  lines.    From 

%/ 19333333.  1400000  W  2706666 

thit  iSbe  force  of  impact  ot  pfoawro  Ibllows : 


JSr,  a  193333S3 .  1400000    f.^,^.       o^ao't  lu.     r  ^x.      .v 

*—  J^  .^  •  » «■ ,>^^>^^> 0,0207  im  27037  lbs.;  further,  the  compres- 

X^-f-ia^  aU733a39 

JP  27037 

aioa  of  the  hammer  it :  X.  ■■  --  ■■ ^  0,0014  inches  ss  0,016  lines,  and  tliat 

M        19333333 
P  27037 

of  the  leaden  plate:  x,  as  --  s as  0,0193  inches  «  0,233  lines. 

xfj         1400000 

§  262.  Elastic  an^  Inelastic  Impact. — If  two  masses  M^  and  M^ 
move  with  the  velocities  c^  and  c,,  the  common  velocity  of  the  two 
at  the  moment  of  maximum  compression  will  then  be  from  §  256 

jut  ^    \  Jif  r 

f)  aa  — LiZL-JU,  and  the  mechanical  effect  expended  on  the  com- 

pression  from  §  259 : 

7  „  (^-O'    JLEu       ('^-'^i)*       g.G» 
2       •  Jtf,  +  JIf,  "      2ff      •  G,  +  G; 
This  mechanical  effect  may  be  also  put : 

-  i  P,  -  i  P  (X.  +  X,)  -  i  .  ^^^  s', 

consequently  the  sum  of  the  compressions  of  both  masses  will  be : 


s^(c—c'i     I      ^1  ^»  ^1  +  ^2 


from  which  the  compressing  force  P,  and  the  compressions  of  the 
separate  masses  x^  and  x,,  may  be  found. 

If  the  masses  are  inelastic,  these  compressions  will  remain  after 
impact,  but  if  only  one  of  the  two  bodies  be  inelastic,  the  other  will 
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again  recover  ita  fi>rm  in  fhe  aecond  period,  and  produce  a  mechani- 
cu  effect  which  will  generate  a  new  change  of  Telocity.  If,  for  ex- 
ample, M^wm  ^^  he  daitic,  the  mechanical  efiect  in  this  second 

,  ^  '    *^  « ■^^.  7»  jjL  will  be  given  out;  hence  we  shall  have  in  tins 


to  be  peneotlf  eiaitio  ana  toe  pane  m  uma  maiiiiui  w«  auMt  t^*^ •« 

▼ekioitf  of  the  7  Ibi.  hammer,  dewwnHhiy  widi  a  flO  ftet  teloohy,  liiioe  €^  ■ 

86 
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p  p 

^,  and  x^  mm  ~;  lience  it  follows  that 


.  inverselvi  ^  =  — i— *-  *»  and  the  equation  of  condition 


^«^  .  **  =  i^  G,  therefore. 


//,+//. 


2^ 


^,.^£^    .<S^--^ 


ft^m/^-ft^     *'^ 


^-ss**^^*^  ,  :f^  ^f^^^'-*     '^    "^^ 


^mm  woicn  tiie  compressing  tbrce  P^  and  the  compressions  of  th^ 
separate  masses  %^  and  j^^^  may  be  found, 

If  the  masses  are  ineJistic,  these  compressions  will  remtio  alter 
impact^  bttt  if  only  one  of  the  two  bodies  be  inelastic^  the  other  will^ 
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again  recover  its  form  in  the  second  period,  and  produce  a  mecham* 
cal  effect  which  will  generate  a  new  change  of  velocity.     If,  for  ex- 

ampl€>  M^  =s  — i  be  elastic^  the  mechanical  effect  in  this  second 
period  of  i»pa^t  i  /.,  »  i  .  J  -  ^/^J^  »  ^ 


G,G. 


H. 


will  be  giren  out;  hence  we  shall  have  to  this 


H. 


G,  +  G,     H,  +  H, 
case  for  the  velocities  v,  and  »,  after  impact  the  formula: 
M^t>^  +  M^v^  a  JijC,  +  ^,c,,  and 


;ir.  ^ 


H. 


If  the  loss  of  velocity  t, — tfj  be  put  ^  x^  we  shall  then  have  the 

M  X 
gain  of  velocity  v^ — c^  s=>  — i^,  and  the  last  equation  will  assume  the 

r  ^ 

form: 

If  this  be  multiplied  by 


M. 


and 


/f. 


M,  +  M^         H,  +  H, 


be  put 


1  —  — — i— ■,  we  shall  then  obtain  the  (quadratic  equation: 

whose  solution  will  give  x,  or  the  loss  in  velocity  of  the  first  body : 
and  the  gain  in  velocity  of  the  second : 

Exarr^Ur  If  we  assume  the  jfon  hutnmef  in  Uie  eianipl©  of  the  preceding  pamgrapli 
so  be  |wrfoctly  elastio  and  ihe  pla(«  of  lea4  melBsiic,  wo  ahalt  then  obtain  the  loss  in 
velocity  of  the  7  lb*,  haminerj  descending  with  a  50  feet  Telocity^  adnce  e,  ^  Q  and 


■--'■{' *Ji,^-H'*J^d 


26 
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tf,~63«&0»633E-^l3] 


hmoCf  the  relocity  of  the  hammer  flUer  the  blow  b  :  i\  k 
fbM.    The  velocity  of  the  mppot^i  plate  of  lead  «3  0. 

§  263<  Imperfectly  Elastic  Impact, — If  the  bodies  impinging  agaiiutl 
each  other  are  imperfectly  elastic,  they  only  partially  recover  thw 
figure  in  the  second  period  of  the  time  of  impact,  the  vu  mvu  expended 
in  compression  during  the  first  period,  will  not^  therefore,  again  be 
completely  given  out.  If,  again,  7^  and  %^  are  the  depths  of  pene- 
tration, and  P  the  pressure,  we  shall  then  have  the  loss  of  mechaoical 
effect  by  the  compression  ==  ^  P\^^  and  ^  P%^  and  if  during  the 
expansion  the  fiih  part  of  this,  or  generally  during  the  expansion  of 
the  one  body  the  f^^ih^  and  during  that  of  the  second  the  |i^th  be  giTen 
back,  there  will  remain  the  aggregate  loss  of  mechanical  effect  after 
impact: 

L  =  i  P  [(1  —  ^J  X,  +  (1—^)  hL  ^h^  TF^  ^^  h  ^  IT' 


i-ii-[ 


1  — 


1  — 


H,       --//; 


H.  +  h: 


and  $ 


^   y     But  from  the  former  paragraph : 


\M,  +  M. 


hence  the  loss  of  the  mechanical  effect  in  question  is  known 


H,H, 


i_Kl^^ 


Jf,Jtf, 


fJA     /I — f 


2 


Jtf, +  -M. 


1— 


H. 


ih 


f)- 


Now,  in  order  to  find  the  velocities  t>,  and  v,  after  impact,  we  hare 
to  combine  them  with  each  other  and  to  solve  the  equations: 
M,v,  +  JV/,i?3  =  M,c^  +  JVf,c„  and 

-(c~c)*       •^■■^»       (l-M.)g.+  (l->^)fl. 

^''     ''^  •  M,  +  M, HPTK 

Tn  the  same  manner  as  in  the  former  §,  the  loss  of  veheity  of  the 
first  body  is  given: 


,  — »,«(c,  — c,) 


M. 


My+M, 


(-■^J^^)- 


and  the  gain  of  velocity  of  the  hody  preceding : 

These  two  genera]  formnls  also  embrace  the  laws  of  perfectly 
elastic  and  perfectly  inelastic  impact.  If  in  them  we  pot  |»,  »  ^,  =  1, 
we  then  obtain  the  formula  already  found  above  for  the  impact  of  per- 
fectly elastic  bodies,  but  if  we  assume  ft,  =  ^,  s  0,  we  then  obtain 
the  formula  for  inelastic  impact,  &c.  If  both  bodies  have  the  same 
degree  of  elasticity,  therefore,  ^,  ^  ^„  we  have  more  simply: 


v,  —  c. 


(1  +  •,*),  and 
(1  +  v/7). 


fUr       £^^^  .,  ''£pd^'\^-  V    '^6'^ 


9'r^i--X'^    ,/■-?■  j^/.'t.i:'^^' 


/ 


/^>^. 


<:i-iPC^^    ^/  y^-^^y/ifC'Z'U^    -t^^^*--^^"^    y^/^^j^.^:^<Z  ^     ^^>WK.     ^?^^      mc^^-^^^-^^pZ 


< ^'^^v     /^^     /^e<r     ,y<^-*^^t^i  c^    r'>*^^  ^'^  tt^^-t    .^-^tm^e^t. m /^.  J( if^^i^     .^e-r  t^^s*^  . ', 


/^^^-  ,^'/^e^^^t  ^-*^>/.-.«?-^' 


^^^'-^     ^^^-z  / ;  ^  .^-v'  -    ^>'^ .  /^,  ^-  /<-:,/  -:^?i^ ' 


V -f-  V'V  ^VJ-/-  -f,       .iH^-e^£:Z    yh^fn-t       •vi^t-*'     .-^— -^;     —    y,—  V      ^'■^j^'-utf 

/        // 


/- 


/^  >"'     tl-  <c«-»      /  >'»^-^ 


/ 


^/^/       K      O     ^      ^^ y*'^     '^'^     ^        . "  /-^  .    /   r^r^v  '  ^^<^-^     .^  /  -   V<,•* 


'    :^^^v'«a«<^       .  ^^.'-O        p-frfr-^-^^    f^f..,t<gi  ;<?>«-        ^<x»    /  f.  ^  ^  - '^  JPTy^y^ 


^^  ^    .<iJ^ 


-^  -^9^ 


4.r 


-^^z'    /-     ////x 


;  ^.     .-  .         ,,     /  ,  <W^^<^f  /y 


/^''  ^-r       /y  y-    •  ;,  ',    -r  <'-   >^  - 


y/.         '     'yi 
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Ml 


as  inverse] 


If,  further^  the  mas^  .V,  is  At  rt st,  and  infimtfly  grf nt|  it  thtii  tti)* 
lows  tbat : 

Cj  _  t?j  «  ^1  (1  +  v^#i)»  >•  ^^  ^\  -  —  ^'i  ^?» 
ly^  fi  =s  /'!!i\  ,     If  now  ♦Mj  be  albwtHl  to  ftill  frtJiu  n  hr»l((ht 

A  upon  a  similar  mass  JMl,  and  if  it  ri'ascem]  ro  a  hrighl  A-,  wit  uiny 
then  find  from  the  two  the  co'clBctent  of  imptirfeiU  rltiil  icily ,  by  thf 

formula  ^  =  -^,     Newton  has  already  found  in  thtti  manner  for  Ivory 

*• "  (tf  "  It  "  ^'"'  '^'  gi"'"  -  (vo)*-  »•»'"'''•  -  o.R7i»i 

-1   «  0^605*  n  0,309.     It  niuit  hn 

here  supposed  that  the  impinging,  or  fltHking  body,  in  iphftriml,  ami 
the  body  impinged  tipon,  or  me  mpport,  flat, 

Exm^fk,  Wbat  vclodtles  wi[l  iwo  mmI  plsl«f  Mijnir*  iflrr  irtifiw'l,  If  <li«r  (rif«»««*4 
bejbre  wnpod  the  Telodtjes  c,  k  10  tod  c^  «—  6  &«t^  tlw  IXMI  ir«liti«  30  llli  iitti«f  10 
]b«.?    Hew 

=  — fl+l0,«e  =  4,66  feet. 

§  §64.  06/t^p£  Impa^.—l(  th<  dtrectbiiA  of  botioil  9^^  md  t^^ 
cf  twn  bodies  jf  and  B,  Ftg *  323,  dc-  iig,ni, 

viate  iraii  the  normal  JV^  to  tfae  r^ 
plane  of  ooGtact,  the  iinpa^^  it  ihm 
«Ui«if .  We  may  tednee  the  tbioij 
of  ttiii  to  that  of  ifirect  tspad  if  we 
reaolTe  the  Telodties  S^C.  »  ^,  and 
^C^»  c^  ia  a  aannal  and  taogentjal 
£rmoii;  the  lateral  relodtiea  in  the 
I  cflhe  araat  Jl^  eoMM. 


If  m^iift^  ^f4# 

ftf  bwif  o  Up 

»km   Mi  All  ^ 

I  vibcttM  «  At  iter  MJ^TMrf  jgL  «,  ML  ^  m4 


^»*vvi 
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V^  =s  Cj  COS.  Oj  +  (Cj  COS,  ttj iTj  CO*,  a^) 


M. 


(l  +  %/|^)f 


M^  and  ^^  representing  the  masses  of  the  bodies. 

The  resultant  velocity  S^  G,  of  the  first  body  is  gii^en  by  tJ,  and  € 
sin,  &j,  w?i  =  %/^i'  +  Cj^  sin.  «j%  and  the  velocity  S^  G^  of  the  second  , 
body  by  i^,  and  c^  sin.  o^;  w^  :^  ^v*  ^  c*  sm,  m/ 1  the  deviations] 
from  the  normal  are  also  given  by  the  formula; 

^on^.f,  ei  -^-; — ^,  and  fang,  f^  =  -2— — , 
u,  "1 

f  J  representing  the  angle  G,  Sj  JVand  f,  the  angle  G,  5^  JV. 

£i'iifnpilr.  Two  fphercs  afSO  BDd  50  ib§.  impiixge  ngainat  each  other  with  ihe  ireio3^ 
lies  f|  :^  20  &nrl  c,  ^25  fe«t,  whkrh  li^rinte  fVorti  lli«  laorm&l  bjr  the  atigte  a,  ^  21°^ 
ay  ami  *,=e65'20',  in  what  directions  and  with  what  velocities  will  the  two  liodies 
proceed  ifcf\er  impact?  Thjo  umform  component  velocities  are  :  r,*iJi.«,=^20  ,*m.  21* 
31/  =  7,357  feet,  and  r»  «»,  •,  =  25  .  tin.  6  S*  JO'  =  22,7 1 9  feel ;  the  vatiabJe,  on  the  other 
hand,  c,  eo«..,  E3 i*0 ,  cat.  21''  31/  ^  1B,398  feet,  and  f,«M.  «»±s  25  ,  om.  65*»20',  ms  10,433 
feet.     If  the  bodies  ure  inelnAtici  then  ^  ss  CI ;  hence^  the  altered  normal  velocitios  are : 

SO 
if,«  18,598  —  (18,598  —  10,433)  —  —  1S,598  — 5, 103 —  13,496  feet,  and  r^aa  10,433 

3 
+  «il  55 ,  -  =  10,433  -I*  3,062  =  13,495  feet.    The  let ulOuit  velocitiei  mre  now  - 

ftp,  s  ^13,495*+ 7,'3&7'  =  ^irie\;>4  ^  1 5,37  feet,  and 
«^ =^13,495^+ 22,719*  ==s^y&,y 7  =  26,42  feet;  and 


we  have  for  Iheir  dbecttony  the  tang,  ^j  ss 


7,357 


13^495 
2^  719 
as**  Ze  and  (a«f  f^  ^^TFI^'  %- ia«^.tt= 0,22^32,  t,«:59»  IK 


,  fog.  lOTIJ.  ^,  mm  0,73653  —  I,  f ,  V 


Fig.  324. 


13,4&3' 

,} 

§  26*.  If  a  mass  J^  Fig.  324,  strikes 
against  another  mass^  indefinitely  great, 
or  against  an  immovable  resistance  BB, 
we  have  c^  ^  0  and  M^  =  oo ,  it  then  fol- 
lows that 

V,  =  Cj  COS.  aj  —  C^  COS.  ai  (1  +   v'^) 

=s*  —  Cj  COS.  a^  ^fi  and 

=  0+0  =  0; 
if  now,  further,  ^t  =  0,  Vj  will  also  s 
but  if  ^  =■  IjUj  will  =3  — ^Cj  COS.  a^;  t,  e, 
in   inelastic  impact,   the  normal  veiacUif- 
is  entirely  lost ;  in  elastic^  on  ihe  other  fiand,  it  is  changed  in  the  oppo* 
site  direction.     For  the  angle  by  which  the  direction  of  motion  after 


impact  deviates  from  the  normal  tang,  f^  is 

Cj  Jtn*«j  CjSin.a^  ^/l 

t?l  Cj  COS.  flj  v^p  ^      ^       ^ 

for  inelastic  bodies  the  tang,  f^  is  therefore  « -v^' °]  ^    oo>  *•  «• 

^j  =  90^,  and  for  elastic  ^an^.  ^^  =  —  tang.  Oj,  i.  e<  ^^  —  — i»j.    After 


OBLIQUE   IMPACT. 


293 


the  impact  of  an  inelastic  body  against  an  inelastic  resisiance^  the  first 
proceeds  with  a  tangential  velocity  c^  sin,  a^  in  the  direction  j^Fof  the 
plane  of  contact ;  after  the  impact  of  an  elastic  body  against  an  elastic 
redstance,  the  body  proceeds  with  a  uniform  velocity  in  the  direction 

SG^  which  lies  in  a  plane  with  the  normal  JVTVand  the  initial  direc- 
tion XS,  and  makes  with  the  normal  the  same  angle  GSJV'  as  does 
the  direction  of  motion  with  it  before  impaett  but  on  the  opposite  side. 
The  angle  A'iSJV  which  the  direction  of  motion  before  impact  makes 
with  the  normal  or  the  vertical,  is  called  the  angle  of  mdrfence,  and 
the  angle  GiSTV,  which  the  direction  of  motion  after  impact  makes 
with  the  same,  the  angk  qfrejl^on;  and  it  may  therefore  be  enun- 
ciated^ that  in  perfectly  elastic  impact ^  the  angles  of  rejkxian  and  in- 
cidence lie  in  the  mim  plane  with  the  vertical^  and  are  equal  to  each 
ether.  _ 

In  imperfectly  elastic  impact^  the  ratio  ^/  ^  of  the  tangents  of  these 
angles,  is  equal  to  the  ratio  of  the  velocity 
given  back  by  the  expansion  to  that  of  the  P"ff»  ^^* 

Telocity  lost  by  the  compression.  By  the 
aid  of  this  law,  the  direction  may  be  easily 
fonnd  in  wbich  the  body^,  Fig.  325,  must 
impinge  against  the  immovable  resistance 
BSy  that  after  impact  it  may  pursue  a  cer- 
tain direction  SY.  If  the  impact  be  elastic 
we  must  let  fall  from  a  point  F  of  the  given 
direction  the  perpendicular  ¥0  on  the  in- 
cident perpendicular  J\'V\r,  prolong  the  same 
until  the  prolongation  0  Y^  is  equal  to  the 
perpendicular :  SY^h  then  the  direction  of  the  impact  in  question, 
for  from  this  construction,  the  angle  JV'SFj  =  JS/^SY,  If  the  impact 
be  inelastic^  we  may  make  OFj  =  \/ ^  .  OF,  then  Fj5  will  be  like- 
wise the  initial  direction  sought,  since      ^'  ^^  = 


tang.f,         OY 


=   _".   and     also 


%/^. 


If  a  perpendicular  FR  be  let  fall  upon  the  line  SR  par&Uel  to  the 

plane  of  contact,  and  its  prolongation  RX  be  made  =  ^   ^F,  we 

shall  then  also  obtain,  for  evident  reasons,  in  SX  the  direction  of  the 
incidence  sought. 

Remark  The  (heoiy  of  oblique  impact  hai  e#pedal  ftpplicotkm  W  th«  game  of  bUliaid», 
(Sef  Th^rie  math^maiique  de»  effete  du  jeu  de  billard/'  par  CoriotiSw)  According  xo 
Cdriolia^  Ln  the  fltriking  of  a  hiUiiud-balt  ngBinst  tbe  cci5lik}i:>i  the  ratio  of  the  Tefle<^ed 
velocity  to  that  of  the  jncidein  =  0^5  to  0^6 ;  therefore  ju  ^  0,5*  =  0^25  to  0+6'  *s  0,36, 
With  the  aaaigtance  of  thiA  valu^  this  direction  may  mow  be  known  m  which  n  be|]  «f 
ftittAt  strike  against  the  cushion  MB  that  it  tnajr  be  reflected  from  this  toward  a  a  ^ven 
point  Y.     We  may  let  jail  ftom  the  given  point  F  the  perpcndJoiiLaT  ¥R  to  the  line  of 

gfavlty  of  the  ball  pamllel  to  the  cuahion,  piolong  it  by  HX=^  ^-  ^  _  to  of   its 

valtie^  and  draw  the  itraighi  tine  Y^X.ihe  point  of  inierwctloii  D  is  the  plnoe  where  the 

8ft* 
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Telocity  of  rotation  generated  by  the  impact  against  the  plane  is ; 

5 


t0j  »  2/(1  +  ^(a)  c  cob.  «  and 


^/(l  +  ^t^)ccm.  a. 


Exampk,  If  n  Hllianl-ball^  wilh  a  15  feet  Tebcitf  and  at  bji  angl«  of  tncidem^e 
m  ^  45^,  etHktt  against  tlie  cutbionf  wbat  motion  wJIL  it  mke  after  imparl  1  If  we 
put  for  the  vV  *l^^  mean  valua  0|55,  we  itiall  have  the  lateral  normal  velocity  aflot 
impact  =  —  y/^  c  cot .  4  =  —  0,55  .  15  ,  noi.  -IS*'  ^  —  S,2&  .  .y  ^  =  —  5^833  ft. 
and  if  with  Cortolis  we  take  /  =  0,20,  we  thall  theti  obtain  the  leteral  velocity 
parallel  to  the  cushion  ^c  nn.  m.  —  /  (I  +  ^^)  c  cm.  m  ^  (1 — 0,20  ,  1,55)  10,607 
^  Oj69  *  10,607  ^7,319  feet,  and  for  the  angle  of  reflexion  ^t 

7  319 
tavig.  f  ^ss.  J-JZ  ^  1,2S48 ;  therefbrei  f  ^  51^  37',  and  Ihe  Telocity  ajler  impact  will 
5,833 

5  833 

remain  ^ L.^ .  ^  9.360  feeL     Besidea,  the  ball  will  have  Airther  a  v«locity  oj 

CB#.  51"  27'  *  ^  ' 

rotation  f  / .  1,55  ,  10,607  ^  8,220  feet  about  jta  vertical  line  of  gravity.  Since  the  ball 
movea  with  a  rolUng  aiul  not  a  alidint;  motion,  we  must  Bjaaime  that  besidei  ita  progre^ 
sive  velocity  f  ^  15  feet,  it  poaseftse^  an  equal  amount  of  velocity  of  rotation,  and  thi* 
may  likewise  be  resolved  into  the  oam|ionents  c  dm,  «  ^  10^607  and  c  tin^  «  ^  ]U,6C>6. 
The  first  oomponetit  answers  to  a  rotation  nboat  an  axis  parallel  to  the  cuahion,  and 
paa»e«  into  cow.  «— 1/(1+  vV)  <*«».*=  10,007  —  8,220  =  2,387  feet,  the  other 
component  r  iin.  4  ^  10,607  feet  anawcrs  to  a  lota^n  about  an  axii  normal  to  tha 
euabkHi,  and  remains  uniform. 

§  267-  Rotary  Bodies. — If  two  bodies,  J?  and  By  c^apable  of  rotat* 
ing  about  two  fixed  axes  G  and  K^  Fig.  327,  strike  again:^  each 
other,  changes  of  velocity  ensue, 
which  may  be  deterrained  from  the 
moments  of  inertia  J^iiy^^  and  Mj/^^ 
of  the  masses  of  these  bodies  about 
the  fixed  axes,  with  the  assistance 
of  the  formulae  already  found.  If 
the  perpendiculars  GH  and  KL^  let 
fill  from  the  axis  of  rotation  upon 
the  line  of  impact,  are  a,  and  n^^  we 
then  have  the  inert  masses  reduced 
to  the  points  H  and  L  where  the 
perpendiculars  meet  the  line  of  im- 
pact ^  ^'^^^-  and  ^-^,  and  if  these  values  be  substituted  for  M, 

and  M^  in  the  formula  for  free  eentnc  impact,  we  obtain  the  changes 
of  the  velocity  of  the  points  if  and  £  (§  264) 


Fig.  327. 

*^tt 

ty  -a 

zh^ 

V 

|g) 

"x^^^y-jT^ 

^^ 

/»^  *A, 

P 

V 

^^^ 

Jtf^,= 


i  (1  +  s/1.) 


(«.-^.) 


w    a  ,  ,    w    si  (I  +  ^'•)  and 


c,  and  Cj  representing  the  velocity  of  these  points  before  impact. 
But  if  we  introduce  the  angular  velocities,  and  represent  these  be- 
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fore  impact  by  f^  and  f^,  ^nd  after  impact  by  <«,  and  i*^  we  shall  ba^e 


fi*  f. 


t  *r 


and  shall  obtain  for  the  loss  in  aHE 


body: 


a,  {a, 


3W 


^(i  +  %/;^)i 


lO  put    Cj  ^   «!  tjt  *^|  = 

velocity  of  the  impinging 

and  for  the  body  impinged  upon,  the  gain  of  the  same: 

consequently  the  angular  velocities  themselves^  after  imptcti  will 

^'  and 


»J  =  '.  +  ff»  («,  •  — 0,  'J  (1  +  ^i^) 


•^.V  +  ^J'.V 


If  both  bodies  are  perfectly  elastic,  we  shall  have  ^  =  1,  thereli 
1  +  \/Jl  =  2,  and  if  inelastic,  #&  =  0,  therefore  1  +  ^/^  =  1, 
the  latter  case,  the  loss  of  vis  viva  produced  by  impact 


^,y,V  +  ^.y.V 


Fig,  3S*.» 


Esottmpk,  Tbe  armed  vile  ^G^  Fig. 
328,  lias  the  tiKjment  of  inertia  about  lis 
a3ds  of  Pamiio«  G,  =  M^  j/  b  4000O-i- 
g,  nnd  lUe  till  bsinnier  BK  ot>o  ftbout  h* 
aiLs  A*  =  ]  50UOQ  -|-  g ;  the  arm  GC  of 
the  wtle  j»  2  feei,  and  the  turn  KC  of  (lie 
hainmer  6  feet,  and  the  angular  ve{ocjty 
a{  the  axle  ai  the  tnoment  of  impact  rni 
the  hummer  ^^  1,05  f«ct-  what  k  thil 
vi^locily  after  impact,  and  whal  efltei  ii 
lost  at  tach  Wow»  if  thare  U  an  autlre  atacnce  of  eUuiicity  !  TUo  anguiai  vebcity  of  the 
ajtl«  Bought  is : 

i.l,05.l500CK^       _  /  J  __60X  ^  i^o5.0,70e 

JUO ,  35  +  150000  .4  V  304/ 

:  0,741  feet,  and  ttmt  of  the  hammer  »  ^J  e^ljg&^'i  ^  ^^^^j  ^^  ^  ^  i^p^i^  ^j^^ 


1,05  . 


/oc\ 


204 


third  that  of  the  axla. 

r^C2.1,05)t     

™        2f        '  400^10  .  36  +  15O0O0  .  4 


Hie  low  of  mechanical  effect  by  each  blow  i» : 
4  .  1,05  .  1500<30  *....,    ^^  .V,      600000 


:£>,U155,(2,1)\ 


=  0,0155,4,41. 
Fig.  339. 


150000 


144  +  60 


51 


,  201  ft  Ihi. 


first  mass  after  impact  is 


5  268.  A  body  j3,  in  h  state  of  free  and  pm- 
gressive  motion,  Figp  329^  impinges  against  a 
body  SCKy  capable  of  rotating  about  a  fixed  axis 
A",  the  velocities  after  impact  may  be  found,  if,  in 
place  of  Cj  ij  and  a^  tj^  in  the  formula  of  the  pre- 
ceding paragraph,  we  put  the  progfressive  veloci* 

ties  c.  and  v..  and  instead  of      ^^'-  the  inert  mass 

JVfj  of  the  first  body»  the  other  denominations  re- 
maining the  same*    Hence,  the  velocity  of  the 


i 
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..-c.-(.,-„.o(i  +  ^a.^^^^.. 

and  the  angular  velocity  of  the  second : 

",-',  +  «,  (c.-«.  •,)  (1  +  </?)  • -^ 


If  the  mass  JIf,  be  at  rest,  therefore  f,  «  0,  we  have : 

,.-».-c,(n-v/s.jg;J&^...a 

If,  on  the  other  hand,  Jlf^  is  at  rest,  that  is,  the  oscillating  body  the 
impinging  one,  we  shall  have  c^  b  0,  and  hence 

The  velocity  communicated  by  impact  to  another  at  rest,  depends 
not  only  on  the  velocity  of  impact  and  of  the  masses  of  the  bodies, 
but  also  on  the  distance  KL  b  a,  at  which  the  direction  of  impact 
JVIATis  distant  from  the  axis  K  of  the  rotary  body.  If  the  free  mass 
be  the  impinging  one,  the  rotary  mass  will  assume  the  angular 
velocity 

and  if  the  oscillating  mass  strike  against  the  free,  this  yiiW  acquire 
the  Telocity 

but  both  velocities  will  be  so  much  the  greater,  the  greater 

~~——^*-^--—.0T -— -  is,  and  therefore  the  less 

J^A'  +  Mjf,'      Ma  +^}^ 

If  for  a^  we  put  a  +  x,  when  x  is  very  small,  we  shall  obtain  the 
value  of  tne  last  impression : 

J»^i(a±a:)  +  "^^  =  Jlf,a  + JtfjX  +  :*^*(iq:£+3+.  .) 
a  Hha:  fl  an" 

or  in  consequence  of  the  smallness  of  the  powers  of  x, 

If  now  a  correspond  to  the  least  of  all  the  values  of  Jlf^  a,  + 
— ^,  the  member  +  Im^  —  ^^L\  x  will  disappear,  because  the 

addition  of  the  quantity  {x)  will  give  to  it  a  different  sign  to  that  of  a 
diminutive  ( —  x.)    Therefore  : 
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(■V,  —  ^^\  X  must  be  -  0,  i.  t.  !^!*  _  .W„  coosequeotly : 

If  at  this  distance  one  body  impinge  against  the  other,  then  will  tf 
latter  take  the  greatest  velocity,  and  be  in  fact 

...d  +  ^a^jS. 

in  the  case  where  the  rotaiy  body  is  impinged  upon ;  and 

%vhen  the  free  body  receives  the  blow. 

The  point  B  in  the  line  df  impact  of  the  distance  corresponding  to 
the  greatest  Telocity,  or  of  the  arm  a,  is  sometimes  improperly  called 
the  centre  of  impact^  bnt  more  properly  the  fmni  qfimfad. 

Masai^  What  position  has  the  po«nt  of  Jmpaci  if  the  froe  miws  coimit  of  wi  Iron 
tp^n  of  16  Ibt.  weiglii,  and  the  rotary  mu<  hsT*  «  mcxnent  of  inen'm  <»f  1000 
^  y*    The  distaoi^  of   lUii  powi    from   the  fix^  axu  of  Uie    la«t  body:    a  si 

— -  s  ^  02,0  s  7,906  f^et    If  the  itnpact  be  iiidnstic^  and  the  block  ttf  ike  agaliai 

the  ^hete   wiih   the  Yeloeity  i  ^  3  feet,  tlie  latte?  wiU  receive  Ihc  velocity  v  ^ 
1.7p906isll,aareeL 

§  269.  Bullistk  Fencftrfum,— An  application  of  the  laws  laid  down^ 

is  found  in  the  theory  of  the  balliiiiic  pen* 
dutum,  or  the  pendulum  of  Robins.  It 
consists  of  a  mass  MH,  turning  about  a 
horizontal  axis  C^  Fig,  330,  which  is  set 
into  oscillating  motion  by  a  ball  projected 
against  it,  which  serves  for  the  measure- 
ment of  its  velocity.  That  as  inelastic 
a  blow  as  possible  may  ensue^  there  is  an 
opening  made  on  the  further  side,  which 
from  time  to  time  is  filled  by  fresh  wood 
or  clay,  $lc.  The  ball  remains  after  each 
projection  sticking  in  this  mass,  and  os- 
cillating in  common  with  the  whole  body. 
For  the  measurement  of  the  velocity  of 
the  ball,  it  is  requisite  to  know  the  angle 
of  elone'ation  of  this  pendulum^  on  which 
account  there  is  further  a  graduatea  arc  BD  applied,  and  an  index  E 
fixed  to  the  centre  of  gravity  of  the  pendulum,  which  slides  along 
with  the  former. 

From  the  foregoing  paragraph,  the  angular  velocity  of  the  ballistic 

pendulum  after  the  impact  of  the  ball  is :  ^  k  — - — ^^^i — -,  if  *tf,is 
the  mass  of  the  ball,  M^/  the  moment  of  inertia  of  the  pendulum, 


Ftg.  330. 
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c^  the  velocity  of  the  ball,  and  a,  the  arm  CG  of  the  impact^  or  the 
distance  of  the  line  of  impact  JVWfrora  the  axis  of  revolution  of  the 
pendulum.  If  the  distance  CJtf  of  the  centre  of  oscillation  JIf  of  the 
entire  mass,  together  with  the  ball  from  the  centre  of  suspension  C, 
i,e-  the  length  of  the  simple  pendulum,  which  oscillates  in  equal  times 
with  the  ballistic  J  =^  /,  and  the  angle  of  elongation  BCD  =  o,  wc 
have  the  height  of  the  isochronously  oscillating  simple  pendulum: 

A  -  CM~CH  ^l^  COS.  a  -  ((I—  COS.  *)  -  2i  # 
and  hence  the  velocity  at  the  lowest  point  of  its  path  i 


(«»•!) 


2  i/gl  tin.  |. 


or  the  corresponding  angular  Telocity  t 
^«3'«2    f? 
By  equating  these  two  values  it  will  follow  that  1 


m.| 


c,  = 


M^a> 


Ji 


HfHuty: 


nn.  -. 


-*-   ,     J^/,a,  si~r      J'. ^ 

But  now^  according  to  the  theory  of  the  mmifi^  pendulum, 


moment  of  inertia 
statical  moment 


AW 


statical  moment  {M  +  MJ}  s 

s  being  the  distance  of  the  centre  of  gravity  5  from  the  axis  of  rero* 
lution,  hence 

{M^  +  JIfJ  si,  and 


If  the  pendulum  makes  n  oscillations  per  minute,  the  time  of  osdl^ 
lation 


•Ji- 


60" 


,  hence  %/  gl 


— ,        60" 


g 


ntt 


I 
I 


and  the  required  velocity  of  the  ball 


M, 


n  ft  a* 


Ej^mf^k.  If  a  batliatic  pendulum,  of  3000  lbs.  weight,  whoid  angle  of  ebngation 
amoiinta  to  15^^  b  set  into  oscillation  by  (he  projection  of  a  6  lbs.  bttU,  iC  further,  the 
ijbtance  t  of  the  centre  of  gravity  from  the  axia  ^=  6  feet^  and  that  of  (he  line  of  projec* 
tion  from  thia  axis  =  5J  feet,  and  lastly,  the  number  of  OfclHationi  pvt  minute  n  ^  4D| 
from  the  obove  formula  the  Tclqcity  of  the  bell  at  the  mofn^nt  <?f  the  impact  will  hex 
3006      120.31,25.5    _.„   ^lo        501 .37  &0  .nn.  7*^30' 

D 


7^  =  . 


.  a  1774  feet 


40,3.1416,5,5  44.3,1416 

§  270,  Centre  of  Percussion. — If  a  body  turning  about  a  fixed  axis 
Cis  impinged  upon  by  another,  a  reaction  from  the  blow  will  gene- 
rally take  place  upon  the  axis  of  the  body,  which  is  dependent  prin- 
cipally upon  the  distance  between  the  direction  of  the  impact  and  that 
of  the  axis.  Let  us  determine  this  reaction  or  this  axial  pressure  ia 
the  simple  case»  when  the  direction  of  the  blow  is  perpendicular  to  the 
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Fig,  S31* 


plane  passing  tbmugh  the  axis  of  revolulion  and  the  centre  of  gravntj 

of  the  body. 

Let  BD  be  a  plane  of  gravity  passing  through  the  axis  of  revolotioa  | 

XX  of  the  body  in  Fig.  331,  FFa  siMsd  perpendicular  axis  in  this] 

plane,  and  ZZ  a  third  axis,  at  right  angles  to  this  plane  of  gravity. 

An  element  M^  of  the  body  is  determined  by  the  co-ordinates  ^K  ^ 

:Fj,  KL  =  ^j,  and  LM  =»  s^,  in  this  sys-  I 
tern  of  axes  intersecting  in  the  poiot  JJ^l 
and  another  element  by  the  co-ordiDates 
^i»  Pti  *t>  ^'     Jf  «  be  the  angular  ac«  I 
celeration,  we  shall  have  the  force  of' 
inertia  of  the  element  Jtf,  ;  Q^  =  *W, 
.  KAIf  and  if  these  be  resolved  into  the 
component  forces  R  parallel,  and  S  at 
right  angles  to  the  imaginar}vpl»ne  of] 
gravity,  the  similarity  of  the  triangles  ' 
KJiL  and  QMR  or  MQS,  gives  R^M^ 
,  a^j  =  X  -^1^1*  and  S  =  "JMi^i-     From 
this  the   aggregate  of  the   component 
forces  parallel  to  the  plane  =  «  (jlf^2j+ 
•^a^a+  •  ■)  ^nd  that  of  the  component 


•  f  V      Jo 


forces  at  right  angles  to  this  plane: 

Since  the  plane  BJ}  passes  through  the 
centre  of  gravity,  the  sum  of  the  moments  M^z^  +  M^^  +  , ,  =  0, 
hence  there  remains  only  the  sum  of  the  forces  »{M^y^  -I-  Af^y,  +  •  •)» 
If^  now,  P  be  a  blow  or  impact,  and  IT  the  resistance^  or  the  reac- 
tion of  the  axis,  we  shall,  in  the  first  place,  have  to  put: 

The  statical  raoment  of  the  force :  ^ 

or  the  distance  KM  represented  by  rj^=  »  Mj-^\  the  moment  of  the 
force  of  another  particle  of  the  mass  »  «  M^r}^  &c.,  hence  the  stati- 
cal moment  of  the  entire  inertia  =  »  (M^  r*  +  M^  r>  +  .  •  .),  If 
now  we  put  the  distance  JfO  of  the  direction  of  the  impact  from  the 
direction  of  the  axis  =  b^  we  shall  have  the  moment  of  percussion  P 
about  XJ=^  Pi,  whilst  that  of  W^  Oj  we  may  hence  also  put: 

and  obtain  by  elimination  of  m  from  both  equations: 


t  i.  €.  the  reaction  sought : 


W^ 


If,  lastly,  we  represent  the  distance  ^JVof  the  direction  of  the  Impact 
from  the  axis  FF  by  a,  and  the  distance  ^{/of  the  point  of  applica- 
tion C/of  the  reaction  TFfrom  the  initial  point  by  w,  we  shall  have 
further  the  moment  Pa  =  mom.  Wu  +  mom, « iM^Xjyi+M^^^+  *  <), 
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and  the  distance  of  the  point  of  application  sought  will  be; 

U  =! -^ ^ ,  ».  C. 

The  reaction  W=  0,  if  b  (M^y^  +  Jtf^,  +  . :)  =  Jtf/^*  +  Mjr^*  +  • ., 
,  M^r^  +  Jlf//  +  . .       moment  of  ioeilia 

™  M^y^  +  M^^  +  ,  .  statical  moment  * 

and  also  its  moment  =  0,  if 

Pa  =  »  {M,x,y^  +  M^x^^  +  *  .)»  ♦*  «• 

M^y^  +  ^j^j  +  . . 

The  point  O  determined  by  these  co-ordinates  a  and  h^  in  the  plane 
of  gravity  containing  the  fixed  axis,  is  called  the  cmtre  qfpercusno?^. 
Every  blow  passing  through  this  point,  and  at  right  angles  to  the 
plane  of  gravity,  is  completely  taken  up  by  the  mass,  without  leav- 
ing any  residuary  effect  upon  the  axis,  or  producing  any  pressure. 
The  formula  (1)  shows  that  the  centre  of  percussion  is  at  the  same 
distance  from  the  axis  of  revolution  (compare  §  251)  as  the  centre  of 
suspeti^on*  ^^-^^        .^.f.^s^*    ,,,//.  y/v-    f<^' 

That  a  hammer  may  not  jar  by  its  blow  the  hand  which  holds  it,/  */  */'  ,*^ 
or  react  upon  the  wrist  about  which  it  turns,  it  is  requisite  that  the  ^  ""^^  ^ 
blow  pass  through  the  centre  of  percussion. 

E£ampl*$.^l,  In  a  prl^matio  bai  CJ^  Fig.  332 ^  which  mm«  about  ome  of  iti  extriune 


points,  the  e«titre  of  pefCuaAiOfi  lies  about  CO  s  6  = 


*^. 


1 1  ^  f  r J  rrom  the  asii. 


If.  there (bre,  ill e  bar  be  fixed  at  one  extremity, and  bo  struck  at  a  poitit  0  al  ibo  diatnnce 
CO=i  CJ,  then  no  jar  will  be  feft,— 2.  In  a  parallelofilped  BDE,  Fig.  333,  which 


Fig,  332* 


Ftg.  333. 


turns  abo«t  an  axis  XX  ratining  parallel  to  its  four  aide«,  mnJ  diatant  about  SJ  ^  t 
from  the  centre  of  gravity,  the  distance  JfO  of  the  oenire  of  pei^UAslon  0  from  the 

axi«  b  XI  Litl— I  where  d  za  the  eemi-tliagoTial  of  the  latezal  surfacas  through  which 

I 

the  Bxi»  XX  paaaet  (§  230)*    If  the  fyxa  ot  ihe  blow  P  were  to  paflft  ihrough  the  centre 
of  gmvity^  the  feaction  would  be  : 

■'-'■(-■,Tfpi)-'('  -,-^)-'  v-rb-s^- 

26 
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§  271.  Excm^c  Imp^L — LRstly^  let  us  further  inv^estiEate  a 
simple  case  of  excentric  impact,  when  both  masses  are  perfectly  free> 
When  two  bodies  Ji  and  B£,  Fig,  334,  impinge  upon  each  other 
so  that  the  direction  of  impact  JVJV*  passes 
through  the  centre  of  gravity  S^  of  the  oae 
body^  and  beyond  the  centre  of  gravity  S^  of 
the  other  body^  ihe  impact  with  respect  to  the 
first  body  is  centric,  and  with  respect  to  the 
othefj  eccentric.  The  effects  of  this  eKceatric 
impact  may  be  found  from  the  proposition, 
§  214^  if  we  assume  first,  that  the  second  body 
is  free,  and  that  the  direction  of  impact  passes 
through  the  centre  of  gravity  5,,  and  secondly, 
that  this  body  is  fixed  at  its  centre  of  gravity, 
and  that  the  percutient  force  acts  as  a  force 
of  revolution.  If  now  c,  be  the  initial  velocity 
of*/?,  c^  that  of  the  centre  of  gravity  of  ^^,  and  if  the  two  velocities 
pass  into  v^  and  t\  from  the  enect  of  the  blow>  there  will  remain  as  m 
§  266, 

-ftfjt^j  +  Mj^^  —  JtfiC,  +  Jtf,c,, 
If  further  «  be  the  initial  angular  velocity  of  the  body  BE^  and  in  its 
revolution  about  the  axis  passing  through  the  centre  of  gravity,  and 
perpendicular  to  the  plane  JVWS^,  and  if  this  velocity  pass  from  the 
effect  of  the  blow  into  «,  and  JVf^y,'  represent  the  moment  of  inertia  of 
this  body  about  5^,  or  f  the  distance  S^K  of  the  centre  of  gravity  S, 
from  the  direction  of  impact,  we  shall  then  also  have 


M,v, 


Mjf,' 


$t^  »  MjC^  + 


•Af^/ 


^f. 


If  both  bodies  are  inelastic,  then  the  points  of  contact  of  the  two 
will  have   at  the   end   tqual   velocities,  therefore,  further  v^  will 

and  u  by 
shall  then 


i 


r,  +  itt.     If  we  determine  from  the  above  equations  v^ 


V,  = 


+  ft, 


v^t,  and  put  the  values  obtained  into  the  last  equation^  we 
obtain : 

7  ^; —  +  \  +     Mj,/ 

and  from  this  may  be  determined  the  loss  in  velocity  of  the  first 
body;  -^^ 

the  gain  in  progressive  velocity  of  the  second: 

;       *       (^.  +  JtfJ3^/  +  3f,s^' 
and  the  gain  in  angular  velocity: 

M^S  (C^  —  C,  —  Ei) 

For  the  case  of  perfectly  elastic  impact,  these  values  are  double 

and  for  that  of  imperfectly  elastic  impact,  they  are  (1  +  ^^)  times 
as  great. 
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Example*  An  iron  ball  .i,  of  65  lbs.  weifl^t,  gtriket  a  parallelopiped  BE  of  fir,  ori- 
ginaUjat  feat,  with  a  36  feet  Telocity ;  the  length  of  this^body  is  5  feet,  its  breadth  3  feet, 
aiidthidmeM2  feet,  and  the  direction  of  the  impact  ii^  deviates  bf  £^  JT^f  as  1 J  feet 
from  the  centre  of  gravity  8^  then  the  following  velocities  after  impact  are  given.  The 
specific  gravity  of  fir  may  be  taken  ss  0,45,  the  wei|^t  of  the  parallelopiped  is  therefore 
■B^  X  3  X  2  X  G2fd  X  0,45  IB  843,75  lbs.  The  square  of  the  semi-diagonal  of  the  lateral 
BorflKae  panllel  to  the  directioo  of  impact  is : 

'-(!)■+&)'-'* 

benoe  the  Telocitjr  of  the  ball  after  imiwct  ia: 


*yt,  „,  / ,  843,75.7;a8        \ 

(jr,+jQ)y+jr.^         V      95«.7^5+«8.i,7y/ 

^  0  -"Sy^)  "^ 0-0.958),  1,918 i 


further,  the  velocity  of  the  centre  of  gravity  of  the  parallelopiped: 

r  «  iryc,  ,.  ^^''^>^^-^«.  2.370  foai 

«         (lf,  +  ig/+lf,s»  7130,06  *.*«"««• 

lastly,  the  angular  veloci^  of  this  body  is : 

lf|Sc  65.1,75.36 

•"  (lf,+  l«^+lf.^  ■*      7130,06     "^'^^^  ^^^^ 
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SECTION  V. 

STATICS   OF   FLUID   BODIES. 


CHAPTER   I. 


ON  THE  EQUILIBRIUM  AND  PRESSURE  OF  WATER  IN  VESSELS. 

§  272.  FluidUy. — ^We  regard  fluid  bodies  as  systems  of  material 

Joints,  whose  cohesion  is  so  feeble,  that  the  smallest  forces  are  suf- 
cient  to  effect  a  separation,  and  to  move  them  amongst  each  other 
(§  69).  Many  bodies  in  nature,  such  as  air,  water,  &c.,  possess  this 
property  of  fluidity  in  a  high  degree;  other  bodies,  on  the  contrary, 
such  as  oil,  fat,  soft  earth,  &c.,  are  fluid  in  a  low  degree.  The  former 
are  called  perfectly  fluids  the  latter  imperfectly  fluid  bodies.  Certain 
bodies,  as,  for  instance,  paste,  are  intermediate  between  solid  and  fluid 
bodies. 

Perfectly  fluid  bodies,  of  which  only  we  shall  subsequently  speak, 
are  at  the  same  time  perfectly  elastic,  i. «.,  they  may  be  compressed 
by  external  forces,  and  will  perfectly  resume  their  former  volume  after 
the  withdrawal  of  these  forces.  The  amount  of  the  change  of  volume 
corresponding  to  a  certain  pressure,  is  difierent  for  difierent  fluids ;  in 
liquid  bodies  this  is  scarcely  perceptible,  while  in  aeriform  bodies^ 
which,  on  this  account,  are  also  called  elastic  fluids,  it  is  very  great. 
This  slight  decree  of  compressibility  of  liquid  bodies  is  the  reason  why 
in  most  investigations  in  hydrostatics  (§  63)  they  are  considered  and 
treated  as  incompressible  or  inelastic.  As  water,  of  all  liquids,  is  the 
one  most  generally  difiiised,  and  the  most  useful  for  the  purposes  of 
life,  it  is  taken  as  the  representant  of  all  these  fluids,  and  in  the  in- 
vestigations of  the  mechanics  of  fluids,  water  only  is  spoken  of,  whilst 
it  is  tacitly  understood  that  the  mechanical  properties  of  other  liquids 
are  the  same  as  those  of  water. 

From  a  similar  reason  in  the  mechanics  of  the  elastic  fluid  bodies 
ordinary  atmospheric  air  is  only  spoken  of. 

Remark. — A  column  of  water  of  one  square  inch  transverse  section  is  compressed  by 
a  weight  of  15  lbs.,  which  corresponds  to  the  atmospheric  pressure,  by  altout  0,00005  or 
50  milliontlis  of  iu  volume,  while  the  same  column  of  air  under  this  pressure  would 
be  compressed  to  one  lialf  of  its  original  volume. 


Fig.  335, 


§  273*  Principle  of  Equality  of  Pressures, — The  characteristic 
property  of  fluids,  which  essentially  distinguishes  them  from  solid 
bcxlies,  and  which  serves  as  a  basis  of  the  laws  of  the  equilibrium  of 
fluid  bodies,  is  the  capability  of  trmtsmitting  the  pressure  which  is 
exerted  upon  a  part  of  the  surjkce  of  the  fluid  in  all  directions  un- 
ckaiiged.  The  pressure  on  solids  is  transmitted  only  in  its  proper 
direction  (§  83);  while,  on  the  other  hand,  when  water  is  pressed  on 
one  side,  a  tension  takes  place  in  the  entire  mass,  which  exerts  itself 
on  all  sides,  and  may  be  observed  at  all  parts  of  the  surface.  To 
satisfy  ourselves  of  the  correctness  of  this  law,  w^e  may  make  use  of 
an  apparatus  Ailed  with  water,  as  is  shown  in  the  horizontal  section 
in  Fig.  335,  The  tubes  AE  and  BF, 
&.C.5  equally  distant,  and  at  an  equal 
height  above  the  horizontal  base,  are 
closed  by  perfieclly  movable  and  accu- 
rately fitting  pistons ;  the  water  presses^  / 
therefore,  by  its  weight,  as  strongly 
against  the  one  piston  as  against  the 
other.  Let  us  do  away  with  this  pres- 
sure^  and  regard  the  water  as  devoid 
of  weight.  Let  us  press  the  one  piston 
with  a  certain  pressure  P  against  the 
water,  this  pressure  wUl  then  be  trans- 
mitted by  the  water  to  the  other  pistons 
5,  C,  D,  and  for  the  restoration  of  equi- 
librium^ or  to  prevent  the  pushing  back  of  these  pistons,  it  is  requisite 
that  an  equal  and  opposite  pressure  P  act  against  each  of  these  pis- 
tons- We  are,  therefore,  justified  in  assuming,  that  the  pressure  P, 
acting  upon  a  point  A  of  the  surface  of  the  mass  of  water,  produces 
in  it  a  tension^  and  not  only  transmits  this  in  the  straight  line  JiC^ 
but  also  in  every  other  direction  BF^  DH^  &.c,,  to  every  equal  area 
of  the  surface  C,  B^  D. 

If  the  axes  of  the  tubes  BF,  CG^  &c,.  Fig,  336,  are  parallel  to 
each  other,  the  pressures  which  act 
upon  their  pistons  may  be  united  by 
addition  into  a  single  pressure;  if  n 
be  the  number  of  the  pistons,  then 
the  aggregate  pressure  upon  these 
amounts  to  P^  ^  nP,  and  in  the  case 
represented  in  the  figure  Pj  =  3P, 
But  now  the  areas  F^  of  the  pressed 
surfaces  jB,  C,  JO,  are  equal  to  n 
times  the  pressed  surface  F  of  the 
one  piston,  hence  n  may  not  only 

P  F  P        F 

be  put  =»  ^,  but  also  =  ^.therefore  ^  =  — i, 
^  P  F  P        F 

If  the  tubes  B^  C,  D,  form  a  single  one,  as  in  Fig,  337,  and  if  we 

cloie  it  by  a  single  piston,  F,  then  becomes  a  single  surface^  and  P^ 

26* 


Fig,  136, 


3oe 
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is  the  pressure  QCtiug  upon  it,  hence  there  follows  this  genera] 
the  presmre  which  a  fluid  body  ejierts  upon  diffirent  parts  of  the 
of  a  vmstl^  is  proportional  to  the  area  of  these  parts. 


law, 
sides 


Fig.  337. 


Fig.  338p 


This  law  corresponds  also  to  the  principle  of  virtual  velocities.     If 

the  piston  *'^D^F^  Fig.  338,  moves  inwards  through  a  space  A^^^^b, 

it  then  presses  the  column  of  water  Fs  from  its  tube,  and  if  the  piston 

BE=F^,  it  passes  outwards  ihrough  the  space  BB^^s^,  it  then  leaves 

a  space  F^s^  behind*    But  since  we  have  supposed  that  mass  of  water 

neither  allows  of  expansion  nor  compression,  its  volume  then  hj  this 

motion  of  the  piston  must  remain  unaltered,  that  is,  the  increase  F$ 

must  be  equal  to  the  decrease  F,  s^.     But  the  equation  F^  s^  =  Fs 

F         s 
gives  ^  ss  — ,  and  by  combining  this  proportion  with  the  proportion 


^r  it  follows  that  :^  =  i^ 
F'  P       ^ 


hence^  therefore,  the  mechaniea 


effect  P/i  =  mechanical  effect  Ps  (§  80). 

Exan^U.  If  the  pintan  ^D  ha*  n  diameter  of  1 J  inch«9f  ami  the  piston  BE  one  of  10 
iQcheA,  anil  each  is  pr^saed  by  a  fore©  Pof  36  1L«,  upon  the  water^  ihii  piston  e)(eru  m  pre*- 

«ue  Pj  =  f_  P  =K!  .  36  =  1600  lbs*    If  ihc  iiisi  piston  h  pushed  forwarda  j 

Ft  iiS'* 

jF"  9    6  27 

iOChcA,  iha  i^potnd  will  only  go  bock  by  j.  ^  ^^  i  f=  —I —  =s ±s;  0.135  b, 

^        Fj  400  200 

Remark,    Numerrous  applications  of  lhi§  law  will  come  before  ui  In  Iba  bydtau 
pf««i,  or  water  coZutnn  itiachlneft,  in  pumps,  &e. 

§  274-  ITte  Fluid  Surface. — The  gravity  inherent  in  water  cause 

all  its  particles  to  tend  downwards,  and  they  would  actually  so  move 
unless  this  motion  were  prevented-     In  order 
Fifi,  339.  to  obtain  a  coherent  maas  of  water,  it  is  ne- 

cessary to  enclose  it  in  vessels.  The  water  in 
the  vessel  JiBC\  Fig*  339,  is  then  only  in 
equilibrium  if  its  free  surface  HR  is  perpen- 
dicular to  the  direction  of  gravity,  and  there- 
fore horizontal,  for  so  long  as  this  surface  is 
curved  or  inclined  to  the  horizon :  then  there 
are  elementary  portions  £j  F,  &c,,  Ijnng  higher^ 
which,  from  their  extreme  mobility  in  virtue  of 
their  gravity,  slide  down  on  those  below  themi  as  if  it  were  on  an  in- 
clined plane  GK. 


/ 


d^-iTTt^       ^"y^   ..^^'t-cc-^ui^v^t^tu-t^^^x.        ^7"      ^:^-*t  tj^ 


'/' 


-  >^^C<^9'««,'e^^  ,    ^'r-^'*  t^y/i 


^t^^^ 


H^J^-t^-^rf*--^^^         ,V>^/C 


.^ 


-^'ttt^W^^        V-^<L^       >f«:5f^^»t.         /^ 


y' 


^ 


'  'yYt-€  /'•-t^/-*-*- 


C^A'-^  '»   't^  X.      -^^     ''^^^      ^ya^*-,^  A  /i:> 


U-  ■ 


;-*^y^    y^-.-r-<.      ^/^^  -^        ^^^'^^4...*^t^^,       '^-^^-i^^-c     ^i^-^^    ,-**t^if       C^^  ^-t^ 


^f^t^       y(x^^  *  t^*'    ^ 


>  r/l-  «  <s  -f^i^   C  i!^ 


^^  y^-^^ 


C*-0-  ^ai*^  ♦  ^^C^Jt  /^e^'A  •  "-^^ 


'y 


^yx^^-'c         -^  V         y^A.^'.f^-'.      -^^ 


'•*'        x/V   -    l^j. 


I'd.  yr^ai^*^^  i-C        ,  l^  J^'^ d^*  I  V     ^  ^5f        /*'*   c^X 


-/  .V 


y 

C        ,'Z^V-  -*'  ^>   • 

/ 


^t^X^^  t^  1.  f     /  <    / 


' /^/"C.  r*>- 


./^ 


/ 


/  ' 


f  f  C<  c^t--/*^  r  J  I.  /-  u-c    I  <^  Ct    .  t  I  ^  t^  / 
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Fi^.  340. 


Since  the  directiODS  of  gravity  for  great  distances  can  no  longer  be 
regarded  as  parallel,  we  must^  therefore,  consider  the  free  surface,  or 
the  level  of  water  in  a  large  vessel j  as  for  example,  in  a  great  lake> 
no  longer  as  a  plane,  but  as  part  of  a  spberical  surface. 

If  any  other  force  than  that  of  gravity  act  upon  the  particles  of 
water,  the  0iiid  surface  in  the  state  of  equilibrium,  will  be  perpen- 
dicular to  the  direction  of  the  resultant  arising  from  gravity  and  the 
concurrent  forcCp 

If  a  vessel  JiBC^  Fig*  340,  is  moved  forward  horizontally  by 
uniformly  accelerating  force  /),  the  free 
surface  of  the  water  in  it  will  form  an 
inclined  plane  BF^  for  in  this  case 
every  element  £  of  this  surface  wnll 
be  impelled  downwards  by  its  weight 
G,  and  horizontally  by  its  inertia  P  = 

-?  G,  there  will  then  be  a  resultant  B, 

which  will  make  with  the  direction  of 

gravity  a  uniform  angle  REG  ^  a.     This  angle  is  at  the  same  time 

the  angle  DFHwhich  the  surface  of  the  water  makes  with  the  horizon, 

P       p 
It  is  determined  by  tang,  a  =  -j  =  tl. 

If,  on  the  other  hand,  a  vessel  ABC^  Fig.  341,  rotates  uniformly 
about  its  vertical  axis  XX^  the  surface  of  the 
water  then  forms  a  hollow  surface*^  OC^  whose 
sections  through  the  axis  are  parabolic.  If  u 
be  the  angular  velocity  of  the  vessel  and  the 
water  in  it,  G  the  weight  of  an  element  of 
water  J?,  and  ^  its  distance  ME  from  the  ver- 
tical axis,  w^e  shall  then  have  for  the  centri* 

fugal  force  of  this  element  F^J^{^  231), 

and  hence  for  the  angle  REG  =  TEM  ==  *, 
which  the  resultant  R  makes  with  the  vertical 

or  the  tangent  to  the  water  profile  with  the  horizon: 

G  g 

From  this,  therefore,  the  tangent  of  the  angle  which  the  line  of  contact 
makes  with  this  ordinate,  is  proportional  to  the  ordinate.  As  this  pro- 
perly belongs  to  the  common  parabola  (§  144)^  the  vertical  section 
AOC  of  the  surface  of  water  is  also  a  parabola  whose  axis  coincides 
with  the  axis  of  revolution  XX 

If  a  vessel  JiBH  be  moved  in  a  vertical  circle.  Fig.  342,  uniformly 
about  a  horizontal  parallel  axis  C,  the  surface  of  the  water  will 
form  in  it  a  cyhndrical  surface  with  circular  sections  DEH.  If  we 
prolong  the  direction  of  the  resultant  R  of  the  gravity  G,  and  the 
centrifugal  force  F  of  an  element  E  to  the  intersection  0  with  the 
vertical  CK  passing  through  the  centre  of  revolution,  we  shall  then 


Fig.  34U 


R 

11^ 

,/ 

T^m 

1    "^ 

/ , 

.JHI 

■    '11 

aTmmmm\ 

■j^jJ 

J.^^H 

■■^ 

Ftg.  342. 


obtain   the  similar 
EFR,  for  which 

PC       FR       G 

EC""  EF"^  F' 
but  now»  if  we  put  the  radius  of  _ 
EC  p»  y^  and  retain  the  last  notation^  F 

—  - — ?s  it  follows  that  the  line 
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(3,1416)^ 
if  ti  represents  the  number  of  reroltitions 
per  minute.  As  this  value  of  €0  is  one 
and  the  same  for  all  the  partides  of  water, 
it  follows  that  the  components  of  aU  the 
particles  forming  the  section  DEH  are 
directed  towards  0,  and  hence  the  section  perpendicular  to  the  direc- 
tions of  these  forces,  is  a  circle  described  from  0  as  a  centre*  Ac- 
cording to  this,  the  surfaces  of  water  in  the  buckets  of  an  overshot 
wheel  form  perfect  cjiindrical  surfaces,  corresponding  to  one  and  the 
same  horizontal  axis> 

§  275.  Pressure  an  the  Boiiom. — ^The  pressure  of  water  in  a  ves- 

sel  ABCD,  Fig.  343,  immediately  on- 
*'^i*3^3.  jgr  the  water  level  is  the  leasts  but  be- 

comes greater  and  greater  in  proportion 
to  the  depths  and  is  greatest  immediately 
above  the  bottom.  To  prove  this  gene- 
rally, let  us  assume  that  the  level  of  the 
water  HJR^^  whose  area  may  be  F^,  is 
uniformly  pressed  by  a  force  P^,,  for  ex- 
ample,  by  the  superincumbent  atmo- 
sphere, or  by  a  piston,  and  let  us  sup- 
pose the  whole  mass  of  water  divided  by 
horixonlal  planes,  as  Hjflj,  //,iij,  into 
equally  thick  strata  of  water.  If  now 
%  be  the  thickness  or  the  height  of  such  a  stratum,  and  y  the  density 
of  water,  we  shall  then  have  the  weight  of  the  first  stratum  (jj=F^xy, 
and  hence  the  entire  pressure  on  the  subjacent  water:  P^=^P^+F^*^. 
If  we  divide  this  pressure  by  the  area  F^of  the  following  horizontal  sec- 
tion /t/2j,  we  shall  obtain  the  pressure  for  each  unit  of  this  surface: 

P         P 
p^^  -^  ^  ^,xy,  or,  since  F^on  account  of  the  in  finitely  small  dis- 
Fj        Fj 

between 


lance  between  H^R^  and  If^Rj,  is  infinitely  little  different  from  F^,, 
and  may  be  substituted  for  this :  p,  =  J»o  +  "^t^  where  p^  represents  the 
external  pressure  on  the  unit  of  surface.  The  pressure  of  the  suc^ 
ceeding  horizontal  section  H^R^  may  be  determined  as  exactly  as  the 
pressure  of  the  stratum  ifji?j,  if  we  take  into  consideration  that  the 
initial  pressure  upon  the  unit  is  nowjjj  =s  j>^  +  \y^  whilst  it  was  then 
only  p^.  The  pressure  in  the  horizontal  stratum  HJi^  then  follows: 
?3  =  Pi  +  '^r  =*  ;*o  +  ^y  +  ^  "  A  +  '^'^y\  likewise  the  pressure  m 
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le  third  stratum  //jR,  =  p  +  3ity,  in  the  fourth  =  p^  +  4xy,  and  in 
[the  nth  =  p^  +  n\y.     But  now  ji^  is  the  depth  G^Gn  =  A  of  the  nth 

stratum  below  the  level  of  the  waterj  hence  the  pressure  upon  each 
^unit  of  surface  in  the  nth  horizontal  stratum  may  be  put:  p^/j^+Ay, 
The  depth  A  of  an  element  of  surface  below  the  water  level,  is 

called  the  l^ad  of  water ^  and  the  pressure  of  water  upon  any  unit  of 

surface  may  from  this  be  found,  if  the  externally  acting  prestsure  be 

increased  by  the  weight  of  a  column  of  water  whose  base  is  this  unit^ 

-and  whose  height  is  the  head  of  water* 

The  head  of  water  A  on  a  horizontal  surface,  for  instance,  on  the 
I  bottom  CD,  is  at  all  places  one  and  the  same;  hence  the  area  of  this 
hfiurface  =»  F,  and  the  pressure  of  water  against  it  is:  P  «=  (p^  -f  Ar) 
\F  =^  Fp^^  +  Fky  =  P^  +  FAy,  or  if  we  abstract  the  outer  pressure: 
^i*  =  Fhy,  7%e  presmre  of  water  against  a  horizontal  surface  is  there- 
fore tquivaltnt  to  the  weight  of  the  superincumbent  column  of  water  Fk. 
This  pressure  of  w^ater  against  a  horissontal  surface — a  hori2on' 
f'tal  bottom,  for  instance^ — or  against  a  horizontal  part  of  a  lateral 
|-wall,  is  independent  of  the  form  of 
''the  vessel ;  whether,  therefore,  the 
fTessel  JiCy  Fig.  344,  be  prismatic 
^as  a,  or  wider  above  than  below  as 

t,  Of  wider  below  than  above,  as  c, 
Im  inclined  as  (f,  or  bulging  out  as  e^ 
l&c.j  the  pressure  on  the  bottom  wnll 
I  be  alw^ays  equal  to  the  weight  of  a  co- 
Ijumn  of  w^ater  whose  base  is  the  bottom 
^nd  whose  height  is  the  depth  of  the 

"bottom  below  the  level  of  the  water, 

Ls  the  pressure  of  water  transmits  itself 

sn  all  sides  I  this  law  is  therefore  ap« 

jilicable  when  the  surface,  as  BC\  Fig, 
1345,  is  pressed  upon  from  below  up- 
LVards.  Every  unit  of  surface  in  the 
^itratum  lying  in  BC  is  pressed  by  a 

column  of  water  of  the  height  HB  ^ 

^K  =5  h ;  consequently,  the  pressure  against  CB 
^area  of  the  surface. 


Fig.  344. 


I^H      11^^^^ 


FAy,  F  being  the 


Fig,  345, 


Fig,  34e. 


It  further  follows  from  this,  that  the  water  in  tubes  eoramunicating 
with  each  other  jJBC  and  DEF,  Fig.  346,  when  equilibrium  subsists, 
stands  equally  high,  or  that  the  two  levels ^iS  and  ATare  in  one  and 
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the  same  hariz^ntal  [^lane.  For  the  subsistence  of  equilibrium ,  it  is 
requisite  that  the  stratum  of  water  HR  be  as  forcibly  pressed  down- 
wards by  the  superincumbent  column  of  water  ER^  as  pressed  up- 
wards by  the  mass  of  water  lying  below  it.  But  as  in  both  cases  the 
surface  pressed  is  one  and  the  same»  so  must  the  head  of  whaler  in  both 
cases  be  one  and  the  same,  therefore  the  level  JiB  must  stand  as  high 
above  HR  m  the  level  EF. 

§  276,  Lateral  Presmre- — The  laws  found  above  for  the  pressure 
of  water  against  a  horizontal  surface^  are  not  directly  applicable  to  a 
plane  surface  inclined  to  the  horizon;  for  in  this  case  the  beads  of 
water  at  different  places  are  different*  The  pressure  p  *^  Ay  00  eaish 
unit  of  surface  within  the  horizontal  stratum  of  watefi  which  lies  a 
depth  A  below  the  level,  acts  in  all  directions  (§  £73),  and  coBse- 

quently  also  perpendicular  to  the 
^'S*^*''*  fixed    lateral  walls  of  the  vessd, 

which  (from  §  128)  perfectly  couo- 
teract  it*  If  now  F^  be  the  area  of 
an  element  of  a  lateral  surface .'fBC, 
Fig.  347^  and  h^  its  head  of  water 
FH,  we  shall  then  have  the  normal 
pressure  of  the  water  against  it :   P^ 


=  ^1  •  A 


ir> 


F,be 


a  second  ele* 
tnent  of  the  surface,  and  A  its  head 
of  water^  we  shall  then  have  tht 
normal  pressure  on  it:  P^  =  F^h^y ; 
and  for  a  third  element  P^  =  F^h^ 
&c.  These  normal  pressures  fort] 
a  system  of  parallel  forces,  whose] 
resultant  P  is  the  sum  of  these  pressures ;  therefore  P  =  (f  ,A,  +  ^iV 
+  <*,)y»  But  now,  further,  F^h^  -|-  F^h^  +  ...  is  the  sum  of  tne 
statical  moments  of  F^  F,,  &c*,  with  respect  to  the  surface  OHR  of 
the  water,  and  =  FA,  F  representing  the  area  of  the  whole  surface, 
and  A  the  depth  SO  of  its  centre  of  gravity  below  the  level ;  hence, 
the  aggregate  normal  pressure  against  the  plane  surface  is  F  ^  FAy- 
We  mean  here,  by  the  head  of  water  of  a  surface,  the  depth  SO  of 
its  centre  of  gravity  below  the  level  of  the  water ;  the  general  rule, 
therefore,  is  true  that :  the  pressure  of  water  against  a  plane  surface  is 
equivalent  ta  the  weight  of  a  eolumn  of  water  whose  hose  is  the  surface 
an4  whose  Jmght  is  the  head  0^  water  of  the  surface. 

It  must  further  be  stated^  that  this  pressure  of  the  water  is  not  de^ 

pendent  on  the  (}uant]ty  of 
^"B*348.  water  which   is   before  or 

below  the  pressed  surface, 
that  therefore,  for  example, 
a  flood-gate,  JC,  Fig,  348^ 
under  otherwise  similar  cir- 
cumstances, has  to  sustain 
the  same  pressure^  whether 
the  water  to  be  dammed  up 
be  that  of  a  small  sluice , 
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^CEF^  or  that  of  a  larger  dam  ACGH^  or  that  of  a  great  reseiroir. 
From  the  breadth  JiB  =  CD  ^  b  and  height  J^D  =  5C  =  a  of  a  rec* 

tangular  flood-gate,  P=  ab^  and  the  head  of  water  50  =»  ^;  hence 


I 


I 


r 


the  pressure  of  water 


ab  H 


io^Ay. 


Therefore  the  pressure  increases  as  the  breadth,  or  as  the  square  of 
the  height  of  the  pressed  surface. 

Ktmnpie,  If  the  wnier  stand  3^  feet  bigh  before;  a  board  of  ook  4  feet  broiid,  5  feet 
higfaj  aod  2 1  inches  ibick,  what  will  be  tlia  force  jrequUed  to  draw  it  tip  1     The  volume 

of  ibe  bOBfd  i«  4  <  5  , »--  ^  ,^  cubk  feet.    If  now  we  ttke  the  <ler)sitr  of  oak  Kturated 

24      e 

with  wrate?  from  §  58  at  62,5  X  1,11  =si  67,3  Ibf.,  the  weight  of  ihi*  bowd  wiU  be  - 

25 
G  ^ 67,3  ^  280,5  lbs.    The  pitsi^iiTe  of  the  water  agninai  the  bcwrd,  and  also  the 

pressnie  of  this  la^t  against  the  guides  wiU  be: 

3 

of  frklkm  for  wet  wood  from  §  161,  /  ^  O.SB,  the  tfi&ioa  of  this  board  against  iia 
guides  wjU  he  F  =/  P  =1  0,68  .  ir)31,2&  =  1041,25  the,  If  to  this  be  added  the 
weight  of  the  board,  wo  shall  obtain  the  force  required  to  pull  it  op  ^  1041^25  +  ^'^^ 
suae,d51ba.  * 

fWy  of  the  col- 
Fig.  349. 


G)'- 


4  .  62,5  ^  49  .  30,25  s  1531^5  Iba,;  if  now  we  take  tha  (X>eflicieiit 


§  277.  Centre  of  Presmre.— The  resultant  P 
Jective  elementary  pressures  FjA^y, 
FJt^y^  &c.t  has,  like  every  other 


system  of  paralJel  forces,  a  de6nite 
point  of  application  J  which  is  called 
the  centre  of  pressure.  Equili- 
brium will  subsist  for  the  whole 
pressure  of  the  surface,  if  this  point 
be  supported.  The  statical  mo- 
ments of  the  elementary  pressures 
F^h^Y,  FJi^y^  ic,  with  respect  to 
the  plane  of  the  level  OHR,  Fig. 
349,  are;  FXy  ,  h^  =»  F^h/y, 
FJii\t  &c.;  therefore,  the  statical 
moment  of  the  whole  pressure  with 
respect  to  this  plane  is :  [F^h.^  + 
FJi^  +  .  .  .)  y.  If  we  put  the  distance  KM  at  the  centre  ^of  this 
pressure  from  the  level  of  the  water  «  z^  we  shall  theu  have  the  mo- 
ment of  pressure  =t  Ps  =  (F^h^  +  ^A+  ••■)->!  and  by  equating  both 
moments,  the  depth  in  question  of  the  centre  M  helow  the  surface 


Fh^ 


or 


Wjm;v+ 


F/,  +  FA+^.  Fh  ' 

if,  as  beforet  F  represent  the  area  of  the  whole  surface,  and  h  the 
depth  of  its  centre  of  gravity  below  the  surface.  To  determine  this 
pressure  completely  we  must  know  further  its  distance  from  another 
plane  or  line.  If  we  put  the  distances  F.G^^  F^G^^  &.C.,  of  the  ele- 
ments of  the  surface  F^F^^  &c.,  from  the  line  ^C  which  determines 
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the  angle  of  inclination  of  the  plane  ^  y^y^,  &c,,  we  shall  then 
have  fhe  moments  of  the  elementary  pressures  with  respect  to  tlii 
line  ^  J^iMir?  FJi^^j^  &c<,  therefore,  fhe  moment  of  the  whole  suf 
face  =  [fyf^^i  +  ^J^^t  +  *  0  r?  ^^^  ^^  ^'^  represent  the  distanc 
MJfot  the  centre  JV  from  this  line  by  t?,  we  shall  then  have  the  mil 
ment  also  =  (F^A^  +  f  A+  -  0  ^'r pf*  lastly,  we  make  both  niomeol 
equal,  we  shall  obtain  the  second  ordinate : 

If  tt  be  the  angle  of  inclination  of  the  plane  JiBC  to  the  honson, 
and  rj,  a-j,  &Cp,  the  distances  F^fl,,  F^R^^  &c.,  of  the  elements  F^,  F^M 
SiCf  as  likewise  u  the  distance  of  the  centre  of  pressure  M  from  tb^B 
line  of  intersection  JlB  of  the  plane  with  the  level  of  the  water,  we 
shall  then  have: 

Aj  =  Xj  sin.  A,  Ag  ™  Xj  sin,  ^j,  &c*»  as  weH  as  z 


u  mn*  a; 


II  «  — '- 


and  if  these  values  be  put  into  the  expressions  for  z  and  t?,  we  shall 
then  obtain : 

FjX*+  Fjx/  +  -  -  _  moment  of  inertia       , 
F^x^  +  F^T^  +  . .    ^    statical  moment 
Ft^iMi  +  F^0^  +  .  ■       centrifugal  moment 
^       f ,Xj  +  F^j  +  . .  statical  moment 

We   may»  therefore,  find  the  distances  u  and  v  of  the  centre 
pressure  from  the  horizontal  axis  JiY^  and  from  the  axis  JlX  forme 
by  the  line  of  fall,  if  we  divide  the  statical  moment  of  the  surface  with 
respect  to  the  first  axis^  once  by  its  moment  of  inertia  with  respec 
to  the  same  axis,  and  a  second  time  by  its  centrifugal  moment  witl 
espect  to  both  axes.     The  finsft  distance  is  at  once  the  distance 
centre  of  suspension  from  the  line  of  intersection  with  the  line 
e  water  (§  551)*     It  is  easy  to  see  that  the  centre  of  pressure  coin^ 
[cides  perfectly  with  the  centre  of  percussion,  determined  in  §  270,  ' 
"  e  line  of  intersection  jiY  ^  the  surface  with  the  levels  be  regarde 
s  the  axis  of  revolution. 
If  the  pressed  surface  is  a  rectangle  JiC^  Fig.  350,  with  horizontalJ 
ase  CDf  the  centre  of  pressure  M  will  be  found  in  the  line  LK  leCJ 
pfall  upon  CD  bisecting  the  basis,  and  will  be  distant  |  of  this  linel 
from  the  side  ^B  in  the  surface  of  water.     If  this  rectangle  does  not 


7t^  Jj^y 


Fig.  350. 


Fig.aSh 


Fig,  Sfi2. 


^--^^-j     reach  the  surface  as  In  Fig.  351  ^  if  further  the  distance  KL  of  the 
\    h  I     lower  J»ase  CD  from  the  surface  be  L^  and  that  of  the  upper  base 
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ms 


AB  ss  /^,  we  then  have  the  distance  KM  of  the  ceatre  of  pressure 
from  the  fluid  surface; 


I. 


P—l^ 


/I /i 


For  the  case  of  a  right-angled  triangle  ^BCt  Tig.  352,  whose 
base  JB  lies  in  the  fluid  surface,  the  distance  KM  of  the  centre  of 

pressure  M  from  ^B  (§  223),  u  «  *  ^'  f  =  J  /,  if  f  represent  the 

height  BC  of  the  triangle,  and  the  distance  of  the  same  point  from 
the  other  leg,  as  this  point  in  everj'  case  lies  in  the  line  €0  bisecting. 
the  triangle,  i^hich  passes  from  the  point  0  to  the  middle  point  of  the 
hsLSt^  MM  s=  t>  =  I  5,  where  6  represents  the  base  AB.  I 

If  the  point  C  lies  in  the  surface,  as  in  Fig,  353^  therefore,  the^j 
base  ^B  below  this  pointy  we  have  f 

h  ^^  ^  ^i  and  JTM  ^  v  =  l  A  ^  i  b.         -  - 


Fif.  354. , 


^^^■y 
V 


■  If  the  whole  triangle  JIBC^  Fig.  354,  be  underwater,  if  the  base 

■  AB  is  at  a  distance  AU  ==  l^^  and  the  point  a  distaDce  Cli  =*?* 
from  the  surface  HB^  we  then  have  the  distance  MK  from  the  sur- 
face HR 


^'  + 


^.', 


+  3  I* 


2{/,  +  2y 
In  a   stmilar  manner  the  centres  of 
pressure  may  be  determined  for  other 
figures. 

Exami^,  What  force  K  muit  be  expended  lo 
draw  up  a  Impdoor  v^C  turnimg  abcml  aia  axis 
^i',  Fig.  3551  Let  its  lenj^th  C^s  l^  feet, 
its  breadth  EF  ^  \^  feet,  it*  weight  =  35  IIjs. j 
Utrther,  the  distance  CK  of  the  oxia  of  revolu- 
tion C  from  the  siirAu^e  HR^  measured  in  iJie 
plane  of  the  door^  ^  1  loot,  mul  the  angle  of 
incUnstion  of  this  pinna  to  ihu  horizon  ^  6S^. 

27 


Fig.  356. 
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'the  pfpsi^  sur&ce  h  F  ^  -     -■ 


15 
I »<]imr<*  fret,  and  the  heiu)  tff  wtiter  or  the  lie^pth  c 


iti^eiiTjt  of  ^mviiy  belaw  tlie  aurfttfie,  A  ^  WS ««.  a  s  (H'C+ CS)  ««.  •  =  (HC  +1  -ir)  i 


«in.68°»  —  ttfi,66»  « 


\    ^2      4/  » 

pre»iife  of  waier  cm  the  wartkoe  k:  P  i 


13  ,0,dt7ti 


3 


1,5067  reel;  h«iwe, 


,  1,$067  .  00  »  1$6,45  Hm. 


arm  of  this  force  about  tlie  aoEi*  of  reToJuiion  Is  ihe  diitaticti  CM  o£  tbe  oetitre  of  pret- 
sum  M  ftom  tliii  a*isj  iberefpfo  ^^  HM  —  //C 


?.i-4i 


(l)-(4)' 


;,t-v 


(f)*-(7)' 


ft   *    SI— 16' 


;  0,705  ft,;  henoo  the  smieal  moment  of  the  pressure  of  watcT  ^  186,45  ,  0,705  ^ 
131,46  ft.  Ibfl.     If  the  centre  of  ffmvity  S  of  the  tmp-door  lio»  about  half  tbe  length 


CS  . 


4-  =  -^  '^^  '^^'^  ****  *^**  **^  fevolulkm,  ih«  wm  CB  of  Ihe  weiglut  of  thi^| 


2       4  S 

i^tqMiis  dilpr  wiiJ  be 


1 .  «)•,  68**  -  1 


C5  eof.  «  »  -I. .  oM,  68''  »  -1  ,  0,3716  «  0^$41  a,  and 

henoe  the  atotical  tnotn^ot  of  thi«  weig^ht  =i  35  .  0,Q34l  ^  8,19  It  Ibe.  Bf  the  addition 
of  both  momenta,  we  otiCain  the  whole  moment  for  drawing  up  the  trttp<^loor  ^  131,46 
4-  B,19  a  139,65  A.  lbs.;  and  if  the  force  IT  for  thij  erect  act  at  the  aim  CJ  ^  1,25 

feet,  its  amount  wil(  be  ^  _ — !-^  ^112  lbs, 
1,2S 

§  279.  If  water  presses  against  both  sides  of  a  plane  surface  JJB^ 
Fig.  356 J  there  arises  from  the  resultant  forces  corresponding  to  the 

two  sides  a  new  resultant,  which  is  oh* 
riK.3S€.  tained  by  the  subtntctkin  of  the  former, 

because  these  two  act  oppositely  to  each 
other. 

If  F  is  the  area  of  the  pressed  portioQ  on 
the  one  side  of  the  surface  *^B,  and  h  the 
depth  .'^S  of  its  centre  of  grarity  below  the 
level  of  the  water ;  further,  F^  the  area  of 
the  portion  ji^  .Bj  on  the  other  side  of  the 
surface,  and  h^  the  depth  Ji^  5,  of  its  cen- 
tre of  gravity  below  the  corresponding  level 
of  the  water,  we  then  have  for  the  resultant  sought,  P  =  /'Ay^  J\A  y 

=  (FA-rA)y. 

If  the  moment  of  inertia  of  the  first  portion  of  the  fluid  surface  with 
respect  to  the  line  in  which  the  plane  of  the  surface  intersects  that  of 
the  water,  =  f x^,  the  statical  moment  of  the  pressure  of  water  of  the 
one  side  is,  therefore,  =  Fjc*  ,  y;  if,  further,  the  moment  of  inertia 
of  the  second  portion  with  respect  to  the  line  of  intersection  with  the 
second  surface  of  water  ==  ^i^j**  the  statical  moment  of  the  pressure 
of  water  of  the  other  side  about  the  axis  lying  on  the  second  surface 
is  then  =»  J'j^^iV*  Further,  if  the  distance  Ji^^  of  the  axes  ™  a,  w^e 
then  obtain  the  augmentation  of  the  last  moment  in  its  transit  from  the 
axis  ^^  ro  the  axis*^,  ^  FJij  a  y,  and  hence  the  statical  moment  of  the^ 
pressure  of  water  with  respect  to  the  axis  in  the  first  surface 

-  F,x,\  +  F,h,  .  a  .  T  =  {F,x,^  +  F^a\)  y. 
From  this,  then,  it  follows  that  (he  statical  moment  of  the  diBerenci 


/■ 


1^. _  T 


D 


i^ 


y^^^      ^.i^^.><^H^.  i-^^;^^,^         ^^^^<^jf<^        ^'fr/-,';*^/     ^^Co 


^^^ 


r-^e 
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Fiir.  367, 


of  both  mean  pressures  =  {Er^  —  F^x^^ —  a  F^h^)  y,  and  the  trm  of 
this  latter  force,  or  the  distance  of  the  centre  of  pressure  from  the  axis 
in  the  first  surface  of  water  is ; 

Fk—FJi, 
If  the  portions  of  surface  pressed  are  equal 
to  one  another,  which  lakes  place  when,  as 
Fig.  357  represents,  the  entire  surface  jIB  is 
below  the  water,  we  have  then  more  simply 
P  »  F(A  —  AJ  y  and  B  =  A;  the  last,  be- 
cause h  —  A^  =  a>  and  jTj^  =i  i:"  —  2  a  h  + 
a*  (§  217).  In  the  last  case,  therefore,  the 
pressure  is  equivalent  to  the  weight  of  a  co^ 
iumn  of  water,  whose  base  is  the  surface 
pressed,  and  whose  height  is  the  difference  of  altitude  RH.  of  both 
surfaces  of  water«  and  the  centre  of  pressure  coincides  with  the  centre 
of  gravity  S  of  the  surface.  This  law  is  also  further  correct  if  both 
surfaces  of  water  are  besides  further  pressed  by  equal  forces,  for  ex- 
ample, by  a  piston  or  by  the  atmosphere.  For  this  pressure  upon 
each  unit  of  surface  =  ^,  and  therefore  the  corresponding  height  of 

a  column  of  water  x  =  i^  (§  276),  we  have  then  to  substitute  for  A, 

7 
h  +  x^  and  for  A^  A,  +  x ;  and  by  subtraction,  we  have  the  residuary 
force  P  =  (A  H-  a-  —  [Aj  +  x] )  Fy  =  (A  —  Aj)  fy.     For  this  reason, 
the  pressure  of  the  atmosphere  in  hydrostatic  investigations  is  gene* 
rally  left  out  of  consideration. 

KxampU.  The  height  ^S  of  tha  upper  fturfat^e  of  water  in  a  oanftL  Fig.  356^  amounfa 
la  7  feet^  the  water  in  the  lock  vtands  4  feet  high  at  tlie  elnice^^te,  and  the  hrco«trli  of  tho 
canal  and  of  ibe  Jock  nrienMure  7,5  fet^t,  what  mean  prestute  ha»  the  rilui(»jSEtc}  to 
•tiiiain  ?     It  ifl  F  ^  7  .  7,5  s£  52,5)  and  Ft=t4  .  7,5  ^  3D  sqiiare  feet,     Fijrtiitr,  h  ^ 


1  ,  7  = 
2 


.  -1  and  A, 


^  ^2  feet,  a  ( 

a 


•  3  feel,  ^  Bs  - 
3 


.  and  x,*s 


J:  .  4"  55*  .^i  hence  it  jbUowf^  that  tho  mean  preiatire  tought  ja:  P  ^  {Fk — F,A,}  ^ 
3  3 


=  (52,5  .  Jl  —  30  ,  5)  .  G2,5  «  133,75  .  62.5  ^ 


:  7734,375  Ibt.;  and  the  depth  of  its 

point  of  application  beJow  the  surface  of  the  Wmter  is: 
Aa  1 A 

52,5, 

=  4,1S2  fcAt. 


52,5. 


_60 


517,5  ^ 
'  12:],75 ' 


§  280.  Pressure  in  a  Definiie  DirecHon, — In  many  cases  it  is  of 
Importance  to  know  only  one  part  of  the  pressure  acting  in  a  clefmite 
direction  upon  a  surface.  In  ortler  to  find  this  component,  we  resolve 
the  normal  pressure  MP  =  P  of  the  surface  ^C=  jF,  Fig.  358,  in 
the  given  direction  MX^  and  in  the  direction  JfF  perpendicular  to  it 
into  two  component  pressures  MP^  =  Pj,  and  MP^  =  P^,  Let  a  be 
the  angle  PMX^  which  the  norma]  in  the  ^ven  direction  MX  makes 
with  the  component,  we  shall  then  obtain  for  the  components ;  P^^  P 
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cm.  a  and  P^  =  P  nn. 


Let  a  prtv 


ri«*s£8. 


jection  Jl^  B^  CD  of  the  surface  *^i 
made  oo  a  plane  at  right  angles  to 
given  directioD^X,  we  shall  then  have 
forks  area  F^,  the  formula  F^^  F .  coi, 
JiDJ^^  or  since  the  angle  of  tnclitia- 
tioii  JiDJi^  of  the  surface  from  its  pro- 
jection is  equal  to  the  angle  PJ^fX  =^ 
a  between  the  normal  pressure  P  and 
its  cntnpouent  P,,  we  then  have  F^  ^ 

F 
cot.  tt}  or  inversely  :  cos.  »  &a  -^^ 

F 

hence  P^^P ,  fj.    But  as  the  nornifl 


pressure  P  «  FAy,  it  follows  finally  that  P,  «  ^i^t  *-  ^-  '^  pres^ut 
with  which  water  presses  (gainst  a  surface  in  a  given  direcHon^  is  equ 
to  the  weight  of  a  coiumn  of  water  which  has /or  base  the  projection 
Urn  surface  perpendicular  to  the  given  direction  ^  and  for  height^  ti 
depth  of  the  centre  of  gravity  of  the  surface  below  that  of  the  waltr^ 

It  ts  important,  in  most  cases  of  application,  to  know  only  the  7erti>i-1 
cal  or  the  horizontal  component  of  the  pressure  of  water  against  a 
surface.     Since  the  projection  at  right  angles  to  the  vertical  direction 
is  the  horizontal,  and  the  projection  at  right  angles  to  the  horizontal 
direction,  a  vertical  projection,  the  vertical  pressure  of  water  a^inst 
a  surface  may  be  found,  if  the  horizontal  projection  or  its  trace  be  con*^^ 
sidered  as  the  surface  pressed,  and  on  the  other  hand  the  horizontd|^| 
pressure  of  the  water  in  any  direction  may  be  also  found,  if  the  verti-^* 
cal  projection  or  the  elevation  of  the  surface  at  right  angles  to  the  given 
direction  be  considered  as  the  surface  pressed^  but  in  both  cases  the 
depth  of  the  centre  of  gravity  of  the  surface  below  that  of  the  wat€ 
taken  as  the  head  of  water. 

For  a  prismatic  dam  jfCH,  Fig.  359,  the  longitudinal  profile  Ei 

for  ihe  horizontal  pressure  of  the 
Fig.  359.  water  and  the  horizontal  projec* 

tion  EL  of  the  surface  of  winter 
for  the  vertical  pressure  must  be 
regarded  as  the  surfaces  press- 
ed. Hence,  if  the  length  AG  of 
the  dara  =  I,  the  height  AE  =  A, 
and  the  front  slope  EF  =  a,  we 
have  then  the  horizontal  pressure 


of  the  water  ^  Ih  .  ^^ 


and  its  vertical  pressure  «  al , 


2 


If  now,  further,  the 


Ltipper  breadth  of  the  top  of  the  dam  =  b^  the  slope  at  the  back  CD 
'  a„  and  the  density  of  the  mass  of  the  dam  ^  y^,  we  then  have  the. 
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Height  of  the  dam  «■  A  4.  ^  ^  ^MAfy^,and  the  whole  vertical  pres- 
sure of  this  against  the  horizontal  bottom 

If  we  put  the  co-efficient  of  friction  ^f^  then  the  friction  or  force  to 
push  the  dam  forward  is: 

In  the  case  where  the  horizontal  pressure  of  the  water  is  to  effect  this 
displacement,  we  have : 

2**'y*"L2^+(*  +  ^  2  ^')y' J-^>  ^'  ^^^^  simply: 

A-/[a+(2i  +  a  +  a,)^]. 

Therefore,  in  order  that  the  dam  may  not  be  pushed  away  by  the 
water,  we  must  have : 


*  </[«+  (2i  +  a+a,)^],or, 


For  safety  we  assume  that  the  base  of  the  dam  is  quite  permeable, 
on  which  account  there  is  further  a  counter  pressure  from  below  up- 
wards -B  (4  +  a  +  a  J  Ihy  to  abstract,  and  we  may  put 


*</[(2»  +  ,  +  ..)(i-l)-5.]. 


A/ 


Eaoampk,  The  dentity  of  the  mass  of  a  clay  dam  is  nearly  twice  as  great  as  that  of 
water,  therefore,^  ^  2 and  21 —  1  ib  1 ;  hence,  for  such  a  dam  we  may  put  simply 

y  y 

A  >  /  (2  64*  a).    According  to  experience,  a  dam  will  resist  a  long  time  if  its  height, 
slope  and  breadth  at  the  top  are  equal  to  one  another;  if  in  the  last  fiurmula  we  put 

A  as  6  as  a,  then/  wm  — ,  whence  we  must  in  other  cases  put: — 

A«iyr(2  6+a+aO(2l-.  A-.a,J,andibrclaydams6qpaoiil4riijMi-  4^  ^ 

3A-*a 
+  a),  and  inversely,  b  »  — - — .    If  the  beifl^tof  the  dam  hb  90  fta^and  flw  ■ngto 

—  ■  ' 

of  slope  mwa  36®,  the  slope  a  wiU  be 

as  A  co^f.  •  a«  20 .  eUg,  36<>  f»  20 .  1^764  -«  27,93  feat,  ixt* 

60  —  37,93 
and  hence  the  upper  breadth  of  the  dam  h  ■■ ««  16;M  ftd     ■ 

§  281.  Pressure  on  Curved  Surfacet. — The  law  firand  ia  fhe  Itit 
para^ph  on  the  pressure  of  water  in  a  definite  direction  is  true  only 
for  plane  surfaces,  or  for  the  separate  elements  of  curved  surfaces,  but 
not  for  curved  surfaces  in  general.  The  normal  pressures  on  the 
separate  elements  of  a  curveid  surface  may  be  resolved  into  lateral 
components  parallel  to  a  given  direction,  and  into  others  acting  in  the 
plane  normal  to  it ;  these  components  form  a  system  of  parallefforces, 
whose  resultant  gives  the  pressure  in  the  given  direction,  and  these 

♦27 
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components  may  be  reduced  to  a  resultant,  but  the  two  resultants 
admit  of  no  further  composition  when  their  directions  do  not  intersect* 
It  is  not  possible  in  general  to  reduce  the  aggregate  pressures  against 
the  elements  of  a  curved  surface  to  a  single  force,  but  particular  eases 
present  themsehes  where  this  composition  is  possible. 

~     -     -     -        |jg  ijj^  projections,  and  A^,  A^,  A,,  &C-^  the 


Let  G.,  G,, 


G^,  &c< 


heads  of  water  of  the  elements  F^^  /',,  F^,  &c*,  of  a  curved  surface, 
we  then  have  the  pressure  of  water  in  the  direction  perpendicular  to 
the  plane  of  projection : 

P, «  (G^A,  +  G,A,  +  GA  +  ••  Or* 
and  its  moment  with  respect  to  the  plane  of  the  surface  of  water 

P,u  =  (GA'  +  «A'  +  ^^A'  +  •  .  0  ^ 
If  the   curved    surface   pressed   upon    can   be   decomposed 
elements  which  have  a  uniform  ratio  to  their  projections,  we 
then  put 

:^L  «  :^  =  ^,  &c.,  =  n,  we  then  have: 
G,       G        G, 

\  n  n  /         \  n 

ratio  of  the  entire  curved  surface  F  to  its  project ioa 


into 
may 


or. 


G, 


since  the 

.       F  ^ 
u  e.  —  iBm 

p        fA 

n 


^)r. 


1 
I 
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GAy;  in  this  case  we  have,  as  for  every  plane  sur- 

face^  the  pressure  in  any  direction  equivalent  to  the  weight  of  a  prism 
of  water^  whose  basic  surface  is  at  ri^ht  angles  to  the  projection  of 
he  curved  surface  in  the  given  directionj  and  whose  height  is  equal 
to  the  depth  of  the  centre  of  gravity  of  the  curved  surface  below  the 
surface  of  water- 

So,  for  example,  the  vertical  pressure  of  water  against  the  envelope 
of  a  conical  vessel  ^CB^  filled  with  water,  Fig. 
360,  is  equal  to  the  weight  of  a  column  of  water 
which  has  the  bottom  for  its  base,  and  two*thirds 
of  the  length  of  the  axis  CM  for  height,  be- 
cause the  horizontal  projection  of  the  envelope  of 
a  right  cone  upon  its  base,  as  likewise  the  eo* 
velope,  may  be  resolved  into  exactly  similar  tri- 
angular elements,  and  because  the  centre  of 
gravity  S  of  the  surface  of  the  cone  is  distant 
two-tlurds  of  the  height  of  the  cone  from  the 
vertex  (§  HO).  If  r  be  the  radius  of  the  base, 
and  h  the  height  of  the  cone,  we  shall  then  have 
the  pressure  against  the  bottom  =  nr^Ay^  and  the 

vertical  pressure  against  the  envelope  »  ^  Kr*Ay,  but  as  the  bottom  ts 

o 

rigidly  connected  with  the  sides,  and  both  pressures  act  opposed  to 

each  other,  the  force  with  which  the  vessel  is  pressed  downwards  by 

the  water  is; 


I 


I 
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3}9 


-('-5)-''*' 


to  the  weight  of  the  whole  mass  of  water.  If  the  bottom  be  separated 
by  a  fine  cut  from  the  envelopei  this  will  then  press  with  its  full  force 
fif^ky  downwards,  or  on  its  support,  and  on  the  other  hand  it  would 

be  necessary  to  hold  down  the  eavelope  with  a  force  -=  ifr^Ay  to  prevent 

o 

its  being  raised  oC 


Fig.  3et. 


Fig*  tn. 


Rtmark,  From  tliu  the  fbroe  wUiah  the  itCAm  of  a  steam- 
engine  or  the  water  of  a  M'ater-coUimn  machine  enerts  on  ihe 
pi&totii  is  mtlepeijtleni  of  the  form  of  tbe  piston.  Whether  iJie 
«orlace  of  preasure  be  dut^mentdd  by  being  hollo  wet!  oui  or 
roundad,  the  pressure  with  which,  the  $leam  or  wat^r  pushes 
forward  the  piston  ia  equivalent  to  the  product  of  the  cross 
sectioa  ot  horizontal  pmjection  of  the  pi«tcm  end  the  pressure 
on  a  uti»t  of  surface.  The  pressure  on  the  larger  EurTnce  of  m 
funuel-flhaped  piston  ^B^  Fi^.  301^  whose  greater  radius  C^ 
^  CB  ss  r  and  ieMer  radiui  GD  ^  GE  ^  r,,  is  ^  vr^,  ami 
the  reaction  upon  the  envelopa  1^  *  (H*  ^^  r^'}  p  \  hen^^  ilie 
teodiMiy  efleciive  pressure  ie  s=  irf^p  —  w  (r^  —  f  ,*)  p  ^  wt,^ 
^  the  eroa*  section  of  the  cylinder  muliipiied  by  ilie  prcaiure 
oa  a  unit  of  suxfaceu 

§  282.   Horizontal   and    Vertical   Fresmre. — 

Whatever  may  be  the  form  of  a  curved  surface, 
I  jfBj  Fig.  362,  the  horizontal  pressure  of  the  water 

against  it  is  always  equivalent  to  the  weight  of  a 
I  column  of  water,  whose  base  is  the  vertical 

projection  -/^iB,  of  the  surface  perpendicular 

to  the  given  direction  of  pressure,  and  whose 

height  of  pressure  is  the  depth  CS  of  the 

centre  of  gravity  S  of  the  projection  below 
I  the  surface  of  water.  The  correctness  of 
'  this  follows  directly  from  the  formula  Pj  = 

(G^A|  +  GjAj  +  *  .  ,)  7,  when  we  consider 

that  the  height  of  pressure  h^j  A,,  Stc^  of  the 

elements  of  the  surface  are  also  the  heights 

of  pressure  of  their  projections,  that,  there* 

fore,  CtjAj  +  GJt^  4-  ,  .  .  is  the  statical 

moment  of  the  whole  projectioot  i*  e*  the 

product  Gh  of  the  vertical  projection  G  and 

the  depth  h  of  its  centre  of  gravity  below  the  surface  of  water.    We 

have  here,  therefore,  again  to  put  Pj  =  GAy,  and  to  consider  A  as  the 

height  of  pressure  of  the  vertical  projection. 

The  vertical  section  which  divides  a  vessel  containing  water  into 

two  equal  or  unequal  parts,  is  at  once  the  vertical  projection  of  the 

two  parts,  but  the  horizontal  pressure  on  one  part  of  the  wall  of  the 

vessel  is  proportional  to  the  product  of  its  vertical  projection  and  to 

the  depth  of  its  centre  of  gravity  below  the  surface  of  the  water,  coo* 

sequently  the  horizontal  pressure  on  a  part  of  the  wail  of  the  vessel  is 

exactly  equal  in  amount  to  the  oppositely  acting  horizontal  pressure 

on  the  part  opposite,  and  consequently  the  two  forces  balance  each 
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Other  in  the  vessel ;  the  whole  vessel  U  therefore  equally  pressed  by 
the  enclosed  water  in  all  horizoDtal  difectiotis.  f^ 

If  an  opening  0  be  made  in  the  side  of  a  vessel  UBK,  Fig<  363t 

the  part  of  the  pressure  correspooding 
the  section  of  this  opening  disappe 
and  the  pressure  on  the  oppositely  sita^ 
ated  portion  of  the  surface  ¥  now  coiiiei 
into  action.     Whilst,  therefore^  the  water 
flows  out  at  the  lateral  aperture,  an  eqaa 
distribution  of  the  horizontal  pressure  ofl 
lonpfer  takes  place  over  the  whole  extent 
and  there  ensues  a  reaction  opposite  to 
the  motion  of  the  flowing  water :  P  ^  FAy,  F  being  the  projectioD 
the  aperture,  and  A  the  height  of  pressure  of  lEs  projection.     By  thi 
reaction  the  vessel  may  be  set  into  motion. 

The  vertical  pressure  of  water  is  P^  =  ^^{i  against  an  element  of 
rface  f,.  Fig*  364,  of  the  side  of  the  vessel,  since  the  horizonts 
projection  O^  may  be  regarded  as  the  transverse 
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section,  and  the  height  of  pressure  A^   as  the j 
height,  and  therefore  G^Aj  as  the  volume  of  a^ 
prism  J  equivalent  to  the  weight  of  a  column  of 
water  HF^  incumbent  on  the  element,  and  reach- 
ing the  surface  of  the  water.     The  elementg  of 
the  surface  which  make  up  a  finite  part  of  tbe 
bottom,  or  side  of  the  vessel,  hence  suffer  a  ver- 
tical pressure  which  is  equivalent  to  the  weight] 
of  all  the  incumbent  columns  of  water,  i,  e.  to  | 
the  weight  of  a  column  of  water  incumbent  on 


the 
then 


whole  portion. 
obtain  for  the 


Let  this  volume 
vertical  pressure  P  «*  F^ 


we  I 


iT* 


For  another  portion  *4j5j,  which  lies  vertically 
above  the  former,  we  have  the  vertical  pressure 
opjiosed  to  it  Q  =3  V^  \  but  if  both  portions  are 
rigidly  connected  with  each  other,  there  results 
from  the  two  forces  the  force  acting  vertically  downwards  Jl  ^ 
(  Fj —  Fj)  y  ^=t  Fy  =s  to  the  weight  of  ike  columns  of  water  contmned  be- 
tween the  two  portions  of  the  surface.  If,  lastly,  we  apply  this  law  to 
the  whole  vessel^  it  follows  that  the  aggregate  vertical  pressure  of  the 
water  against  the  vessel  is  e^ivalent  to  the  weight  of  the  enclosed  mass 
of  water, 

§  283,  Thicfmess  of  Pipes. — The  application  of  the  laws  of  the 
pressure  of  water  to  pipes,  boilers,  &c.,  is  of  particular  importance* 
That  these  vessels  may  adequately  resist  the  pressure^  and  be  pre- 
vented bursting  from  its  eflTect,  we  must  give  a  certain  thickness  to 
their  sides,  corresponding  to  the  head  of  water  and  the  internal  width. 
The  bursting  of  a  pipe  may  take  place  in  various  ways,  viz.,  trans* 
versely  or  longitudinally;  the  latter  happens  more  frequently  than  the 
former,  as  will  be  soon  understood  from  what  follows. 

The  widdi  of  the  pipe  BD  ^  2r,  Fig.  365,  and  the  head  of  water 
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CA'=A>  therefore  the  pressure  on  a  unit  of 

surface  p^=hy,  we  then  ha%^e  the  whole  pres- 

f*sure  in  ihe  direction  of  the  axis  of  the  pipe 

iHr^^ftr^hy;  if  the  thickness  of  the  side! 

r^5=J5£=e,  we  then  have  the  transverse 

'jeclion  of  the  mass  of  the  pipe  =  n  (r+e)* 

^«2Kre+irc"=2Kre  (l  +  —\  and  if 

^lastly  we  put  the  modulus  of  elasticity  =K^ 
"we  then  have  the  pressure  for  rupture  over 
I  the  whole  section  of  the  pipe 

tor  this  reason  we  have  now  to  put : 

er  approximately  and  more  simply  2  e  K~rp^ 
I  *and  hence  the  thickness  of  the  pipe  e  s  —B^ 


Fif .  365, 


In  order, 


>  therefore^  to  avoid  any  transverse  rent  in  the  pipe  or  in  the  boiler, 

the  thickness  of  the  sides  must  be  made  e  >  ^*    Of  all  longitudinal 

[*rents,  */J£,  LH^  &c,^  those  running  diametrically,  such  as  J?E,  take 
'place  the  most  easily,  because  they  have  the  smallest  area,  whence 
we  must  only  take  these  into  account.     Let  us  consider  a  portion  of 
^-a  pipe  of  the  length  /,  and  let  us  have  regard  to  the  occurrence  of  a 
[;^ent  of  the  length  /,  we  then  obtain  a  transverse  section  of  the  surface 
yDf  separation  =  ie,  and  hence  the  force  for  rupture  in  this  surface  ieK, 
For  two  oppositely  situated  rents  this  force  is  ^  2  leK^  whilst  the 
I  pressure  of  water  for  each  half  of  the  pipe  is  proportional  to  the  trans- 
^^Terse  section  ^r/,  and  hence  is  =  2  rip.     By  equating  the  two  ex- 
pressions, it  follows  that  2  ieK  ^  2  r/p,  i,  e.  c  IC  ^  rp,  therefore  the 

[lliickness  e  :=  -^.     To  provide  against  longitudinal  rents,  the  sides 
Ijnust  be  made  as  thick  again,  as  to  provide  against  transverse  rents. 

From  the  formula  e  f=  ^  »  ^^>  **  follows  that  the  strength  of 
K         K 

[  mmiiar  pipes  is  as  the  widths  and  as  the  heads  of  water  or  pressures 

]  upon  a  unit  of  surface.     A  pipe  three  times  the  width  of  another, 

which  has  &vb  times  the  pressure  to  sustain  on  each  unit  of  surface 

[that  the  other  has,  must  have  its  sides  fiHeen  timfcs  as  thick. 

Hollow  spheres,  which  have  to  sustain  a  pressure  p  from  within 

Ion  each  unit  of  surface,  require  a  thickness  c  ss  ^^2^,  because  here 

I  2  A 

the  projection  of  the  surface  of  pressure  is  the  greatest  circle  fcr*,  and 
I  the  surface  of  separation  the  ring  2  nre  (l  +  ^ \ ,  or  approximately 

[for  a  smaller  thickness  ==  2  /tre. 

The  formula  found  give  for  jj  =  o,  also  c  =  a,  for  this  re^^^^^ 
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therefore,  pipts  which  have  no  internal  pressure  to  sustain,  iBay  be 
made  indefinitely  tkin;  but  as  each  pipe  must  sustain  a  certaitt  pre»-| 
sure  from  its  own  weight*  we  must  still  gire  to  it  a  certain  tkick'^ 
ness  ^,,  to  obtain  the  strength  of  a  tube  which  will  resist  tio^er  bX\ 
circumstances.     Hence,  for  cylindrical  pipes  or  boilers  we  must  pu 
rhy 


e  =  €,  + 


K 


-,  or  more  simply,  if  d  represents  the  interior  diameter  t 


the  pipe,  n  the  pressure  in  atmospheres,  each  corresponding  to  a  calami 
of  water  33  ft,  high,  and  ^  a  number  from  experiment  e  «=  e^  +  j 
From  experiments  made  we  must  take  for  pipes  of 
Iron  plate       .         .         ,     e  =»  0,00086  fi4  +  0,12  inches 


Cast  iron 
Copper  , 

Lead 
Zinc 
Wood     . 
Nafural  stones 
Artificial  stones 


e  =  0,00238  nd  +  0,33 
e  =  0,00148  nd  +  0,16 
€  =  0,00242  nd  +  0,20 
€  t=  0,00507  nd  ^  Q,\e 
e  —  0,0323  nd-^lM 
e  «  0,0369  nd  +  1,15 
€«  0,0538    nd+  1,63 


<4 


Extnttptt.  If  ft  peq>endiculiir  wMet^4>\iitftn  inftchlne  ha*  fiwt'iron  plpei  <if  10  icM^ei 

inner  width,  how  ihiek  jnusi  the»6  be  tit  100,  200,  atid  300  fe«t  depths?     From  the  Ibc- 
itiitUt  ioi  100  feet  pfesfUfe^  thb  thtcknew  u : 

—  OjOOaSS  .  i22.  .  10  ^-  0,33  »  0,07  +  0,33  —  0,4D  imslim; 

for  200  feel,  =  0,14  +  0,33  ^  0,47  incbet;  and  fw  30O  feet  prea«tife,  ^s  0^2  -J-  0,33  I 
^  0)55  iachei.  Cost  iron  comluctiog  pipe*  are  oomnifmly  prDved  at  10  ftimoipbetet,  §aw  I 
which  ren«Gtt,  c  ^  0,023S  ,  ^+  0,33  ituihea;  therefore,  for  pipe*  of  10  inchet  width,  thiA  | 
tJiioknea*  e  ==  0,24  +  0,33  ss  0,57  inches  mtiit  be  given. 

Betnorka,  Tbtf  thicknesi.  of  ihe  sridea  of  it^nn-hoilcrg  wlU  be  ooiindeTed  in  llie  Seoond 
Pftft  Concerninjir  the  theory  of  the  atrength  of  pipea,  a  trPHtiis  h^  Brii,  in  the  "  Ver- 
hanUlutigen  dea  Verelixt  jur  Befordemug  dea  GewerbAeiixea  i(i  Pfeuszen,"  Jahrgang, 
1 834,  may  be  oonsutted.  The  te^bnicai  relaiionB  and  the  proving  of  pipes  are  fully  ireriied 
of  m  Hagen%  *^  Han^htich  der  WaA»erbatikutut/^  vol.  i^  and  in  G^tiieyi'  **Eaiai  «ut  tea 
moyena  de  eoRduire,  &c,  le*  eau*,'* 

[For  a  %new  of  the  general  principles  governing  the  construction  and 
strength  of  cylindrical  steatn-boilersj  the  editor  may  refer  to  his  paper 
on  that  subject  read  before  the  Franklin  Institute,  July  26 ^  1832,  and 
published  in  its  Journal,  in  which  the  relation  stated  in  the  text,  be* 
tween  the  iitrength  required  in  the  direction  of  the  curvature  and  that 
in  the  direction  of  the  length  of  the  tube  or  boiler^  was  pointed  out, 
accompanied  by  a  table  of  diameters  and  thicknesses  of  boilers,  with 
the  tenacities  per  inch  of  iron  required  in  each  direction  for  a  given 
pressure.  See>  likewise,  American  Journal  of  Science  and  Arts,  voL 
xxiii*  No.  1,] 


CHAPTER    II. 


ON  TH£  EQUILlBRItlM  OF  WATER  WITH  OTHER  BODIES. 

§  284,  Muoyancr/, — A  body  immersed  under  water  is  pressed  u( 
by  the  water  on  all  §ides,  and  now  the  question  arises  as  to  the 
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amount,  direction  and  point  of  application  of  the  resultant  of  all  these 
pressures-  Let  us  imsgine  this  resultant  to  consist  of  a  vertical  and 
a  horizontal  componentj  and  determine  these  forces  according  to  the 
rules  of  §  282.  The  horizontal  pressure  of  the  water  against  a  sur* 
face  is  equivalent  to  the  horizontal  pressure  against  its  vertical  pro- 
jection, but  now  every  projection  of  a  body, 
j?C,  Fig,  366,  is  at  the  same  lime  the  projec-  Fig*  see. 

tion  of  the  fore  part  JiDC  and  the  back  part 
ABC  of  its  surface ;  hence^  also,  the  horizontal 
pressure  of  water  against  the  back  portion  of 
the  surface  of  a  body  is  equal  in  amount  to  that 
of  the  front  portion,  and  as  both  pressures  are 
exactly  opposite,  their  resultant  ^  0,  As  this 
relation  takes  place  for  every  arbitrary  hori- 
zontal direction^  and  the  vertical  projection 
corresponding  to  this,  it  follows  that  the  result- 
ant of  all  the  horizontal  pressures  is  nothing;  that,  therefore,  the  body 
AC  below  the  water  is  equally  pressed  in  all  horizontal  directions, 
and  for  this  reasoD  exerts  no  effort  to  move  forward  in  a  horizontal 
direction « 

To  find  the  vertical  pressure  of  the  water  against  the  body  BCS^ 
..Fig.  367,  let  us  suppose  it  made  up  of  ver- 
'tical  elementary  prisms,  *^B,  CJ),  &c.,  and  Fig- 367. 

determine  the  vertical  pressures  on  their  ter« 
minating  surfaces  A  and  fi,  C  and  D.    If  the 
lenghts  of  these  prisms  are  /„  /j,  &c,,  the 
depths  of  their  upper  extremities  B^  i>,  &c,, 
below  the  surface  of  water  HR  :  A^,  A^,  &c,, 
and  the  horizontal  transverse  sections  F^F^^ 
&rC*,  we  then  have  for  the  vertical  pressures 
acting  from   above  downwards   against   the 
extremities,  5,  i>,  &c.,  ==  FJi^y^  F^,  &c. ; 
on  the  other  hand,  the  pressures  acting  from  below  upwards  andj 
against  the  extremities  ^,  C,  &.c.^  ^  F^  (Aj  -|-  /J  y,  F^(h^  +  i^)  y, 
&c. ;  and  it  now  follows,  from  a  composition  of  these  parallel  forces, 
that  the  resultant  F 

-  ^t  (A,  +  l,)7+F,  (A.  +  /,)r  +  .  •  ^-F,h^r  —  F,h^—. . 

if  V  represents  the  volume  of  the  immersed  body  or  the  vrater  dis* ' 
placed. 

There/are  the  buoyancy  ar  the  force  with  which  the  water  strives  t^ 
push  a  body  immersed  from  below  upwards^  is  equivalent  to  the  weight 
of  water  displaced^  or  to  a  quantity  of  water  which  has  the  same  volume 
as  the  submerged  body. 

Further,  to  find  the  point  of  application  of  this  resultant,  let  us  put 

the  distances  ^^j,  CC^^c,  of  the  elementary  columns  j^B>  CD,&c,, 

from  a  vertical  plane  HJ>r :  «j,  a  ,  &c,,  and  determine  the  moments  of 

I  the  forces  witb  respect  to  this  plane.     If  S  is  the  point  of  application 

[of  the  upward  pressure,  and  SS^  =»  x  its  distance  from  that  principal 

plane,  we  shall  then  have : 


;^;jggagj^g^ 
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F.r 


I  *iV 


FJ,a,+  F,l,a,^. 


and  heoce, 
L,  if  F,,  f;»  Slc,  re- 


present  the  contents  of  the  elementary  columns*  Since  (from  §  lOO) 
the  centre  of  gravity  is  accurately  determined  by  the  same  forinaIa»  it 
follows  that  the  poini  €tf  applkaiion  S  of  11^  upward  pretmrt  €&mcidt$ 
with  the  cmtre  of  gravity  nf  tfw  water  displaced, 

§  285.  The  weight  G  of  the  body  acting  in  an  opposite  direetioii 
associates  itself  with  the  buoyaocy  of  the  body  immersed  or  under 
water»  and  from  the  two  there  arises  a  resultant  R  ^  G  —  Fy  or  — 
(,  — I)  Ty,  iff  be  the  specific  gravity  of  the  body. 

If  the  mass  of  the  body  be  homogeneous,  the 
Fij,  2S$.  centre  of  gravity  of  the  displaced  water  will  coincide 

with  that  of  the  body,  and  hence  this  polot  will 
be  the  point  of  application  of  the  resultant  J?;  but 
if  there  be  not  homogeneity ,  then  these  centres  of 
gravity  do  not  coincide,  and  the  point  of  applicatioti 
of  the  resultant  R  deviates  from   both  centres 
gravity.     Let  us  put  the  horizontal  distance  SI 
Fig,  368,  of  both  centres  of  gravity  from  each  other^ 
^  &,  and  the  horizontal  distance  &?  of  the  point  of 
application  *4  sought  from  the  centre  of  gravity  *S 
of  the  displaced  water  ^  a,  we  shall  have  the  equa- 
tion Gb  =  Aa,  from  which  is  given: 

Gb         Gb 
^  ""    H    "  G— P' 

If  the  immersed  body  be  left  to  its  own  gravity^  the  three  following 
cases  may  present  themselves*    Either  the  specific  gravity  of  the  body 
is  equal  to  that  of  the  water,  or  it  is  greater^  or  it  is  less  than  the 
specific  gravity  of  the  water.     In  the  first  case  the  buoyancy  is  equal 
in  the  second  it  is  less,  and  in  the  third  it  is  greater  than  the  weighi 
of  the  water.     Whilst,  in  the  first  case,  equilibrium  subsists  between^ 
the  weight  and  the  buoyancy,  the  body  must  in  the  second  case  sm 
with  the  force  G — Vy  =  (*  —  1)  Vy^  and,  in  the 
Fig.  368.  third  case,  rise  with  the  force  Vy —  G  «  (1— ») 

Vy,  The  rising  goes  on  only  as  long  as  the  mass  of 
water  V\i  cutoff  from  the  plane  of  the  surface  ami 
displaced  by  the  body,  has  the  same  weight  as  the 
entire  body*     The  weight  G  =  Fi  7  of  the  body 
BB^t  Fig*  369,  and  the  buoyancy  P  =  V^y  now 
constitute  a  couple,  by  which  the  body  is  made  to 
revolve  until  the  directions  of  both  coincide,  or  until 
the  centre  of  gravity  of  the  body  lies  in  one  and  the 
same  vertical  line  with  the  centre  of  gravity  of  the  displaced  water,    ^M 
The  line  passing  through  the  centre  of  gravity  of  the  floating  body  ^^ 
and  through  that  of  the  displaced  water,  is  called  the  axis  ofjioatation;       ^ 
and  on  the  other  hand,  the  section  of  the  body  formed  by  the  plane  of 
the  surface  of  the  water,  the  piaiiE  ofjioatation.     Every  plane  which 
dindes  a  body,  so  that  one  part  is  to  the  whole  as  the  specific  grarity 
of  the  body  to  that  of  the  fluid,  and  that  the  centres  of  gravity 
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two  parts  tie  in  a  Un^  normal  to  this  plane,  is  a  plane  of  6oatatIon  of 
the  bodY> 

J  286.  D^tk  qf  Floatation.     If  the  figure  and  weight  of  a  floating 
y  be  known,  the  depth  of  immersion  may 

be  calculated  beforehand,  with  the  help  of  the Fig^370. 

previous  rule*    If  G  be  the  weight  of  the  body* 
we  may  then  put  the  volume  of  the  displaced 

r* 

water  K  =  _;  if  we  combine  with  it  the  ste- 
7 
7  reometncal  formula  for  the  volume  1%  we  shall 
'  oltain  the  equation  of  condition.     Hence,  fof 

the  prism  JiBC,  Fig,  370,  with  vertical  axis, 

for  example,  V  =  Fy,  if  F  represent  the  sec* 

tion  and  y  the  depth  BD  of  immersion,  Fy  = 

—  and  y  =  ---,     For  a  pyramid  JiBC^  Fig.  371,  whose  vertex 

7  Fy 

floats  under  the  water,  V  =  i/y^,  if/  represents  the  section  at  the 
distance  of  unity  from  the  vertex  j  hence  it  follows,  that; 

i/y>  .  -,  and  hence  the  depth  CE^y=~^   '|?-^. 
y  \l/v 

Fig.  371.  Fig.3TS. 


For  a  pyramid  ABC^  Fig,  372,  floating  with  its  base  below  the  water, 
the  distance  is  given  CE  ^  y,  of  the  vertex  from  the  surface,  from 
the  height  h  of  the  entire  pj^ramidi  if  we  put : 

For  a  sphere  JJB,  Fig.  373,  with  the  radius  Cy/  »  r, 

Fig.  373.  Fig.  374. 
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V  tm  H  i^(  r ?y  hence  we  shall  have  to  solve  the  cubic  equation 

y3  _  3  r|^  +  i^  a.  0,  to  find  the  depth  of  immersion  DE  of  the 

«y 
sphere. 

For  a  floating  cylinder  JtGj  with  horizontal  axis,  Fig.  374,  of  a 
radius  BC  -«  I>C  »  r,  if  aP  be  the  angle  BCD  subtended  at  the 
centre  by  the  arc  immersed,  the  depth  of  immersion  ^E  mm  y  mm  r 
(1  —  cot.  \  «)|  but  to  find  the  arc  immersed,  we  must  put  the 

volume  oi  the  water  displaced  »  to  the  segment  -^less  the  triangle 

^**^'^  multiplied  by  the  length  GK  -  /  of  the  cylinder;  therefore, 

(«  —  nn.  a)  —  B  —9  and  solve  the  equation  • — rin.  «  «■  -— ,  by 
approximation,  with  respect  to  «. 

Exanqfla. — 1.  A  wooden  sphere,  of  10  inches  diameter,  floats  4)  inches  deep,  the 
Tolume  of  water  displaced  by  it  is  then : 

whilst  the  solid  contents  of  the  sphere  are  Z. —  ws  ^ as  S33,6  cubic  inches. 

6  6 

From  this,  533,0  cnbic  inches  of  the  mass  of  the  sphere  weigh  as  nniefa  ■•  222,66  cubic 
inches  of  Mrater,  and  it  follows  that  the  specific  gravity  of  the  former  is: 
232,66       ^  ^„. 

•—523:6— °*^2^- 
2.  How  deep  will  a  wooden  cylinder  of  10  inches  diameter  and  specific  gravity  §  as 

0,425  sink?   •  — '^«  ^H^ljUl  «s  vi>s0,425.vb  1,3352 :  now  a  table  of  seg- 

ments  gives  for  the  area  ^JZ —  ^  1,32766  of  a  circular  segment,  the  angle  subtended 

2 

at  the  centre  by  the  arc  •®bb  166®,  and  for  *      *"**  ma  1,34487,  the  same  angle  as 

167^;   hence,  simply,  the  angle  subtended  at  the  centre  corresponding  to  the   slice 
1,3352  is: 

a^  as  106O  +    >>3352  — 1,32766  .  lO  ^  ie6«  +  Z^  «  166*>  26' ;  therefore  the  depth 

^1,34487  —  1,32766  ^1721  ' 

of  immersion : 

y3sr(l  — cof.i«)ss5(l  — cxM.83<>13')  ss 5. 0,8819 as 4,41  inches. 

§  287.  The  determination  of  the  depth  of  immersion  occurs  chiefly 
in  the  case  of  ships,  boats,  &c.  If  these  have  a  regular  form,  the 
depth  may  be  calculated  from  geometrical  formulae ;  but  if  this  regu- 
larity fails,  or  the  law  of  configuration  is  not  known,  or  if  the  form  is 
very  complex,  the  depth  of  immersion  must  then  be  determined  by 
experiment. 

An  example  of  the  first  case  is  in  the  body  ACLEG  (a  pointed  scow), 
represented  in  Fig.  375,  bounded  by  plane  surfaces.  It  consists  of  a  pa- 
rallelopiped^Cfi,  and  of  two  four-sided  pyramids  £FG  and  C£L,  form- 
ing the  head  and  the  stern,  and  its  plane  of  floatation  is  composed  of  a 
parallelogran^  MS^  and  two  trapeziums  MO  and  SUy  and  cuts  oflT  a 
bulk  of  water,  consisting  of  a  parallelepiped  MCS^  and  two  triangular 
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prisms  PJ\'J?,  and  two  quadrilateral  pyramids  BQP.     If  we  put  the 
length  JD  of  the  middle  portion  =»  /,  the  breadth  ^F  —  6,  and  the 


Fig.  375. 

1 

1 
i 

1 

depth  ^B  =  h;  further  J  the  length  GW  of  each  of  the  two  ends  =  cA 
and  the  depth  of  immersion^  i.  e  ,  BM  =  CT  ^  y,  the  immersed] 
part  MCS  of  the  middle  portion  will  be:  =  MJf  x  Mf  x  MB 
%.     The  base  of  the  quadrilateral  pyramid  BQP  is  BM,  BR,  and| 
the  height  ?/»  hence  the  solid  contents  of  this  pyramid  ^  ^  BM.  BR 
,  P~J,     But  now: 

rand  likewise: 

[bence  the  contents  of  both  pyramids  are: 

tranarerse  section  of  the  triaogular  prism 
RJVO  is  -  i  KQ  .  P7 


PJ=  'J^^.GW. 


tThe 


RH^^  QJV^b  — 


h. 


1      ^y 


^i  and  the  side 


A-f-!> 

[hence  the  solid  contents  of  both  prisms  are : 

2h  '^{         h)-    h    V       h) 
Jy  addition  of  the  three  Tolumes  founds  the  volume  of  the  water  dis- 
[placed  is  known : 

I  Kow  the  gross  weight  of  the  boat  =  G,  we  then  have  to  put : 


y'-SAy"- 


3M= 


y  +  ^ —  =  0. 


•The  depth  of  immersion  y  is  determined  from  the  loading  by  the  solu- 
Utttm  of  the  last  cubic  et^uation. 
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Mxmi^i$^ — L  If  the  length  of  the  middtt  porilon  I  ^  50  feet,  ihe  tenflh  of  ex^tl  i 
€  ^  it>  fc^et,  the  brL'Htiili  h  ^^  12  fi^^  wul  ibe  dcfith  k^4  (tsei,  with  a  depth  of  ima 

nion  y  ^  1^  foef^  tb*-  whf>1e  wcsigKt  smotintn  to 

Css  [5*0+ 15.  |- J.  I'^^CDT-  l'2,2.62,5fe(M4.7,&— 1.35)  .24.62,5  =  87^351 
a.  If  ihc  clcnf  Wright  of  ilji^  ibfiiier  boat  ftftKMitit  to  6*X>¥>  11m.,  we  shalt   have   for  tiie 
depth  of  immersion;  ^'—  12y*^ — 160y  +  202pi  ^  0»     B/  tri«l,  it  ift  «i»tly  found  thai 
(bis  equation  rnn/  be  itniwerecl  pfetfy  aL^mjmtelf  b^  y  ^  1,1T,  %i'HeiiO0  Uae  depth  of  iai' 
mersion  sought  ttiay  fm  iaki*n  ns  gre«t. 

Mffnofk,  To  kmivtr  the  weight  of  the  load  oi  n  ihip,  a  smif*  i>  atnu^h^d  lo  both  Bid 
which  is  cntleil  a  wiiler-{(ait){;e,  Th«*  ihv^tsione  mre  mnule  iVotn  e^^perifneuti  wblLc  it  U  < 
ierved  wliat  icjaJa  corrcujHjnd  to  dc?flnit«  iiiimersioni. 

§  288,  Stability. — The  floating  of  bodies  takes  place  either  in 
upright  or  an  oblique  position  ;  and  further^  with  or  without  stability.] 
A  b^y,  a  ship,  for  example,  floats  uprightlyj  if  one  plane  through  the  ^ 
axis  of  symmetry  is  a  plane  of  symmetrj*  of  the  body ;  and  a  body  floats 
obliquely  if  it  is  not  divided  by  any  of  the  planes,  which  may  be  car-  " 
ried  throtigh  the  axis  of  floatation  into  two  eongnient  halves.    A  body] 
floats  with  stability,  if  it  strives  to  maintain  its  estate  of  equilibrium  j 
(compare  §  130];  if^  therefore,  mechanical  effect  is  to  be  expended  to] 
bring  it  out  of  this  position,  or  if  it  returns  of  itself  into  a  position  of  J 
equilibrium  al^er  having  been  drawn  ont  of  one.     On  the  other  handt 
a  body  floats  without  stability  if  it  passes  into  a  new  position  of  equi* 
librium  after  having  been  brought  out  of  one  by  a  shock  or  blow. 

If  a  body  AB€^  Fig.  376,  floating  at  first  uprightly,  is  brought  into  , 
an  inclined  position,  the  centre  of  gravity  S  of  the  water  displaced  j 
passes  from  the  plane  of  symmetry  EF^  and  assumes  a  position  S^  oa 
the  larger  half  immersed.  The  buoyancy  applied  at  Si  P  =  Vyy  and  j 
the  weight  applied  at  the  centre  of  gravity  Cof  the  bodyj  viz,,  G\ 
s  —  P  form  a  couple  by  which  (§  90)  a  revolution  is  produced. 
About  whatever  point  this  revolution  may  take  place^  the  point  €7, 
yielding  (o  the  weight  G,  will  always  go  down,  and  S^,  or  another  ^J 
point  M  of  the  vertical  S^P^  obedient  to  the  force  P,  will  rise,  there-  ^| 
fore  the  plane  of  symmetry,  or  of  the  axis  iJFof  the  ship,  will  be  " 
drawn  downwards  at  C,  and  upwards  at  J/j  and  hence  it  will  remain 
upright  if  M^  as  in  the  figure,  lie  above  C,  or  incline  itself  still  more 

Pif *  377. 


J 

Fig,  376. 

Hi 

^1 

as  in  Fig.  377,  if  Jtf  lie  below  C.  From  this,  then,  the  stability  of  a 
floating  body,  or  ship,  is  dependent  on  the  point  M^  in  which  the  ver- 
tical through  the  centre  of  gravity  S^  of  the  displaced  water  inter- 
sects the  plane  of  symmetry*     This  point  is  called  the  nieiacenire. 
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Fig.  378. 


It  follows*  therefore,  from  this  that  a  ship  or  other  body  Boats  with 
stability  if  its  metacentre  lies  above  the  centre  of  gravity  of  the  ship, 
and  without  stability  if  it  lies  below,  lastly  if  the  two  points  coincide^ 
it  is  in  a  state  of  indiHerent  equilibrium, 

The  horizontal  distance  CD  of  the  raetacentre  M  from  the  centre 

Tof  grairity  C  of  the  ship,  is  the  arm  of  the  force  of  the  couple  consti* 

Uuted  of  P,  and  G  =  —  P,  and  hence  the  moment  of  the  last  is  the 

I  measure  of  its  stabtlity  =  P  ,  CD.    If  we  represent  the  distanre  CM 
by  c,  and  the  angle  of  revolution  SJilS^  of  the  ship,  or  of  the  plane  of 

,  its  axis,  by  f"^^  we  obtain  for  the  measure  of  stability  -S  =  Pc  sin  ^  ;  and 
this  is»  therefore,  the  greater,  the  greater  the  weight,  the  greater  the 

kdiMtance  of  the  raetacentre  from  the  centre  of  gravity  of  the  ship, 

kand  the  greater  the  angle  of  inclination  of  this  last* 

§  289*  In  the  last  formula,  S  =3  P  €  sin,  ^ ,  the  stability  of  the  ship 
Jepends  principally  on  the  distance  of  the  metacentre  from  the  centre 

M  gravity  of  the  ship  ;  it  is  hence  of  importance  to  obtain  a  formula 
V  the  determination  of  this  distance. 

Iln  the  transit  of  the  ship  .y^BE^  Fig< 

y378»  from  the  upright  into  the  in- 

I  clined  position,  the  centre  of  gravity 

yS  advances  to  iV,,  the  space  HOH^  is 

I  drawn  out  of  the  water,  and  that  of 

IMOR^  sinks  bebsv,  and  the  buoyancy 
on  the  one  side  is  thereby  diminished 

pby  a  force  Q  aciing  at  the  centre  of 
gravity  F  of  the  space  HOH^^  and 

kon   the  other  side  increased  by  an 

ttqual  force  Q  applied  at  the  centre 

tof  gravity    G   of  the  space   ROR^, 

[Therefore,  the  buoyancy  P  applied 
at  S.  replaces  the  buoyancy  P^  ori- 
gin ally  applied  at  S,  and  the  couple 
CQ* — Qh  ^^  w^^*  comes  to  the  same  thing,  an  opposite  force  applied 
at  S^  keeps  In  equilibrium  a  force — P  applied  at  S  together  with  a 
couple  (Q, — Q),  or  more  simply,  the  couple  (P, — P)h  m  equilibriuoil 
with  the  couple  ( Q, —  Q)*  If  now  the  transverse  section  UER^  ff^ER^ 
of  the  part  of  the  ship  immersed  =»  F,  and  the  section  H0H^=HOR^ 
of  the  space  by  which  the  ship  is  drawn  up  on  the  one  side,  and  down 
on  the  other  ==  F^i  if,  further,  the  horizontal  distance  KL  of  the 
centre  of  gravity  of  these  spaces  ==  a,  and  that  of  ^T  of  the  centres 
of  gravity  S  and  S^tOr  the  horizontal  projection  of  the  space  SS^  which 
5  describes  during  the  rolling  =  s,  we  have  then  from  the  conditions 
of  equilibrium  of  the  two  couples: 

f  .a,  hence  ^  =  ^a  and  SM  =  -^-^  =  ^^ —  ^  -^ — ^. 
F  nn.  p       nn.  f       t  sm.  f 

The  line  CM  =  c,  appearing  as  factor  in  the  measure  of  the  sta- 
bility is  ^CS  +  SM}  hence,  if  further,  we  represent  the  distance  C3\ 

28* 


JV 
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of  the  centre  of  gravity  C  of  the  ship  from  the  centre  of  ptraTity  of  ihe 
displaced  water  by  e,  we  obtain  the  measure  of  the  stability 


S=  Pc  nn.f^P  (^  +  e  nn,  A 


If  fhe  angle  of  revolution  be  small,  the  transverse  sections  HOH^ 
and  ROR^  may  be  regarded  as  equally  small  triangles ;  if  we  repre- 
sent the  breadth  HR  =  i/jfi,  of  the  sjiip  at  the  place  of  immeraiian  by 
ft,  we  may  then  put 

as  also  Bin,  t  ^  t>  fn)m  which  the  stability  is : 

If  the  centre  of  gravity  C  of  the  ship  coincides  with  the  centre 
of  gravity  S  of  the  displaced  water,  we  then  have  e  =  0,  hencez 

S^  -- — =,.  Pft  and  if  the  centre  of  gravity  of  the  sbip  lies  below 

that  of  the  displaced  water,  we  then  have  e  negative ;  hence  S  ^ 

/-_— ^  —  €\P^*   It  follows  also  that  the  stability  of  a  ship  is  nothings  i 


12  F 


Fig.  379. 


iff  be  negative  and  at  the  same  time  e  , 

It  is  seen  fiom  the  results  obtained,  that  the  stability  comei5  out 
l^eater,  the  broader  the  ship  is,  and  the  lower  its  centre  of  gravity! 
lies. 

EsampU.  A  recmngular  figure  JD^  Fig.  37D,  of  the  btcadtU  ' 
AS  ^  b,  height  JE  =  A,  iukI  depUi  of  immersion  EH^  y,  , 

F  ^  hif,  and  f  s  —  Z~^  ^  hence,  ibe  aniOUIIt  of  Bmbilitf  4 

is:  S^Pf(— —  —  A  -L  XY  or  ir  tbe  ipcdfto  gt^vity 
of  the  masfl  of  the  body  be  put  ^  «, 


Hraot,  tbe  Mabiliqr  emiei  if  t*  a 


vt 


vt- 


]f235;  if.  tb«re£>re,  the  tN-«LdUt  is  not  1^325  of  the  height,  tfaa  body  will  float  witboot 
any  atebility. 

[The  principles  explained  in  this  section  apply  not  only  to  the  con- 
struction and  use  of  vessels  of  every  description^  and  to  the  ballastiiig 
and  lading  of  ships  themselves,  but  likewise  to  the  loading  of  floating 
docks  with  vessels,  including  their  cargoes  or  armaments*  The  form 
of  the  floating  mass,  and  the  position  of  its  centre  of  gravity,  together 
with  its  absolute  weight,  must  be  taken  into  account,  as  well  as 
the  density  of  the  liquid  in  which  it  floats.  Thus,  a  floating  dock 
D,  Fig*  379^1  in  the  form  of  a  rectangular  prism,  capable  of  being 
closed  at  the  ends  after  having  received  the  ship  S^  and  of  being  freed 
from  water,  will  be  subject  to  exact  calculation^  if  its  weight  and  centre 
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of  gravity  be  known^  together  with  the  weight  of  the  vessel  and  its 
centre  of  gravity*   Example, — Adraitting  that  Dis  dO  feet  wide,  36  feet 

Fig.  379,. 


Wl^h  from  6  to  i,  and  250  feet  in  length — that  its  weight,  including 
ballast,  is  3860  tons,  and  that  its  centre  of  gravity  c  is  four  feet  above 
the  bottom  d;  also  that  the  ship  S,  weighing  5200  Ions,  has  been  re- 
ceived and  securely  shoared  in  place,  having  its  centre  of  gravity  c^ 
^5  feet  vertically  above  the  bottom  of  the  keel,  supposed  to  be  1  foot 


above  c,  then  the  common  centre  of  gravity  C  is 


26  X  5200 


9060 


=  14,92 


ft,  above  the  point  c,  and  18,92  fett  above  the  bottom  of  the  dock.  The 
total  displacement  in  sea  water  {64  lbs.  per  cubic  foot)  will  be  337500 
cubic  feet ;  and^  consequently,  in  a  state  of  repose,  it  will  sink  to  the 

depth  of  bH=  i?Z^  =  15  feet.   HR  will  be  the  « load  line,"  and 
^  250,90 

the  common  centre  of  gravity  of  ship  and  dock  C  will  be  3,92  feet 
above  it*  Should  any  force  acting  in  a  horizontal  direction  careen 
the  dock  so  as  to  make  the  angle  jJic^if  of  «22^25',  depressing 
the  side  AH^  18  feet,  what  force  must  be  applied  25  above  the  water 
line  to  keep  the  dock  in  this  position,  t,  e.  what  is  now  the  redoHng 
power') 

The  centre  of  gravity  of  the  original  quadrangular  prism  of  dis- 
placement HR/b  is  at  0,  that  of  the  new  triangular  prism  Ej^b  is  at 
Oj.  The  weight  of  ship  and  dock  C  acting  at  the  point  C  is  9060 
tons,  which  is  also  the  force  P  of  the  prism  of  water  acting  upward  at 
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Oj — tending  to  restore  the  positiofi  of  the  dock.  The  original  eenire 
of  displacement  0  ts  18>92  —  7^5  =  llf42  feet  below  the  centre  of 
gravity  of  ship  and  dock. 

The  area  of  the  immersed  action  which    is  transferred  by  the 
careening  from  one  side  to  the  other  is401,5sq,  feet,  and  the  distance 

transferred  it\  =-  58,5  feet,  hence  ^^1^^  ^  17,4  =  e,0  =  th< 

horizontal  distance,  the  centre  of  the  whole  dtsplaeement  has  betn\ 
removed  by  the  inclinalion  supposetl  ;  and  sin,  22°  2b^  i  17,4  ^  rad.T 
:  45,63  ft.  =  height  of  the  metacentre  above  the  original  cenire  of  buoy- 
ancy 0,     Again,  putting  r^  =  11,43,  we  have  r^  :  tin.f  =  11,42  j 
4,35  feet;  hence,  rf^  the  "equilibrating  lever,'*  or  distance  apart  of! 
CG  and  PO^  is  17,4  — 4,35  »  13,05  feet,  and  the  statical  tnooieatj 
is,  therefore,  9060 .  13,05  =  116058,6  ft.-tons;  which,  for  a  distance  I 
of  25  feel  from  the  centre  of  oscillation,  C  gives  a  stability  or  re* 
storiog  power  of  4649  tons.] 

Oblique  F/^ff/rthan.— The  formula  S=  p(Ij^+  e  nn.A 


§290. 


for  the  stabilily  of  a  tloating  body  may  b^-dap  applied  to  iind  the  dif- 
ferent positions  of  floating  bodies,  for  if  we  put  S«  0  we  obtain  the 
equation  for  a  second  position  of  equilibrium,  whose  solution  leads  to' 

the  determination  of  the  corresponding  I 
^*S"^®^-  angle  of   inclination.      The  equation. 


therefore, 


Pfi 


+  €  gin.  f  s  0,  must  be  i 


solved  vTith  respect  to  t. 

The  transverse  section  of  a  parallele- 
piped ^D,  Fig,  380,  is  F=  HRDE  ^ 
H,R,DE  ^  by,  if  b  be  the  breadth  JiB 
s  HR,  Hnd  y  the  perpendicular  depth 
EH  =  DR ;  further,  the  transverse  sec- 
tion F^  =  HOH^  ^  ROR,  as  a  rectan- 
gular triangle  with  the  leg  OH^  OR  ^ 
^     I  6,  and  the  leg: 
HH^  —  ilJlj «  J  i  iang.  f,  F.^^l^  tang.  ^. 
If,  further,  the  centre  of  gravity  F  is  distant  from  the  base  FU  ^ 
I HH^  =  i  b  tang,  f,  and  if  frt)m  0  about  OU  ^  %  OH  =  ^b,  it  fol- 
lows that  the  horizontal  distance  of  the  centre  of  gravity  F  from  the 
middle  0,  =  OK^OJf+J^K^  OU  cos.  ^  +  FUsin.f^^b  cos. 


t  +  i  6  tang,  f  nn. 
a  =  AX  ^ 


f ,  and  the  arm : 

2  OK  ^  f  ft  COS.  t  +  I  ^ 


sin.  ^* 


cos,  f 


According  to  this  the  equation  for  the  oblique  position  of  equili- 
brium is: 

I  t^  iang.  »  (f  b  cos,  f^+^bsin,  »^) 

by  cos,  f 

or,  — ^  B  tang,  f  being  substituted, 

CQS.  f 


c  m,t«0, 
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^**:.*  JttV  +  A  tang,  f*}  b^—ey]  =  0; 
lec  by: 


which  equation  will  be  satisfii 
0  and  by  iaitg,  f 


nn.  pi 


v^2 


1. 


The  first  equation,  when  f  ^  0,  correspoEids  to  upright,  and  the 
second  to  oblique  floatation.     The  posjiibility  of  the  latter  requires 

that  0  :>  ^'3.     If  now  A  be  the  height  of  the  parallelopiped,  and  i  its 

speciJic  gravity,  we  then  have: 

jistA  and  e=^  -^— 


(1  — *)  -,  hence  it  follows  that 


tang,  t  a  ^i 


—  t)A» 


1, 


and  the  equatioa  of  coodition  of  oblique  floatation  is: 
A 


f        ' 


y 

Ex^i^ti», — I.  If  the  fioatiug  paralleJopipetl  U  aa  liigli  as  h  is  bronJ,  and  hai  a  sp«- 
ciflc  gravitj  t  ^  4,  then  the  tang,  f  is  ^  ^^^  ^  3  .  4  —  1  »  v^  3—2  ^  I ;  heae^ 

2.  If  the  height  /t  ^  0,9  of  ihe  breadih  ^  mml  the  ip«ciflo  p&Titf  },  we  liave  then 

fanf,  f  ssE  ^3  <  0,81  ^2  =  v^O^iS  «  0,«357i  henoo^  f  -=  ^3**  i^- 

§  291,  Specie  Gravity. — The  law  of  buoyancy  of  water  may  be 
applied  to  the  determination  of  the  density,  or  the  specific  gravity  of 
bodies.  From  §  284,  the  upward  pressure  of  water  is  equal  to  the 
weight  of  tiquid  displaced;  hence  if  K  is  the  volume  of  a  body  and  y. 
the  density  of  the  liquid,  we  then  have  the  buoyancy  P  =  Fy,.  If 
now  7^  be  the  density  of  the  mass  of  the  bodies,  we  then  have  the 

weight  of  the  body  G^  1%;  hence  the  ratio  of  the  densities  11  =  .—, 

u  e.  ths  density  of  ike  body  immersed  is  to  the  density  of  ike  fluid  us 
the  absolute  weighi  of  the  body  to  the  buoyancy  or  loss  of  weight  by 
imfnersion. 


Therefore^  r»  =  ^  ttf  and  y. 


y^[  or  if  y  be  the  density  of 


water,  *i  the  specific  gravity  of  the  liquid,  and  t^  that  of  the  hody, 

G  P 

then  will  yj  =■  i^y,  and  y^  —  i ^y,  fj  ^  -p  «t>  ^^^  't  =  77  *r  ^^*  there- 
fore, the  weight  of  a  body  or  its  loss  of  weight  by  immersion  is 
known,  then  the  density  or  the  specific  gravity  of  the  mass  of  a  body 
may  be  found  from  the  density  or  specific  gravity  of  the  liquid,  and 
inversely,  the  density  or  specific  gravity  of  the  first,  from  the  density 
or  specific  gravity  of  the  last. 

If  the  fluid  in  which  the  solid  body  is  weighed  is  water,  we  then 
have  #j  =  1,  and  y,  =  y  =  1000  kilogrammes,  or  62,5  lbs.,  accord- 
ing as  we  take  the  cubic  metre  or  cubic  foot  for  unit  of  volume,  hence 
for  this  case  the  density  of  the  body  is : 


/. 
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G  ab30lute  weight  ^^^^  ^^^  ^^^^     ^^^ 

^*       P  ^        loss  of  weight  ^ 

and  the  specific  gravity: 

G       absolute  weight 

'*  P  loss  of  weight  * 
To  estimate  the  buojaocyor  loss  of  weight,  as  well  as  to  detennine 
Ae  weieht  C,  we  make  use  of  an  ordinary  balance,  only  that  below 
one  of  the  scale  pans  of  this  balance  there  is  appended  a  hook,  to 
which  the  body  may  be  suspended  by  a  fine  thread  or  fine  wire,  whilst 
it  dips  into  the  water  contained  in  a  vessel  underneath.  A  balance 
arranged  for  the  weighing  of  bodies  in  water  is  commonly  called  a 
kffdrottaHc  balance. 

If  the  body  whose  specific  gravity  we  wish  to  determine  is  lighter 
dian  water,  we  may  connect  it  mechanically  with  another  heavy  body, 
so  as  to  make  it  sink.  If  this  heavy  bodv  loses  the  weight  P^  aiid 
the  system  the  weight  Pj,  the  loss  of  weight  of  the  liehter  body:  P« 
\  P| — P,,  now  if  G  represents  the  13UEBL  weight  of  the  lighter  body, 
we  have  then  its  specific  gravity: 

G  G 

••  "  P  "  P^ 
If  the  specific  gravity  of  a  mechanical  combination,  or  a  composi- 
tion of  two  bodies,  and  the  specific  gravities  of  their  constituents^, 
and  f,  are  known,  firom  the  weight  of  the  whole,  the  weights  G^  ana 
G,  may  be  estimated.    In  every  case  G^+  G^^  G,  and  also  the 

f^  c*  C^ 

volumd  4-  volume  — ?  «  volume  — ,  therefore: 

C*       G        G 

—i  4 — i  w  — .    By  combining  these  equations  we  have  : 

Exa9^ph»4 — 1.  If  a  piece  of  limesfioiie,  wei^^g  310  giains,  becomes  121,5  grains 

310 
lighter  when  under  water,  its  specific  gravity  is  i  ^  ^  2,55. — 2.  To  find   the 

121,5 
specific  graTity  of  a  piece  of  oak,  roand  which  a  piece  of  lead  has  been  wrapped,  and 
which  has  lost  by  being  weighed  in  water  10,5  grains;  if  now  the  wood  itself  weighed 
426,5  grains,  and  the  system  under  water  was  484,5  grains  lighter  than  in  the  air,  the 
^>ecific  gravity  of  the  mass  of  wood  would  be : 

,„_i?5:5_«i£5i?.«o,9. 

484,5—10,5         474 
3.  An  iron  vessel,  completely  filled  with  quicksilver  and  perfectly  closed,  has  a  net 
weight  of  500  lbs.,  and  has  lost  40  lbs.  in  the  water;  if  now  the  specific  gravity  of  cast- 
iron  SB  7,2,  and  that  of  quicksilver  is  13,6,  the  weight  of  the  empty  vessel  is: 

c.-5oo(i^ LWi_«JL^ 

\500        13,6/^V7,2        13,6/ 
■«  500  (0,08  —  0,07353)  -§-  (0,1388—0,0735) 
500  .  0,00647        3235       ^^  -  „ 

UJ5633 eBJ-''^''^** 
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500  .  0.05S8 


and  Uie  weight  or  the  enclosed  quicktUrer : 

G,«500  (0.08—0,1388)  :  (0,073^3  —  0,1338)  ^ 

0,06  5i3 

_?^«,  450,2  Ibi* 
6,53 
Stmetk  1.  For  th^  clet«rmin&tiDn  of  tho  specific  graviilea  of  liquid^  meftl,  eotn,  Ice., 
the  mere  weighiTif  in  open  ait  ift  tuOicienr,  betsuse  wr  mn^y  give  to  the  bodies  unf 
Tolnin«  at  will,  by  filUoff  Tessele  with  them.     If  an  empty  bottle  weighs  ^  6,  and  the 

Mine  filled  with  water  G.^  and  the  weight  G^  if  it  contain  any  oihei  substance^  we  Hhall 
*  j^  Q 

then  have  ihe  specific  graviliea  of  masses  of  these  :  t  ^  ^ — ^.    Foe  eiampte,  to  find 

the  tpeeiflc  graTity  of  rye  (not  rye  grains),  a  bottlft  is  filled  wiih  the  gminft,  and  aJler 
much  shaking,  then  weighed.  After  deduction  of  the  weight  of  the  empty  bottje,  the 
weigfac  of  the  rye  was  ^  130,75  grfn««t  and  Ite  weight  of  an  equal  quantity  of  ^-ater 

I  QQ  7  % 

9  195,65;  the  weifhi  of  the  rye  is  aooordtngly  ^        '      »  0,776;  and,  th^fefbre,  1 

X5!^,65 

cubic  foot  of  thi*  gmin  weighs 

cs  0,776  .  6a,5  »  48,5  Iba, 

Herrmrk  X  The  probtem  solved  by  ArchStnedes  of  fintUng  ihe  ratio  of  the  consiitiienia 
frofn  ibe  fipecific  gravity  of  a  miJLtUTc<|  and  from  tlie  speciOc  gravity  of  its  constitoetits, 
limits  only  of  a  limited  appltfation  to  chemical  combinations,  metallic  alloy s,&c.,  beeanse 
a  contraction  or  eipansbn  of  the  mass  generally  takes  plaee,  so  ibat  the  volume  of  the 
mi)Lture  ia  no  longer  equal  to  Hie  sum  of  the  trolumes  of  the  con^ituenTaL 

Rttttark  3.  The  further  extension  of  this  aubject,  namely,  its  applic&tioti  to  the  measure* 
ment  of  volume,  Ice,  belongs  to  phys&cs  and  chemistry. 

§  292.  Areometer, — Areometers  are  principally  used  to  tleternujie 
the  density  of  liquids.  These  instruments  are  hollow  bodies,  formed 
about  a  symmetrical  axis,  whose  centres  of  gravity  lie  ytry  low,  and 
by  floating  perpendicularly  in  liquids,  give  their  density. 
They  are  made  of  glass,  brasS)  &c*>  and  are  called,  ac- 
cording to  the  rarious  purposes  for  which  they  are  intended, 
hydrostatic  balances,  salzometers^  hydrometers,  alcoholo* 
meterSf  &c.  There  are  two  kinds  of  hydrometers^  vise,, 
the  weight  and  the  scale  hydrometer.  The  first  are  often 
used  for  the  determination  Qf  the  weights,  as  was  the 
specific  gravity  of  solid  bodies, 

1<  If  rbe  the  volume  of  the  portion  of  a  hydrometer 
JIBC^  Fig,  381,  floating  freely,  and  immersed  up  to  a 
certain  mark  0  in  the  water,  G  the  weight  of  the  whole 

L balance,  P  the  weight  placed  upon  the  plate  while  float- 
ing in  the  water,  whose  density  may  be  —  y^  and  P^  the 
weight  required  to  be  put  on  to  make  it  float  in  any  other 
liquid  of  the  density  y,,  we  shafl  then  have 
Fy  =  P  +  G  and  Vy^  ^  P,  +  G;  hence, 
^  2»  If  P  be  the  weight  which  must  be  put  upon  the  plate  to  make 
the  hydrometer  JBC^  Fig.  382,  sink  up  to  a  mark  0,  and  P^  the 
weight  which  must  be  put  upon  JS^  together  with  the  body  to  be 
weighed,  to  obtain  the  same  immersion,  we  shall  then  have  simply 
the  weight  of  this  body  Gj  «  ^—^i\  B**^  if  ^i  «iust  be  augmented 
by  Pj,  when  the  body  to  be  weighed  is  pm  into  the  cup  D  under  the 
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Fig.  aes. 


surface,  to  preserve  the  depth  of  immerston  unchangM, 
i*j  will  then  be  the  buoyancj-,  and  hence  the  specifie 
gravity  of  the  body: 

Those  hydrometers  which  have  a  cup  suspended  below 
for  the  determination  of  the  specific  gravities  of  solid 
bodies*  minerals  for  instance^  are  called  Kicholson^s 
hydrometers. 

3.  Let  the  weight  of  a  hydrometer  JfBC,  Fig.  383, 
=  Gj  and  the  volurae  immersed^  if  this  balance  floaff 
in  water,  =  F,  then  G  =  Vf.  If  the  balance  rise  by 
OX  =  z,  when  immersed  in  a  heavier  liquid »  for  the 
transverse  section  F  of  the  stem,  the  volume  immersed 
is  ^  V—  FX,  and  hence  G  =^  (V  —  Fx)  y^;  the  two 
formulae,  divided  by  one  another,  give  the  density  of  the 
liquid : 

V  F 

If  the  liquid  in  which  the  hydrometer  is  immersed,  be 
lighter  than  the  water,  it  will  sink  in  it  to  a  depth  x^  for 
which  reason,  G  sa  ( F  +  F^)  y,  and  hence  we  must  put 

El 

To  find  the  co-efScient  ;&  »  — ,  the  balance  b  loaded 

with  a  weight  P  of  quicksilver,  which  is  poured  in  and 
takes  the  lowest  position,  so  that  while  floating  in  w^ater, 
a  considerable  length  /  of  the  stem  to  which  the  scale  is 
applied,  sinks  lower  down.  If  now  we  put  P  =  -Fiy, 
we  shall  then  obtain  : 

F_       _P_        P_ 
^"    V^  Vly  "  Gl' 

ExampUt. —  h  If  m  Nkliolson"»  hydrcnTi«s«f  welgbi  &^  grajTiSi  13,S  grama  must  be 
tak^n  cflf  the  plau?,  that  it  meiy  sink  to  the  Aame  d^pth  in  akohol  at  ic  does  in  wiit«j;  ibe 

«p«cillc  gravity  of  alcohol  U  =  ^^^~^        h  1— 0/208  e  0,7^.— Q«  The  nonnal  weigbt 

55 
of  a  NichoL^n'i  balance  ia  1500  gminc,  i  t.  1500  ffmint  reqnira  to  be  put  ofi  ho  make 
the  in*trume»it  iinlt  to  0 ;  from  Uila  1030  fsrajhs  inust  be  laketj  by  ihn  weighing  of  a  pjeoe 
of  brass  placed  upon  the  upper  plate,  and  1'21,5  To  be  added  ifthifi  body  is  placed  on  the 
lower  plate.    The  absolute  weight  of  this  piece  ofbrAi^  i»  tberdbre  ^  1030  grain*,  «tid 

its  ipectftc  gravity  ^s  — =  8,47,-3.  A  tcale  ifeometer,  of  1 1^2  graitia  weight,  after 

121^5 
having  been  Lightened  by  465  grainy  riseft  6  incbeSj  aud  ba»  therefbre  tlie  co-eSicient  j* 

a     ^      -  s  — ^  a  0,00686.     AHer  comnLete  Ailing  and  leftaiatk^n  of  tlie  weittbt  c^ 

1 162  icmirift,  it  Bt(>endfl,  when  flemiit^g  in  a  laUne  solution,  Q  f^  limhm ;  hehfiai  tlia 
•pecilk:  gravity  of  Oiis  is : 


-=  1  -;-  ^  1  «  0,00686  X  ^)  =■  1  -4-  0»& 


Bm\ark.  The  further  extensipu  oribb  tubjed  belongs  lo  phffjci,  chemistry,  and 
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§  293-  Limids  of  Different  Demiiies, — If  several  liquids,  of  dif- 
frrent  densities,  are  in  the  same  vessel,  without  their  exerting  any 
chemical  action  upon  each  other,  from  the  ready 
displacement  of  their  particles,  they   arrange 
themselves  above  each  other,  according  to  their 
specific  gravities,  viz*  the  densest  below,  then 
the  less  dense,   and  then   the  lightest.     The 
limiting  surfaces  are  also  in  a  state  of  equili- 
brium, as  likewise  the  free  surface  horizontal; 
for  as  long  as  the  surface  of  limitation  EF  be- 
tween the  masses  M  and  JV,  Fig,  384,  is  in- 
clined, columns  of  fluid,  of  different  densities, 
like  GKt  G^K^^  rest  on  the  horizontal  stratum 
HK,  and  hence  the  pressure  on  this  stratum  will  not  be  everywhere 
the  same  ;  and  lastly,  no  equilibrium  will  subsist. 

In  communicating  tubes  Jf£  and  CD,  Fig.  385,  the  liquids  arrange 
themselves  one  above  the  other,  according  to  their  densities,  only  their 
surfaces  *4  and  D  do  not  lie  in  one  and  the  same  level.  If  F  be  the 
area  HR  of  the  transverse  section  of  a  piston,  Fig,  386,  in  the  one 
branch  ^B  of  two  communicating  tubes,  and  the  height  of  pressure  or 


Pig.  386, 


Wig.  3Se. 


the  height  EH  o(  the  surface  of  the  water  in  the  second  tube  CD 
above  HRr  =  A,  we  then  have  the  pressure  against  the  surface  of  the 
piston  P  ^  F  hf.  On  the  other  hand,  if  we  replace  the  pressure  of 
the  piston  by  a  column  of  liquid  */?//,  Fig*  386,  of  the  height  ^H  = 
Aj  and  the  density  y^,  we  then  have  P  =  Fk^  y*  and  equating  both 
expressions,  we  obtain  the  equation  Aj  ^j  =  A  y  or  the  proportion 

Tkere/ore^  tht  heights  of  pressure  in  communicating  ttibes^for  the 
submience  of  equilibrium  between  two  di^erent  liquids^  or  the  heights 
of  the  columm  of  liquid  measured  from  the  common  plane  of  contact  ^ 
are  inversely  as  the  densities  or  specie  graviHes  of  these  liquids^ 

As  mercury  is  of  about  13,6  times  the  density  of  water,  a  column  of 
mercury,  in  communicating  tubes,  will  hold  in  equilibrium  a  column 
of  water  of  13,6  times  the  height. 
29 
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§  294.  Tairion  of  Gases, — The  atmospheric  air  which  sturcniDds  . 
lis,  m  well  as  all  kinds  of  air  or  gases,  possesses,  in  virtue  of  the 
repulsive  force  of  its  parts  or  moleenles,  a  tendency  to  occupy  a 
greater  and  greater  space;  hence,  we  can  obtain  a  limited  mass  of  ! 
air  only  by  confining  it  in  perfectly  closed  vessels.  The  force  with 
which  gases  endeavor  to  dilate  themselves  is  called  their  elasHciiyt 
tennouj  or  expansive  force.  It  exhibits  itself  by  pressure  against  the 
sides  of  the  vessels  which  enclose  it,  and  so  far  differs  from  the  elas- 
ticity of  solids  and  liquids,  that  it  manifests  its  action  in  every  condi* 
tion  of  density,  while  the  elasticity  of  the  last-mentioned  bodies  in  a 
certain  state  of  expansion,  is  aothing.  The  pressure  or  tension  of  air 
and  other  gases  is  measured  by  the  barometer^  the 
manometer^  and  the  valve.  The  barometer  is  chiefly 
used  for  determining  the  pressure  of  the  atmosphere. 
The  common,  or  as  it  is  called,  the  mtem  barometer ^ 
Fig-  387,  consists  of  a  glass  tube,  closed  at  one  end 
^  and  open  at  the  other  B^  which,  when  filled  with 
mercury^  is  inverted,  and  its  open  end  immersed  in 
a  cistern  likewise  containing  mercury.  By  the  in- 
version of  this  instrument,  there  remains  in  the  tube 
a  column  of  mercury  BS,  which  (§  393)  is  sustained 
in  equilibrium  by  the  pressure  of  the  air  on  the  sur- 
face of  mercury  HR,  The  space  ^S  above  the  mer- 
curial column  is  deprived  of  air^  or  a  vacuum ;  hence, 
there  is  no  pressure  on  this  column  from  above,  for 
which  reason,  the  height  of  the  mercurial  column 
above  the  surface  of  mercury  HR  in  the  cistero, 
serves  for  a  measure  of  the  air^a  pressure. 
To  measure  this  height  with  precision  and  convenience,  an  accu- 
rately divided  scale  is  appended,  which  runs  lengthwise  along  the 
tube.  A  more  particular  description  of  the  different  barometers,  and 
an  explanation  of  their  uses,  &c,,  belong  to  the  department  of  physics. 
§  295.  It  has  been  found  by  the  barometer,  that  for  a  certain  mean 
state  of  the  atmosphere,  and  at  places  very  little  above  the  level  of 
the  sea,  the  air*s  pressure  is  held  in  equilibrium  by  a  column  of  mer- 
cury, 76  centimetres,  or  about  28  Paris  inches  =  29  Prussian  inches 
=  30  English  inches  nearly,  (29,994  exactly.)  As  the  specific 
gravity  of  raercurj'  is  nearly  13,6  (13,598),  it  follows  that  the  pres- 
sure of  the  air  is  equivalent  to  the  weight  of  a  column  of  water» 
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0,76  .  13,6  =  10,336  metres  —  31,73  Paris  feet  «  32,84  Prussiaa 
feet  -   13,598  ■  29,99$^^  gg  ggg  j.„g,ij,ij  f^^j^ 

The  tension  of  the  air  is  very  often  measured  by  the  pr**Ksure  it 
exerts  upon  a  unit  of  surface*  Since  a  cubic  centimetre  of  mercury 
weighs  0,0136  kilogrammes,  the  pressure  of  the  atmosphere,  or  the 
>*' eight  of  a  column  of  mercury  76  centimetres  high  on  a  base  of  1 
centimetre  square,  =^  0,0136  ,  76  =  1,0336  kilogrammes,  and  since 

a  cubic  inch  of  mercury  weighs  - — ^   i-  bs  0,5194  Prussian  lbs<, 

172o 

CQ    t  1  *^  fi 

or  V  \  ' '  =  0,491  lbs.  English,  the  mean  pressure  of  the  atmo- 
sphere is  then  =  29  .  0^6194  =  15,05  Prussian  lbs.  on  the  square 
inch,  =  2167  lbs,  on  the  square  foot,  and  in  English  measure  ^ 
30,  0,491  =  14,73  on  the  square  inch,  =  2131,12  lbs.  avd,  on  the 
square  foot.  14,76  lbs.  per  square  inch  is  the  standard  usually  adopted. 
In  mechanics,  the  mean  pressure  of  the  atmosphere  is  commonly 
taken  as  unity,  and  other  expansive  forces  referred  to  this  and  assigned 
in  atmospheric  pressures,  or  atmospheres.  Hence,  to  a  pressure  of  n 
atmospheres  corresponds  a  mercurial  column  of  30  *  n  inches,  or  a 
weight  of  14,73'^s,  on  each  square  inch ;  and  inversely,  to  a  mercurial 

column  of  A  inches  corresponds  a  tension  of —-  =  0,03571  Aor  »  —r 

-  28  30 

=  0,0333  A  atmospheres,  and  to  e  pressure  of  p  lbs.  on  the  square 
inch,  a  tension  of 

0,0644  p  or  ~^  »  0,0678  atmospheres. 


15,05 
The  equation 


14,72 

p  h 

*-—  or^^ 

15,05      30 


gire 


the 


„,  ,   .._,  formulse   of 
14,73 

reduction  h  =  1,8604  p  inches  and  p  =  0,5375  A  lbs.,  or  A  ==  2,036 

p  inches,  and  p  =  0,491  h  lbs,  English.     For  a  tension  A  inches  =  p 

lbs.,  the  pressure  against  a  plane  surface  of  F  square  inches:  P  ^ 

Fp  ^  0,491  Fh  lbs,  English,  or  —  0,5375  Fh  lbs.  Prussian, 

Exampkt. — K  If  tlie  water  in  s  water-presayre  engine  iQukU  250  foet  above  the  sur- 
fnce  of  the  piston^  the  presfure  agaimt  the  suf fac«  will  then  be  ^  ^ — _-  =e  7,35    at* 

tnosphercia, — ^2.  If  ibe  blast  of  a  exLtndrical  belIow§  has  a  teDsion  of  1,2  ivtmofpheref,  jti 

pressure  on  every  aqaBre   bich  ^  1,2  *  14^13  ^  17,676  tbs^  and  on  the  soTfaoe  of  the 

_    ojj 
piBloti  of  50  inches  diameter  ^ -J 17,676^34707  lbs.    As  the  atmosphere  exerts  a 


i  2S922^  lbiw,lhe  preinufl  on  the  piston  ii  s  34G1I5 — 


V    50* 
eountei'preasure 14,73  s 

38922,3  «  5784,7  Ibi. 

§  296.  ManoTneter, — To  find  the  tension  of  gases  or  vapors  enclosed 

in  vessels,  instruments  similar  to  the  barometer  are  made  use  of, 
which  are  called  inanomders.  These  instruments  are  filled  with  mer- 
cury or  vrater,  and  are  either  open  or  closed;  but  in  the  latter  case» 
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the  upp€r  part  is  either  a  vacuum  or  full  of  air.  The  vacuum  maoo- 
raeterj  Fig,  388,  differs  little  from  the  ordinary  barometer.  To 
measure  by  this  instrument  the  tension  of  air  in  a  reservoir,  a  tub€ 
GK  is  titted  in,  one  end  of  which  G  passes  into  the  reservoir,  and  the 
other  K  projects  above  the  surface  of  mercury  CE  in  the  cistern  of 
the  instrument-  The  space  EFMR  above  the  mercury  is  hereby  put 
into  cofnmunication  with  the  air-holder,  and  the  air  in  it  assumes  the 
tension  of  the  air  in  the  holder^  and  forces  into  the  tube  a  column  of 
mercury  OS,  which  sustains  in  equilibrium  the  pressure  of  the  air 
which  is  to  be  measured* 

The  siphon  manometer^  ABC,  Fig*  389,  open  above^  gives  the 
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Fig.  380. 


Fiff*  390. 


W^ 

1 

excess  of  tension. above  the  pressure  of  the  atmosphere^ in  the  vessel 
*WJV,  because  the  pressure  of  the  atmosphere  on  S^  joined  to  that  of 
the  mercurial  column  RS^  is  in  equilibrium  with  the  tension.  If  6 
be  the  height  of  the  barometer,  and  h  that  of  the  manometer,  or  the 
difference  of  heights  RS  of  the  surfaces  of  mercury  in  both  branches 
of  the  manometer,  we  shall  then  have  the  tension  of  the  air  com- 
municating with  the  shorter  branch  measured  by  the  height  of  a 
column  of  mercury:  &j  =  6  +  A,  or  the  pressure  measured  on  a 
square  iuch  p  =  0,491  {i>  +  h)  lbs, ;  or  if  6  be  the  mean  height  of  the 
barometer,  p  =  14,73  +  0,491  h  lbs. 

Cistern  manometers,  Fig.  390,  ^5CiJ,  are  more  common  tbaa 
siphon  manometers.  As  the  air  here  acts  through  a  greater  quantity 
of  mercury  or  water,  as  it  may  be*  upon  the  column  of  fluid,  its  oscil- 
lations do  not  so  quickly  affect  the  column  of  fluid,  and  its  measure- 
ment, when  thus  at  rest,  is  rendered  both  easier  and  more  accurate. 
For  the  sake  of  convenience  of  measuring  by,  or  reading  off  from  the 
scale^  a  float  is  not  unfrequently  attached  to  it,  which  rests  on  the 
mercury,  and  is  connected  with  an  index  hand,  accompanying  the 
scale  by  means  of  a  thread  passing  over  a  small  roller. 
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Fig.  391. 


The  expansive  force  of  a  gas  or  va- 
por enclosed  in  MJf  may  be  likewise 
deterioined,  but  with  less  accuracy,  by 
the  help  of  a  vah  e  DE,  Fig,  391,  if  the 
sliding  weight  is  so  placed  that  it  is  in 
equilibrium  with  the  pressure  of  the  air 
or  vapor.  If  €S  =  *  be  the  distance 
of  the  centre  of  gravity  of  the  lever  from 
the  fulcrum  C^  CJi  =  a  the  arm  of  the 

VI  eight,  and  Q  the  weight  of  the  lever  with  its  valve,  we  then  have 
the  statical  moment  with  which  the  valve  is  pressed  down  by  the 
weight  ^=  Ga  +  Q$\*  if  now  the  pressure  of  the  gas  or  vapor  from 
below  =  /*,  the  pressure  of  the  atmosphere  from  above  =  P\^  and 
lastly,  the  arm  CB  of  the  valve  =  d^  we  then  have  the  statical  moment 
with  which  the  valve  strives  to  lift  itself  up  =  (P  —  PJ  d^  and  by 
equating  the  moments  of  both  ; 

Pd—  P^d  ^  G^  +  Qs,  and  P  =  P,  +  ^^  +  ^^ 

d 

If  r  represent  the  radius  \  DE  of  the  valve,  p  the  internal  and  pj 

Ithe  external  tension,  measured  by  the  pressure  on  a  square  inch,  we 

Fthen  have:  P  «  j<  r^p  and  Pj  =  i*  r'p^;  hence,  j>  =  j)j  +  J^JlJ^, 

ftr^d 

Ex(m^i>kt. — L  If  the  heigbt  of  mercoTfof  a  manomeierf  open  «bove,  ia  3,5  inches,  but  ^ 
that  of  tbe  barometer  27  incfaeft  (be  corre^iponiling  ejEpanilTe  jEbree  is  tben  A  ^  £  ^  Jl^  s 
a?  -|-  3,5  =  30,5  int'bes,  or  p  =  0,491  .  h  ^  0,491 .  30,5=14.97  Ibi.— 3,  If  thej  hojpbt  of  1 
a  waier*mmcioineter  ia  31  jneb^s,  \h&  eipi^fiive  force  corresponding  lo  tbk,  with  tbo  | 
b eight  of  the  borometer  at  27  Indi^,  ia : 

A«37X  -IL  =a  28,54  inchest  14,01  lbs. English. 

3.  Irth«  statical  moment  of  an  iintoailed  «afetyvatve  in  10  ineb  Ibs^  the  statical  mo*] 
ment  of  a  10  I  hi,  stiding  weight  15.  JO  ==  150  inch  lbs.,  the  arm  of  thci  valro  measured, 
from  the  valve  to  the  fulcrum,  4  inches,  and  tlie  i^dius  nf  ibe  valve  1|S  Inches,  then  the  ] 
difierenoe  of  the  pressures  on  both  stirfnces  of  the  vatve  ia: 
J[30+J0_         160 
^      ^'       ir(1,5)',4=9,^ 
Were  the  presaure  of  the  atmosphere  p|  =:  14  J! 
would  from  this  amount  LOpss  1D,66  lbs. 

§  297.  Law  of  MuHoUe* — The  tension  of  gases  increases  with 
their  density ;  the  more  a  certain  quantity  of  air  is  compressed  or 
condensed,  the  greater  is  its  tension;  and  the  greater  its  tension^  the 
more  it  is  allowed  to  expand  or  hecome  rarefied,  the  less  does  its  ex- 
pansive force  exhibit  itself.  The  ratio  in  which  the  tension  and  the 
density,  or  the  volume  of  the  gases,  stand  to  each  other,  is  expressed 
by  the  law  discovered  by  Mariotte^  and  named  after  him.  This  law 
assumes  that  the  densiiy  of  one  and  the  same  quantity  of  air  or  gas  is 
proportional  to  its  tension  ;  or,  as  the  spaces  which  are  occupied  by 
one  and  the  same  mass  are  inversely  proportional  to  the  densities, 


I  5,66  lbs. 

y  the  tx:iisiDu  of  the  air  below  the  valre 


•  If  the  weight  of  tlie  lever  and  valve  be  oounterpoiaed  by  a  weight  attached  to  a  cor  J, 
ptntog  upwards  and  over  a  pulley  above  &  the  statical  momexit  ii  red  u^  to  Qa. — Am.  Ed. 

29* 


SIS 
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that  the  volume  qfi^ne  and  the  same  mass  of  gas  is  inmnety  as  Us  er* 
pansive  force.  Accordingly,  if  a  certain  quantity  of  air  becomes  com-* 
pressed  to  one*Ealf  its  original  volume,  its  density  is  therefore  doubled, 
its  tension  is  also  as  great  again  as  at  first ;  and  on 
the  other  hand,  if  a  certain  quantity  of  air  be  ex-  ^ 
panded  to  ofo-lfatrJ  ofits  origina|  biilk^  thfrefore,  its  jH 
density  reduced  one-third,  itsfeiastrcity  will  be  equal 
to  one*third  only  of  its  original  tension.  If  atmo- 
spheric air,  for  example,  under  the  piston  EFo(  a 
cylinder  *4C,  Fig*  392,  be  supposed  to  press  with 
15  lb«.  on  every  square  inch,  it  will  press  on  the 
piston  with  a  force  of  30  lbs.,  if  this  piston  be  pushed 
to  E^F^t  and  the  enclosed  air  compressed  to  one  half 
its  original  volume,  and  this  force  will  amount  to  3, 
15»45  lbs,,  if  the  piston  come  to  -E^fj,  and  describes  two*thifds 
of  the  whole  height.  If  the  area  of  the  piston  be  1  square  foot,  the 
pressure  of  the  atmosphere  against  it  will  amount  to  a  144. 15  = 
2160  lbs.;  hence,  to  press  down  the  piston  one*half  the  height  of  tbe 
cylinder,  it  will  require  2160  lbs,,  and  to  push  it  down 
two-thirds  of  this  height  2  ,  2160  -  4320  lbs.  to  be 
exerted*  B 

The  law  of  Mariotte  may  be  likewise  proved  by  w 
pouring  mercury  into  the  tube  GH  communicating 
with  the  air  of  a  cylinder  ^C,  Fig,  393,  If  a  co- 
lumn of  air  ^C  be  originally  enclosed  by  the  quan- 
tity of  mercury  BEFhI  which  has  the  same  tension 
as  the  externaJ  air,  and  afterwards  be  compressed  to 
one-half  or  one* fourth  its  volume  by  the  addition  of 
fresh  mercury,  we  shall  then  find  that  the  distances 
of  the  surfaces  of  G,i/j,  G^H^^  &c.,  of  mercury  are 
equivalent  to  the  single  and  treble  height  of  the  ba- 
rometer 6,  &c*,  that,  therefore,  if  we  add  to  this  the 
single  height,  corresponding  to  the  external  pressure 
of  the  air,  the  tension  will  be  twice  or  four  times  as  great  as  that  due 
to  its  original  volume. 

The  tensions  are  h  and  Aj  or  p  and  p,,  y  and  y,  the  corresponding 
densities,  and  V  and  V^  the  volumes  appertaining  to  one  and  the  same 
quantity  of  air,  we  then  have,  according  to  the  law  laid  down : 


Pig,  393. 


V. 


=  £-1  hence 

From  this  the  density  and  also  the  volume  may  be  reduced 
one  tension  to  another. 


Pi 


Exampltt. — 1.  If  in  m  blowing  machine,  th©  manometer  »taiid  at  3  iricliea,  whiltt  lh« 

28  ^3         31 
barometer  »  at  2S  iiicbcf,  the  dmmty  of  ibe  wind  ii  ^  ,    J7  ■  ^  —  ^  1|107  tunes 


^--e.^tr-^       -^*f 


""    ;^ 


^^->»-T^     t^r*^   ^      1--^   t-  r         y 


c   x  f*  .-•  - 


/ 


/ 


/■.    '/   -U-^  />- J    r  ^!S^^«,-t-   ; 


^.^   z^,    ,     «^^^ 


2^^.'  ^  /'T^  ,.  ^    /       ^^  .     ■    -^ 


f^  .-^^^ 


^  y  ex,        i^'  /.-"^ ^!%.  y  ^  *  <;/       ^-^.^ — '.-c^ 


«-»   ^  V  ^:  /  J.  t  t  <»  y 
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itmt  Dftbe  axteniftt  mt.* — 2.  If  m  culnc  jbotof  atmodpherio  ak,  with  tlie  baiooieter  «  26 

62  5 
indies,  weigbe i—  Ib«. ;  wjili  the  barometer  at  34  indie*  it  will  wt^h  i 


770 


62.5 


21250 


c  0,985  ibe. 


Fig.  394. 


770       28        21560 

§  298.  The  mechanical  effect  which  must  be  expended  to  coEdense 
a  certaia  quantity  of  air  to  a  certain  degree,  and  the 
effects  which  the  air  by  its  expansion  will  produce, 
cannot  be  directly  assigned,  because  the  expansile 
force  variesf  at  every  moment  of  condensation  or  ex- 
tension ;  we  must  therefore  endeavor  to  find  a  special 
formula  for  the  calculations  of  this  value.  Let  us 
imagine  a  certain  quantity  of  air  •^/',  enclosed  in  a 
cylinder  *i^C,  Fig.  394,  by  a  piston  Ef,  and  let  us 
inquire  what  effect  must  be  expended  to  push  for- 
ward the  piston  through  a  certain  space  EE^^  FF^. 
If  the  original  tension  =»  p,  and  the  original  height 
of  the  capacity  of  the  cylinder  =  s^^  and  the  tension 
after  describing  the  space  EE^  ^  y^,  and  the  residuary  volume  of 
air  s  s^^  the  proportion  p^ :  p  ^  s^:  i^  then  holds  true,  and  gives 


While  describing  a  very  small  space  E^E^  =  x,  the  tension  p^ 
may  be  regarded  as  invariable,  and  hence  the  mechanical  effect  to  be 

expended  is  =  JipjX  =   J'V^  when  ^  represents  the  surface  of  the 

piston. 

It  follows  from  the  properties  of  logarithms^  that  a  very  small  mag- 
nitude y  =  %-  log.  (1  +  y)  =  2,3026  Log.  (1  +  y),  if  hyp.  log. 
represents  the  hyperbolic »  and  Log.  the  common  logarithms;  we  may 
consequently  put 


Jps^  ±  =  Jps^hyp.  log,  (l  +  ±) 
«  2,3026  ^pis^  kg.  (l  +  — \ 


But  now: 

hyp.  log.  (l  +  ^^  « Ayp.  hg.  (^^)  =%- %•  (^i+a^K Ajp, log.  s,i 

hence  the  elementaiy  mechanical  effect  is: 

=-,^?*d  IhP'  kg.  {s,+x)~hyp.  log.  ij. 
Let  us  imagine  the  whole  space  EE^  to  be  made  up  of  very  small 
parts,  such  as  ^r,  and  therefore  put  EE^  =  lur,  we  shall  find  the  me* 
chanical  effects  corresponding  to  all  these  parts,  if  in  the  last  formula 
we  substitute  for 

Sj,  ^1  -h  a:,  *j  +  2  X,  fj  +  3  I,  ,  •  ,  to  s^  +  (fi — 1)  x^  and  for 
*i  +  ^»  ^,  +  2  ar,  ij  +  3  :r,  &c.,  to  ij  +  nar,  or  #^, 


*  For  comparisont  with  tho  tnanorn<?ter>  ibe  divisbn  of  a  beitim^ter  ought  not  to  he 
iato  either  inches  or  metres,  hut  iniD  lOOOtb  p&ru  oT  I  atmo^ho^ — Am.  Ed, 
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and  by  summation  the  whole  expenditure  of  mechanical  efllect  in  de» 

scribing  the  space  s^ — s^i 

^hyp.  log.  (f^+ar)— Aj/p.  log.  f, 
ihyp.  log.  {s^+2x)—hyp.Jog.  (s^+x) 
)hyp.  log.  (*j+3ar)— Ayp.  log.  (*i+2ar) 


.%•  %•  {9i+nz)—hyp.  log.  [*i+(»— 1)«] 

since  one  member  in  the  one  line  always  cancels  one  member  in  the 
fdlowfaig  one. 

IKnce  -1 M  -J.  as  Ek^  this  mechanical  efiect  may  be  put: 

If  we  put  the  space  described  by  the  piston  8^ — fj  «■  t,  we  shall 
hence  find  that  the  mean  force  of  the  piston  p  condensing  the  air  is 
in  the  proportion 

!^^b,P^L^^pLohyp.log.(Pl). 
h        p,  s  8     '^      °   \p/ 

Let  Jl^^l  (square  foot)  and  'o ""  ^  (f<>oO»  ^^  obtain  the  mechanical 
efiect  produced 

L^phyp.  log.  fEl\  -  2,3026  p  log.  (El\. 

This  formula  gives  the  mechanical  efiect  which  must  be  expended 
to  convert  a  unit  or  cubic  foot  of  air  of  a  lower  pressure  or  tension 
p  into  a  higher  tension  p^^  and  to  reduce  it  thereby  to  the  volume 

cubic  feet.     On  the  other  hand : 


a) 


L^p,  hyp.  log.  (&)  -  2,3026  p,  log.  (&) 

expresses  the  efiect  which  a  unit  of  volume  of  gas  eives  out  or  pro- 
duces when  it  passes  from  a  higher  pressure  p^  to  a  lower  p. 
To  reduce  by  condensation  a  mass  of  air  of  the  volume  F,  and  ten- 

V 
sion  p  to  the  volume  K^,  and  the  tension  p^wm  —  p^  the  mechanical 

efiect  requisite  to  be  expended  is  Vp  hyp.  log.  (•»-))  s^nd  when,  in- 
versely, the  volume  V^  at  a  tension/?}  is  converted  by  expansion  into  the 
volume  r,  and  into  the  tension  p  is^  -^p^^  the  efiect: 

V  p  hyp.  log.  i—"^  -.  V^p,  hyp.  log.  (_J 
will  be  given  out. 


I 
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Exismple*. — t*  If  a  blait  eeinvoilfl  10  cubic  feel  of  air  pet  «cond,  Of  28  inchei  ten*kjn, 
into  Akt  of  30  iochen  teneion,  the  eAect  to  be  expended  upon  ihiB  for  every  second  will 

b«=  17280  .  0,491  .  2S  %.  hg.  ^M^  <=  23756&  CAyp,%  l5^%.%  14)  =  237665 

^,708050  —  2,639057)  =237565  ,  0,068993  =  10390  inch  Ibn.  «  1365,8  It  Ibi,— 
2.  If  a  masB  of  vapor  in  a  atraim  engine  be  low  the  Btirfaoe  of  a  pinion  jf  ^  w%*  i^  201 
square  indies^  si&iids  15  inches  faigb,  and  with  a  tetiabn  of  tliree  ainio^pheres,  pushea 
i;ip  the  piston  25  inches,  tlie  mechatiical  eHeci  eTotved^  and  wliich  is  expended  an  tlie 
piflton,  i* ; 
1=201 , 3  .  14.73 .  15  h^p.  hg  /^^+^S\  _  133232  %p.  fog.  } 

9  13^32  .  0,ggO£3  XX  130567  inch  lbs.  =  10881  fe«t   Ihs^  aud  the  mean  fbic«  of  the 
piiloo,  witboui  regard  to  lt»  friction  and  the  ootinier  pressu^^t  U: 
_  130567 

""      25 


.  =  5222  Ibt. 


§  299.  Strata  of  Mr, — Air  enclosed  in  a  vessel  is  at  different 
depths  of  different  density  and  tension,  for  the  upper  strata  press 
together  the  lower  on  which  they  rest,  so  that  there  are  only  one  and 
the  same  density  and  tension  in  one  and  the  same  horizontal  stratum^ 
and  both  increase  with  the  depth.  But  in  order  to  dtacover  the  law 
of  this  increase  of  density  downwards,  or  the  decrease  upwards,  we 
must  adopt  a  method  very  similar  to  that  of  the  former  paragraph. 

Let  us  imagini  a  vertical  column  of  air  JiE^  Fig. 
395,  of  the  transverse  section  ^iB  =  1,  and  of  the  Fig,  396, 

height  *^F*=  s.  Let  the  density  of  the  lower  stratum 
«  T^,  and  the  tension  =  p,  and  the  density  of  the 
upper  stratum  EF  «  y^,  and  the  tension  =  ji^,  we 

shall  then  have  ^  =  ^.  Ux  is  the  height  EE^  of  the 

stratum  £,F,  we  have  its  weight,  and  hence  also  the 
diminution  of  its  tension  corresponding  to: 

y  =  1  -  ar  *  Yj  =  5^,  and  inversely, 
P 

X  K  ^  .  i-,  or  as  in  the  former  paragraph : 

y    Pt 
X  ^l  hyp.  log.  (l  +  1)  =  ?  [hyp.  log.  {p,  +  y)  —hyp,  log,  p,]. 

Let  us  put  for  Pj,  successively 

P,  +  y»  Pi  +  ^y-  Pi  +  33f,  &c.,  top,  +  {n—l)y, 
and  add  the  corresponding  heights  of  the  strata  or  values  of  x,  and 
we  shall  then  obtain  the  heigbt  of  the  entire  column  of  air,  as  in  the 
former 


§. 


(hyp.  log.  p—h}/p.  log.  Pi)  HB  ?.  hyp.  log.  (EV  also 


hyp.  log.  (i^  =  2,302e  log.  Q.^ 


if  b  and  6j  are  the  heights  of  the  barometer  corresponding  to  the  ten- 
sions p  and  p,. 

If,  inversely,  the  height  s  is  given,  the  expansive  force  and  density 
of  the  air  corresponding  to  it  may  be  calculated.     It  ts: 
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P^  l^e*\  therefore  y,  =-  r«   ^  f  ^here  e  -  2,718281 


Pi 


is  the  base  of  the  bj^erbolic  system  of  logarithms. 


Bimark.  Thb  forrnuln  h  apt>liciibb  to  ihr  tnetimfemeat  of  heiglit«,    Learijfig  the  I 

parature  out  of  eoniidBmivon,  we  mny  put  i^  58604 

.  Xflf.  (I.\  ;  for  the  EnglUb  meoiuie  «  eOrX)0£of.  (JLY 

Kxumpli*. — I.  If  the  heiRht  of  the  barometer  at  the  foot  of  a  mouniam  be  28  i 
and  ai  the  t«jp  25  iochci,  the  height  of  thi<  nwmitaia  will  be  ; 

1  =  58604  .  Lug.  (^  3s  58604  .  0791 S13  «  4040  PnuakD  r«t-*S:  The  den^itf  of 

Jr  10000 


the  ftir  oo  a  motuitftin  10^000  feet  h^b  id 


il  ^  1,4S1, 


_„ _    0,1706: 

y,  58604 

0,675  ^  it  IB  therefore  onljr  67}  per  ceol  4 


the  der^wiy  of  that  at  the  foot, 

§  300,  Gay-Lmmch  Law. — Heat  or  temperature  has  an  essential 
influence  on  the  densfity  and  expansive  force  of  gases.     The  more  airi 
enclosed  in  a  vessel  becomes  heated,  the  greater  does  its  expansive 
force  exhibit  itself,  and  the  higher  that  the  temperature  of  the  air 
enclosed  by  a  piston  in  a  vessel  is  raised^  the  more  it  expands,  an 
pushes  against  the  piston.     From  the  experiments  of  Gay-Lussac, 
which  in  later  times  have  been  repeated  by  Riidberg,  Magnus  anit* 
Regnault,  it  results  that  for  equal  densities  the  expansive  force»  and 
for  equal  expansive  forces  the  volume  of  one  and  the  same  quantit 
of  air  increases  as  the  temperature.     We  may  place  this  law  by  ihm\ 
side  of  that  of  Mariotte,  and  name  it,  for  distinction's  sake,  Gay-Lu 
sac's  law. 

According  to  the  latest  experiments,  the  expansive  force  of  a  defiaite 
volume  of  air  increases  by  being  heated  from  the  freezing  to  the  boil- 
ing point,  by  0,367  of  its  original  value,  or  for  this  increase  of  tem- 
perature the  volume  of  a  definite  quantity  of  air  increases,  the  tension 
remaining  the  same,  by  36,7  per  cent.     If  the  temperature  is  given 
in  centigrade  degrees,  of  which  there  are  100  between  the  freezing 
and  boiling  pointy  it  follows  that  the  expansion  for  each  degree  is  ^ 
0,00367,  and  for  i  degrees  temperature  ^  0,00367  .t\  if  we  make 
use  of  Fahrenheit's  thermometer,  which  contains  between  the  freez- 
ing and  boiling  point  180**,  for  each  degree  the  expansion  is  =^  ,002039, 
and  for  /  degrees  temperature  =  .00^039  .  t.    This  co-efficient  is  true  ^ 
only  for  atmospheric  air;  slightly  greater  values  correspond  to  other^H 
gases,  and  even  for  atmospheric  air^  this  co-efl5cient  increases  slightly^^ 
with  the  temperature. 

If  a  mass  of  air  of  the  original  volume  V^^  and  of  the  temperature 
(centigrade)  0*,  be  heated  i  degrees  without  assuming  a  different  ten* 
sion^the  new  volume  is  then  F=  (1  +  0,00367  i)  Fo,and  if  it  acquire 
The  temperature  ^p  it  will  then  assume  the  volume :  F^  =  (1  + 
0,00367  fj)  F(„  and  by  dividing  the  ratio  of  Ihe  volumes: 
V       1  +  0,00367  ( 


Fj       1  +  0,00367// 
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on  the  other  hand,  the  corresponding  ratio  of  density : 

X        L        1  + 0.00367  <^ 

r,  "    F  "  1  +  0,00367 1 
If,  moreover,  a  change  take  place  in  the  tensions,  if  p^  is  the  tension 
at  zero,  p  that  at  the  temperature  t,  and  p^  that  at  t^,  we  then  have: 


(1  +  0,00367  f)^  F„  further  F, 
P 


(I  +  0,00367  g  h  r„ 


1  +  0,00367  ( 


1  +  0,00367  t^ 


h, and  L 

P  ri 


1  +  0,00a67  .  f,     b 
1  +  0,00367  .  t 


1  +  0,00367  .  t,     p 
1  +  0,00367  .  t  '  J* 


Examph.  If  a  maw  of  air,  of  800  cobic  feet,  and  of  10  Ibi,  tentiortf  mnd  10°  {cent!- 
gr^ade)  temperature,  is  rajs^d  by  the  Ua«t,  and  by  the  warming  apparatus  of  a  btast-fLir* 
nai3e  ttj  a  tension  of  10  Itja.  and  to  a  temporaturo  of  200°*,  it  will  at  length  assmne  the 
greater  Tolume: 
^  _  1  +  0,00367/200     15    ^^  1,734       120O0 

'  1  +  0,00367.10  '  le'  "^   1,0367 


.  ^  1056  cubu:  feet  (Pnuiiao). 


le  1,0367         19 

§  301,  DmsUy  of  the  JHt. — ^By  aid  of  the  formula  at  the  end  of 
the  former  paraj^rapbj  y  may  now  be  ralculated  by  the  density  cor- 
responding to  a  given  temperature  and  tension  of  the  air.  By  accurate 
weighings  and  measurements  we  have  the  weight  of  a  cubic  metre  of 
atmospheric  air  at  a  temperature  of  0°,  and  0,76  metre  height  of  baro* 
meter  =  1,2995  kilogrammes.  Since  a  cubic  foot  (Prussian)  = 
0,030916  cubic  metre  and  1  kilogramme  =  2,13809  lbs.  The 
density  of  the  air  for  the  relations  given  is:  =  0^030916  -  2,13809  • 
1,2995  =  0,08590  lbs.    If  now  the  temperature  is  =  f>  cent,,  the 

1  2995 
density  for  the  French  meamire:  y  =» '  ni\^£t —    kilogrammes  \ 


and  for  the  Prussian  measure  y 
0,081241 


+  0,00367  t 
0,08690 


lbs.*  and  for  the 
1  +  0,00367  .  i       * 

If  now  the  expansire  force  vanes 


^"g'^^*"  =  '  -  1  +  0,00204  f  "''' 

from  the  mean,  if,  for  example,  the  height  of  the  barometer  is  not 

0,76  metres,  but  h^  we  shall  obtain : 

1,2995  b  1,71,  i 


It  — 


-  kilog. 


1+0,00367,^     0,76        1  +  0,00367 
or  if  6,  as  is  commonly  the  case,  be  given  in  Paris  inches:         ^  ^ 
0,003058  .  h  ^ 

^  ^  l  +  0,00367f  *    ' 
Very  often  the  expansive  force  is  expressed  by  the  pressure  j>,  on  a 
square  centimetre  or  square  inch,  for  this  reason  the  factor 


P 


1,0336' 
that: 

*  lO^Ci 


Qf  ^^    or  7-^-  must  be  introduced,  and  it  then  follows 
14,73         15,05 


!  50  F.J  and  200*  C.  «  392^  F-,— ihe^  oo-€ffideol  wUl  then  be  ,003039,— 


3^ 
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1,2995 


_p _         l,257ap 


1  +  0,00367 
0,08565 


i 


1,0336 
P     _ 


1  +  0,00367 
0,00569 Ip 


-  kilog. 


or 


lbs-  Pnissian- 


^       1  +  0,00367  .  t     Ibfib       1  +  0,00367  .  t 
For  the  same  teroperature  and  tension,  the  density  irf"  steam  is  J 
the  density  of  attnospheric  air,  for  which  reason  we  have  for  steam ; 


0,8122 


0,78577 


1+0,00367/ 
0,05353 


kilog. 


or 


1+0,00367 
0,050775 


1  +  0,00367  f 
J^'™^^^  Ibs^  Prussian. 


1  +  0,00367.  / 
0,003447/? 


lbs.  English. 


1  +0,00204  t     14,73        1+0,00204  t 

Exampkt. — 1.  What  weight  bits  the  wind  eontameci  in  a  cflindrkal  mgxitotot 
feot  tength  w»d  6  feet  width,  «l  a  (emperatur^  of  10*  aiuJ  IS  Iba,  prvuure  1  Thfl  ~ 
of  this  wtod  if : 

1,0367  1,0367  "^  '^ 

l|i«  apai^rtj  of  the  regelating  vessel  is  ^  «^.  3^.40  »■  1131  trwbic  feet;  betic^,  the  qnan- 
titf  oT  wind  ^  0,098  B  ,1131  ^  L 12  lbs. — %.  A  steam  engine  niei  per  minyte  500  cub 
feet  of  vapor,  of  107'  C,  temper«tur©at>ii  36  mche*  preftsure.  bow  mnny  potinda  of  waO 
wre  Ttf^yired  Jbr  the  genemtion  of  thi»  a  learn  ?    The  den«iiy  of  ibk  sieam  i»: 

^         0,05353 :??  «i2i^£55L15«,  00494  Ibfl- 

^  |+0,0O367J07*»  *  2R  ~    1*3^3  .  2S    ^    '  '> 

h<»fice|  the  weight  of  500  cubic  feet,  or  the  weigbt  of  the  oorreflponfltiigr  <|i»ntify  i 
water,  ==  500  .  0^94  «  24,7  lb«. 


Fl«.3d«. 


Ill  I 


§  302.  By  aid  of  the  results  obtained  in  the  last 
paragraph,  the  theory  of  the  air  manometer  may  be 
explained.     This  instrument  consists  of  a  barometer 
to  be  of  uniform  bore  AB^  Fig.  396,  filled  above  with 
air  and  below  with  mercury,  and  of  a  vessel  CE  like- 
wise containing  mercury,  which  is  put  in  communi- 
cation with  the  gas  or  vapor  whose  tension  we  wish 
to  find.     From  the  height  of  the  columns  of  mercury 
and  of  air,  the  expansive  force  may  be  estimated  as 
follows.     The  instrument  is  commonly  so  arrangec^^ 
that  the  mercury  in  the  tube  stands  at  the  same  lc^4H 
as  the  mercurj^  in  the  cistern,  when  the  temperatur^^ 
of  the  enclosed  air  f  =  50°  (10^  C),  and  the  tension 
in  the  space  EH  equal  to  the  mean  atmospheric  pres* 
sure  h  =  0,76  metres  =  30  inches. 

But  if  for  a  height  of  the  barometer  6,  from  EH  a 
column  of  mercury  h^  has  ascended  into  the  tube,  and 
the  length  of  the  column  of  the  residuary  air  is  h^ 
we  have  then  its  tension 


A. +A, 


^  fi,  and  hence  6,  »  A,  + 


K  +  K 


If  a  change  of  temperature  takes  place,  the  temperature  from  obser- 
vation  of  h^  and  k^  is  not  as  at  first 
sion  of  the  column  of  air: 


t^  but  t^^  we  then  have  the  ten- 
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A    -L   A 


h^+  h^    1+0,00367  .  t, 
A.      •  1 +0,00367.  <       ' 
and  hence  the  height  of  the  barometer  in  question 
h      h   .*!  +  *«    1+0,00367  .  t. 


A.      '  1+0,00367  .  t 

I  (Pa 


For  6  ->  28  inches  (Paris),  and  f  >-  10^  C,  it  follows  that 
i,-A,  +  27(l  +0,00367fJ*   whereby  A- Aj  +  A^, 

represents  the  whole  length  of  the  tube  measured  to  the  surface  of 
mercury  HR. 

From  the  height  of  the  barometer  6|,  it  follows  that  the  pressure  on 
the  square  inch  (Prussian)  is 

P^^K  +  16,6  •  ^(1  +  0,00367  t, .  *-  0,638 A, 
+  14,61  (1+0,00367  f)  *  lbs. 

Exampk^—lf  ^n  air  manometer,  of  25  inches  leofl^th,  at  21®  tempecature  C^  indicates  a 
eolnmiofatf  of  ISSiioliesi&lenilliitfMntfaeeoffieipoad^  of  the  barometer  ii : 

^«i25^12+  27(1  +  0,00307.21)  £^»13+  9  . 1,07707.  ?? 

■B  13  +  60,58  as  73,58  inches,  and  the  pressnre  on  a  aquare  inch 
->  0,538  .  73,58  at  39,59  lbs. 
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SECTION  VI. 

DYNAMICS   OF   FLUID   BODIES. 


CHAPTER   I. 


THE  GENERAL  LAWS  OF  TH£  EFFLUX  OF  WATER  FROM  VESSEXS. 

§  303.  I^fflux.—The  doctrine  ot  the  efflux  of  fluids  from  vessels 
constitutes  the  first  principal  division  of  hydro-dynamics.  We  dis- 
tinguish first  between  the  efflux  of  air  and  the  efflux  of  watery  and 
then  again  between  the  efflux  under  mmfarm  and  that  under  variable 
prtMsure.  We  next  treat  of  the  efflux  of  water  under  constant 
pressure.  The  pressure  of  water  may  be  assumed  as  constant  when 
the  same  quantity  of  water  is  admitted  on  one  side  as  flows  out  from 
the  other,  or  when  the  quantity  of  water  flowing  out  in  a  certain 
time  is  small  compared  with  the  size  of  the  vessel.  The  chief  pro- 
blem, whose  solution  will  be  here  treated,  is  that  of  determining  the 
dUcharge  through  a  given  orifictj  under  a  given  pressure,  in  a  defi- 
nite time. 

If  the  discharge  in  each  second  >■  Q,  we  then  have  the  expendi- 
ture, after  the  lapse  of  t  seconds,  under  variable  pressure :  Q^  a  Qt.  p 
But  to  obtain  the  efflux  per  second,  it  is  necessary  to  know  the 
dimensions  of  the  orifice,  and  the  velocity  of  the  particles  of  fluid 
issuing  from  it.  For  the  sake  of  simplicity  of  investigation,  we  shall 
for  the  present  assume  that  the  particles  of  water  flow  out  in  straight 
and  parallel  lines,  and  on  this  account  form  a  prismatic  vein  or  stream 
of  fluid.  If,  now,  F  be  the  transverse  section  of  the  vein  and  v  the 
velocity  of  the  water,  or  of  each  particle  of  water,  the  discharge  per 
second  will  form  a  prism  of  the  base  F  and  height  v,  and,  therefore, 
Q  will  be  a  JV  units  of  volume  and  G  a  Pvy  units  of  weight,  y  being 
the  density  of  the  water  or  the  effluent  liquid. 

Examples. — 1.  If  water  flows  through  a  sluice,  of  1,7  square  feet  aperture,  with  a  li 
feet  velocity,  the  discharge  will  be  Q  ss  14  .  1,7  :a  23,8  cubic  feet,  and  hence  the  dis- 
charge per  hour  will  be  as  23,8  .  360(/'  ss  81)680  cubic  feet.— 2.  If  264  cubic  feet  of 
water  were  to  bo  diwrharged  through  an  orifice  of  5  square  inches  in  3  minutes  and  10 
seconds,  the  mean  velocity  of  efflux  would  amount  to 
Q.  264  264  .  144 


Ft  5       jg^,  5 .  19U 

144  ' 


.  as  40  feet 
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§  304,  Vetadti^  of  Efflux,— hei  us  suppose  a  vessel  ^C^  Fig,  397, 
filled  with  water,  having  a  horizontal  exit  orifice, 
F,  rounded  from  the  inside^  which  forins  but  a  **«*  3®^- 

small  part  of  the  transverse  section  or  bottom  sur- 
face CD,  Let  the  hmd  of  water  FG,  supposed 
invariable  during  the  efflux,  =»  A,  the  velocity  of 
efflux  »=  1?,  and  the  discharge  in  each  second 
s=  Q,  and  therefore  its  weight  ^  Qy,  The  me- 
chanical eflfpct  which  this  mass  of  water  produces 
by  sinking  from  the  height  A,  is  «  Q  A  y,  and  the 
mechanical  efTect  which  the  effluent  mass  Qy 
accumulates  in  its  transit  from  a  state  of  rest  into 

that  of  the  velocity  v,  is  —  Qy  (§  71).   If  no  loss  of  mechanical  effect 
take  place  in  its  passage  through  the  orifice,  both  mechanical  effects 


wiU  be  equal,  and  therefore  k  Qf 


Or ;  »•  e.,  h 


and,  in- 


^  '"'         '  2g-  _ 

versely,  v  =  y  2  ^  A*  or  in  feet*  A  ^  0,0155  v%  and  t*  =  8,02  v^A, 

The  velodty^  tkerefaret  of  water  issuing  through  on  orifice  is  eqm- 
viilent  to  the  final  velocity  of  a  body  Jailing  Jreely  from  iM  height  of 
the  water. 

The  correctness  of  this  law  may  be  proved  by  the  following  expe* 
riments.     If  we  apply  an  orifice  directed  upwards  to  the  vessel  vf  C, 
Fig,  398,  the  jet  FK  will  ascend  vertically,  and 
nearly  attain  the  level  MR  of  the  water  in  the  fl|.  398, 

vessel,  and  we  may  assume  ihat  it  would  ex* 
actly  attain  this  height,  were  all  resistances, 
such  as  those  of  the  air,  friction  at  the  sides  of  W ; ;  j ; 
the  vessel,  disturbances  from  the  descending 
water,  &c.,  entirely  removed.  But  since  a 
body  ascending  to  a  perpendicular  height  A,  has  ■  j  |  i ! 
the  initial  velocity  v^  ^2 g  h  {^  17),  it  ac- 
cordingly follows  that  the  velocity  of  efflux  is      ^^\\ 

V  ^  ^2g  h,  ■>S'S^:ffr> ' 

For  a  different  head  of  water  A^,  the  velocity 

is  p^  ^  %/  2  g  A„  hence  we  have  v  :  v^  ^ 

^~h  \  v^"Aj  ;  therefore^  the  velocities  of  efflux  are  to  each  other  as  the 

square  roots  of  lAe  heads  of  water, 

KtofftpUM.—l.  The  dlBchartee  whkh  takes  plAC«  in  each  soootid  through  mn  oriAoo  10 
iijebcs  square,  under  a  preBnire  of  5  feel,  i§:^ 

Q  =  JPv  =  10  .  13  ^¥Jh  =  IW  .  8,03  v/  S  «  ^3i*  ^  5,236  —  1^151,9  cubk  inches. 
^.  That  252  cubic  inches  may  be  djtehargeti  throtigb  an  orifice  of  0  aquare  inchei  in  tmek 
■econd,  ihe  head  of  water  required  ii : 

A  «  ±  /_^y  «  0,0155  ^i^y«,  0,0165  (42)'  —  37^  incbeiL 

§  305,   Velocity  of  Influx  and  Efflux.— It  water  flows  in  with  a 

certain  velocity  c^the  mechanical  effect  — ,  corresponding  to  the  ve- 

2g 


.1 
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locity  due  to  the  height  A.  k  ^^^  must  be  added  to  the  mecbaiiiea 
effect  h  ,  Qfi  hence  we  have  to  put: 

and  therefore  the  velocity  of  effltix: 

Sbce  the  quantity  of  water  flowing  into  a  vessel  kept  cotiHtantijj 

full  is  as  great  as  that  Q  which  flows  out,  we  may  put  Gc  ^  Fn 

where  G  represents  the  area  of  the  transverse  section  HR  (Fig,  39  i 

f 
of  the  water  pouring  in.     Accordingly  if  we  put  e  =  -—  v,  we  aha 

G 

then  obtain : 


and  hence:  v 


J 


1 


According  to  this  formula^  the  velocity  increases^  the  greater  thfi 

F  ■ 1 

ratio  of  the  sections--^  becomes;  the  velocity  is  least,  vii,,  =  ^2gh^\ 

if  the  transverse  section  Fof  the  orifice  of  efflux  issroafll 

Wig.  3&9,       compared  with  the  transverse  section  G  of  the  orifice  of  J 

tnliuK,  and  it  approximates  more  and  more  to  an  infinite^f 

ly  great  velocity,  the  smaller  the  difference  is  betweeft] 

F 
these  orificea.    U  F  ^  G,  therefore  —  =  U  then  v 

— -^—  »  00  ,  and  therefore  also  c  =.  oo.     This  infinite  \ 

value  must  be  understood  to  express  that  the  water  must 
flow  to  and  from  a  bottomless  vessel  *^C,  Fig*  399,  with  ' 
an  infinite  velocity,  in  order  that  the  stream  of  fluid  CF 
may  entirely  fill  up  the  orifice  of  discharge  F,     If  we  put  v 

_,  we  shall  then  obtain : 
F 


*-[(r)'-']5''"°"''- 


6 


4- 


2gk 


which  eitpresBion  indicates  that  the  transverse  section  l^of  the  streiiiM 
flowing  out,  for  an  infinite  velocity  of  influx,  is  constantly  less  tl 
the  transverse  section  G  of  the  stream  flowing  in,  and  hence,  that  the 
discharging  orifice  is  not  quite  filled  when  it  it  is  greater  than 
G 


J 


1  + 


Hgk 
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Bfmark.  The  mes^soACf  of  tliU  formula,  givei)  by  Buiikl  BemouUi, 

^ y    ^ _,  hA£  of  lAte  been  brotighc  inio  doubt  by  niany  philofopbera. 


J'-(S)" 


have  endfittvoml  to  prove  how  un founded  are  ihe  objeotiofif  mode,  in  an  article  "  EffluXi'^ 
in  tlie  •♦  AJlg^mQineti  Moacbioenencyclopfidie/* 

Ex^Mr^U.  ir  water  ruiia  fiom  a  circular  orifioei  5  inches  in  width,  in  the  bot(om  of  m 
prigmntic  veas^l  of  C^O  square  inches  wans  verse  section,  under  a  pressure  of  6  feet,  tbe 
vekK^ity  is  then: 

— — -o^^m^s^ 


J  \4.60/ 


v^i— (o,3273*       v^,ae3i 


Fig.  -too. 


§  306.  r^foci^y  of  Efflux,  Pressure^  and  DensUt/. — The  above  for- 
mula are  onljr  true  if  the  pressure  of  the  air  on  the 
fluid  surface  is  as  great  as  its  pressure  against  the 
orifice ;  but  if  these  pressures  are  different  from  one 
another*  we  have  then  to  extend  these  formulas.  If 
the  upper  surface  KR,  Fig,  400,  is  pressed  by  a 
piston  K  with  a  force  P^  which  case,  for  example, 
presents  itself  in  that  of  the  fire-engine,  we  may 
then  imagine  it  to  be  replaced  by  the  pressure  of  a 
column  of  water.  If  A,  be  the  hei^t  of  this  co- 
lumn, and  y  the  density  of  the  liquid*  we  may  there* 
fore  put  Pj  =  GA,y.^  If  we  substitute  for  A  the 
head  of  water  augmented  by  h^  == 

P  P 

-J^,  A  +  Aj  =  A  -^H  pi-,  we  then  obtain  for  the  velocity  of  efflux  : 

Gj  Gy 

p  as    I  2  g   (k  +  -1  Ji  when*  moreover,  we  suppose  —  to  be  very 

small,     If,  further,  we  represent  the  pressure  on  each  unit  of  surface 

P 
of  G  by  jij,  we  have  more  simply  ~1  =  p^,  and  hence 

G 

t?  »     f  2  g  /a  +  ^y^  Again,  if  we  represent  the  pressure  of  water 

at  the  level  of  the  orifice  byp,  we  may  then  put  

p^  (k+  —\r'j  therefore,  A  +  ^  :^  ?,  whence  tj  =     [  ^  i"  -- 
\         r  /  y .      ^  S         y 

The  velocity  of  efflux^  therefore^  increases  as  ihe  square  root  of  ths 
pressure  on  each  unit  iif  surface^  and  inversely  as  the  square  root  of 
the  density  of  the  fluid.  Under  equal  pressures,  therefore,  a  fluid 
of  a  density  represented  by  4,  runs  out  half  as  fast  as  one  of 
density  1.     Since  the  air  is  770*  times  lighter  than  water,  it  would. 


*  Acoprding  to  the  cxpefiments  of  Prout,  LOO  cubic  inchefl  of  air  at  $0°  t^nipomture 

and  30  inches  bnrozuetei,  M-etgh  3t,0ll7  gmins  ttoy,  andcurifloqiiently  at  32°  a  i^nbicfoot 

wiU  weigh  31,0J17  K : X  17,28 ^&6G,i  grains;  and  sinoo  a  caibic  foot  of  water 

weighs  62j5  Iha,  avoirdupoit  sk  62,5  X  "^O^  ^  437500  gtains,  the  relative  weights  of 

30« 
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^'^'  ^^^'  if  it  were  an  inelastic  body,  flow  out  ^ 

=^21^  faster  than  water.  If  the  water  does 
not  flow  freely,  but  under  water,  in  coose- 
quence  of  a  counter-pressure,  a  dimipution  of 
the  velocity  of  efflux  then  takes  place.  If  the  i 
mouth  of  the  vessel  ^C\  Fig.  401,  In  the  depth  I 
FG  s=  h  bnlow  the  surface  of  the  upper  water] 
HR,  and  FG^  =Aj  below  the  surface  H^Ri 
the  lower  water*  we  then  have  the  pressure] 
downwards  p  «  Ay,  and  the  counter  pressure' 
upwards  p^  =  A^y^  hence  the  force  of  efflux  is: 
p  — j»j  =■  (A  —  Aj)  y,  and  the  velocity  of  efflux 

v^hg  (l^  j  «  v^2gr(A-AJ. 

For  efflux  under  waler  the  diflerence  of  level  A— A^  between  the 
surfaces  must  be  regarded  as  the  head  of  water. 

If  the  water  on  the  side  of  the  outer  orifice  be  pressed  by  the  force 
p,  and  on  the  side  of  the  inner  orifice  or  of  the  surface  of  water  by  [ 
the  force  p„  we  have  then  generally  : 


..js^(»^.&=?). 


Emimpkt. — L  Iftbe  piitoti  ofa  IS  inch  cjrlindeT.or  that  of  a  firo-enfine,  werv  preweA  ] 
dhpsn  witkii  Toroe  of  3boD  Ibe.,  ntid  there  were  no  obstacle  in  lli«  tabes  or  pipes,  O19 
wMer  would  \hen  i^sue  tbrougti  the  mouth-piece  of  the  tube  and  be  direcM  verbcaUjf  | 
upward?  wjib  a  velociry: 


-J^-f^-'^J^-'^J 


600.4 


4 

^  62,697  feel,  and  aatJeiid  to  tb«  height  A  =  0,0155  .  1^  «  60,93  fe«1.— 2*  If  w«tet  " 
rushes  into  a  rareHed  »paoe  ;  for  eioniple,  into  tlie  coodenper  of  a  steam -eagine,  whibt 
it  ia  pressed  from  above  or  on  iu  exposed  larfsce  by  the  atmosphere,  the  kst  fomiiila 

bP  K    J2  g  (h  +^*~^^  ibr  the  velocitjr  of  efflux  is  thea  to  be  applied.     If  Iba  head 

of  water  k^Z  feet^  atid  Ihe  external  banaroeter  fttand  at  37  iochef,  »»d  the  internal  at  4  I 

Fvxh  jncbet,  we  thall  now  have  ^*      ^    ^37  —  4  w23  Pftria  inches 

r 

B   1,9837    PniMkn    feet  s  2,042    English    feel,  or    a   GOliimu   of   water  i&  13,5  . 
2,042  ■=  27^57  feet,  and  the  velocity  of  the  water  rufihing  bio  the  vaeuum  v  ^  8,03 
.  ^  3  +  27,57  =  14.34  feet— 3.  If  the  water  in  the  feedpipe  of  a  stcam-engme  boilar  1 
staadfi  12  feet  above  die  surface  of  tJie  water  in  the  boiLer,  and  the  pren^ure  of  steam  bft  I 
20  lbs.,  and  the  presmue  of  the  atmosphere  only  15  lb&  on  the  square  indi,  the  velocit^f  | 
with  which  tlie  water  eritert  inio  the  boiler  will  bei 

i,«8,02    /l3T^^^li^  =  8,02     fl2Tr^iK«8,03v'"^  = 


air  and  water  at  that  tefa|»eiature  is 


566,1 


1 
772 


At  60**  the  relation  wiU  be  53 


: 437500 
0.75 


437500 

1 1 1 816.    And  as  v'  816  =28,5,  the  velocity  of  efflux  wUl,  titider  this  CODiUtj 


be  —-  part  more  rapid  than  w  that  supposed  in  the  text. — An.  En, 
27.75  *^  *^ 
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§  307.  Hydraulic  Pressure. — When  water  enclosed  in  a  vessel  is 
in  motion,  it  then  presses  more  feebly  against 
the  sides  than  when  at  rest.     We  must,  there-  ^^g*  ^o^> 

fore,  distinguish  the  bydrodynanaic  or  hydraulic 

{pressure  from  the  hydrostatic  pressure  of  water, 
f  pj  be  the  pressure  on  each  unit  of  surface 
I  U^R^  =  Gp  Fig.  402,  p  the  pressure  without 
[the  orifice  F^  and  A  the  head  of  water  FG^^  we 
I  then  have  for  the  velocity  of  efflux 


:xs\\tf 


m 


§m 


A  + 


Pi—P 


I  in  another  transverse  section  H^R^  =  G,,  which  lies  at   a  height 
FG^  =  k^  above  the  orifice,  the  pressure  =  p^,  we  then  have  like- 

twise: 

■we  subtract  one  expression  from  the  other,  it  then  follows  that: 


'-^■^'-^m-m^ 


'i-m-mi- 


or,  if  the  head  of  water  Gfi,  of  the  stratum  H^R,  —  G,  be  repre- 
sented by  A„  the  measure  of  the  hydraulic  pressure  of  water  at 
H^R^  is:  ^  • 

y 
But  now  ^^  is  the  velocity  v^  of  the  water  at  the  surface  Gj,  and  — - 

the  velocity  v^  of  the  water  at  the  section  G^i  hence  more  simply  we 

Therefore  J  from  this  it  follows  that  tfi€  hydraulic  head  of  water 

€1  ai  any  place  in  the  vessel  is  equivaleni  to  the  hydrostatic  head  of 
r 

mater  ?i  +  A^  diminished  by  the  d^erence  of  the  height  due  to  the 

r 
mhcity  ai  this  pointy  and  at  the  place  tf  entrance^     If  the  upper  sur- 
face of  the  water  Gj  is  great,  we  may  neglect  the  velocity  of  inHux, 

and  hence  may  put  ^  =  ?L  +  A^  —  t^^  and  the  hydraulic  head  of 

y        r  % 

water  is  less  by  the  height  due  to  the  velodty  than  the  hydrostatic  head 
of  water.  The  faster,  therefore,  water  flows  in  conduit  pipes,  the  less 
it  presses  against  the  sides  of  the  pipes.  From  this  cause,  pipes  very 
often  burst,  or  begin  to  leak,  when  its  motion  in  them  is  checked|  or 
when  the  pipes  are  stopped  up,  &c. 
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By  means  of  the  apparatus  of  effli 
ABCD,  Fig.  403,  wc  may   hav^  oculi 
demonst ration  of  the   difierence  betweei 
hydraulic  and  hydrostatic  pressure.     If  we 
carry  upwards  a  small  tube  ER  from  tl 
transverse  section  C ,  it  will  become  fill 
with  water,  which  will  ascend  lo  it  abo 
the  level  of  the  fluid  surface  if  G^is  > 
therefore  v^  -c  t^^;  for  as  the  pressure  pi  i 
the  fluid  stirface  is  counteracted  by    thd 
preefure  of  the  air  against  the  mouth  of  thd 
tube,  we  may  put  for  the  height  which  mea-" 


fures  the  pressure  at  G^viz.  x  ^  ?*- 


k 


—  /^  _  ^  V  and  therefore  a;  is  >  4  if  ^  is  ^  Hl,    If,    on    tiit 

other  hand,  the  transT-^rsc  section  G,  be  <  Gj,  and  the  water  there 
fore  flow  through  G^  quicker  than  through  G^,  we  shall  then  have  th 
height  of  the  column  of  water  in  the  aroall  tube  E^  whose  inner  orifie* 

is  at  C,,  y  =  A,  ^ —  (^ ^\  less  than  K%  a^d  hence  it  will  not 

V%       %/ 
reach  to  the  level  HR  of  G,.     Again»  if  G^  be  very  small,  and  thei€ 

fore  the  corresponding  velocity  v^  very  greats  then  ^  — ^   may   bn 
•  2|^       % 

>  A^.  and  hence  the  corresponding  hydraulic  head  of  water  z  may  be 

negative,  i.  e.  the  air  may  press  more  from  without  than  the  water 

from  within.     A  column  of  water  will  therefore  ascend  in  the  tube 

EJi^  which  is  inserted  below,  and  whose  outer  orifice  is  under  water, 

i?nich  in  conjunction  with  the  pressure  of  the  water,  will  balance  that 

of  the  external  atmosphere.     If  this  small  tube  be  short,  the  water, 

which  may  be  colored  for  this  purpose,  will  ascend  from  the  vessel 

K  underneath,  through  the  tube,  enter  the  reservoir  of  efBux^  and 

will  arrive  at  fand  be  discharged. 

Rrfiwtk.  If  ih&  discharging  TOMel  ACR,  Pig.  404,  oami^m  of  « 
wide  re*ermt  AC  and  of*  nsfrow  vertical  tube  C£,  the  bydmulic 
pressure  at  atl  places  m  thii  tube  is  then  iiegativ«.  If  we  divevaitl 
the  preaatire  of  \\m  atmosphere  p^^  lije  pressure  of  the  water  in  |li# 
vicinity  of  the  mouth  F  inay  be  put  ^  0,  because  the  whole  head 
of  water  hf>re  OF  ;s  A  will  be  eEpeniled  in  getieinAing  tbe  veloeiif 
«  =^  V^ 2gk  J  oti  the  otlicr  hond,  at  a  place  D^Et  Vt  the  height  Gfi 
^  A,  below  the  turfaoe  of  water,  tlie  hydraulic  pressure  ssh.^  k 
i^  —  {k — h^  EM^Iive;  iU  tberefore'^  a  hole  be  bored  in  thi!}tube,no 
wmler  will  run  tuft,  but  air  will  ratlier  be  tirawn  m^  which  will 
arriv©  at  F  and  flow  ouL  This  riegaiive  pf^»iire  will  be  greai«i« 
directly  below  the  water,  in  G  because  k^  ia  there  leafL 


i 

t 

1 


Fig,  404, 


W 


§  308,  By  means  of  the  formula  Q—  fb— F^2j' A» 
the  discharge  issuing  in  one  second  can  only  then  be 
calculated  directly  when  the  orifice  is  horisiontaJ, 
because  here  only  the  velocity  throughout  the  whole 
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257 


Fig.  405. 


transverse  section  J*  is  the  same  ;  but  if  the  transverse  section  of  the 
orifice  has  an  inclination  to  the  horizooj  for  example,  if  it  is  at  the  side 
of  the  vesaeU  the  particles  of  water 
at  different  depths  will  then  flow  out 
with  difTerent  velocities,  and  the  dis- 
charge Q  can  no  longer  be  con* 
sideied  as  a  prism,  and  hence,  there- 
fore, the  formula  Q=  Fv^ F ^2gk 
cannot  be  applied  directly p  The 
most  simple  case  of  this  kind  is  pre-^ 
^nted  in  the  efflux  through  a  cut 
in  the  side  of  a  vessel,  or  in  what  is 
called  a  weir,  Fig.  405*  This  cut 
forms  a  rectangular  aperture  of  ef* 
flux  EFGH,  whose  breadth  EF  = 
GM  is  represented  by  A,  and  height  EH  =  FG  by  A,  If  we  divide 
this  surface  bh  by  horizontal  lines  into  a  great  number  n  of  equally 
broad  laminae,  we  may  suppose  the  velocity  in  each  of  these  to  be  the 
same.  Since  the  beads  of  water  of  these  laminae  from  above  down- 
wards are  -,^,  ^,  &c.j  we  then  have  the  corresponding  velocities 
n    n     n 


J^'=-J^ 


2ir 


2A 


and  since,  further,  the  area  of  a 


lamina  »  & .  -  =  — ,  we  then  have  the  discharges : 
n       n 


6A    I  „     A  6A    »  rt         2A  JA    f  „         3A  ,  .... 

discharge  through  the  entire  section :         


^^^^^^  (yi   +   ^2  +   ^1  + 


But  now : 


li  4-  Q^ 


n^/n 


^1  +  n/^  +  ^i  +  .  ,  +  ^n,  or 


1^  +  2^  +  3^  + 


Mi 


1+4 


I  n^  =  I  n  v^Ti ; 


hencej  the  discharge  required  is : 


Q- 


bh^'^h 


n^/n 


Z  .  ln^n^lbhs/2gh^lh^2gh\ 


If  by  the  term  mean  velodty  (v)  be  understood  that  velocity  wMch 
must  subsist  at  all  places ^  that  as  much  water ^  in  consemtencet  does 
issue  as  with  the  variable  velocities  of  effiux  within  the  whole  prq^; 
we  may  then  put:   Q=  6A  .  t?,  and,  consequently,  v  ™  |  s/2gh^  u  e- 
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Ftg.  406, 


the  Tnean  velodtp  of  water  uming  through  a  rtttangular  mi  in  the  n4€ 
of  a  vesid  is  ^  of  the  i^docity  at  the  nil  or  hwer  edge  of  the  euL 

irthe  rectangular  aperture  o(  efflai 
KG,  Fig.  406,  with  horizontal  sill  dc 
not   reach  the  surface  of  the  wate 
we  may  find  the  discharge  by  reg 
iiig  the  aperture  as  the  differer 
the   two   cuts   EFGH   and     Ei 
Hence,  if  A  is  the  depth  HE  of  ti 
lower,  and  UE  «  h^  that  of  the  uppi 
edg«,  we  then  have  the  discharge  from 
these  apertures  ^b  ^2  g  h^  and  |  < 
y/2gh^^  and  hence  the  quantity  of  i 
ter  for  the  rectangular  orifice  GHKl 


the  mean  velocitjr  of  efflux : 


|AV2^(V-V). 


\^^g 


6(A,-A.) 
If  A  is  the  mean  head  of  water 


A, -A, 


A,  +  A. 


>  or  the  depth  of  the  ceotre 


the  orifice  betow  the  surface  of  water,  and  a  the  height  of  the  orifi 
HK^  Aj — ^  A,,  we  may  then  put: 

_('-i)-('-ir 

t*  —  t  s/^g  * J  or  approximately: 


% 


l^-HtiV^''- 


Exampk.  ir  a  rt^ctanpular  orifice  ii  3  feel  wide  and  l|^  fcf?t  higb^  and  tlie  lower 
lies  2 J  feet  below  the  aurftice  of  water,  the  discharge  is  then : 

Q*=f .  S»02.a  (2,75*  —  1,513=  16,04  (4,560  —  1.837)  s  16,04  ,2,723 
fecL     Ffom  the  foTmuIa?  of  apprommation  the  me^r)  velocity  of  efflux  is 


43,67  otibk 


»=.  [l^^r^  (r^-)']  '  ®'^  v^2J25  =  (I  -0,0036)  .  11,685=;  n,6R5— 0,04S. 

U,543  feel,  and  hetiee  the  diaobarge  Q^  3 .  }  a  1,643  ^43,65  cubic  feet 
Rtmwrk. — If  tbe  cut  jti  the  tide  is  iticlined  co  the  hofizon  at  nn  acii^Le  ^,  we  shall  the 


have  TO  substitute  tlte  height  of  the  aperture 


AH.  I 


for  iti  veriieat  pn>jec»k»m  wh^ni* ' 


wo  must  pot  Q  ss  f  ..yl  -  (  %/A|'  —  v^A/)»    If  the  iTWJSTerea  seetkia  of  tha 

pamt[i>S  to  the  aperturta  be  00!  cotisidenihly  greater  thati  tb«  iectaon  of  tbe  «p«rtiirei,  W6 

w 
thai]  then  have  to  talte  into  aeoount  the  Telodtf  1^1  ^  __  it  with  which  the  wai«r  flowaio 

U 
it,  and  for  thi«  renson  put; 


,.,.^5[(.,+^-)'-(.H-g)'] 
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jl 


§  309*  Triangular  Lateral  Orifice,  —  Besides 
rectangular  lateral  orifices,  we  have  in  practice  tri- 
angular and  circular.  Let  us  first  consider  the 
effluK  through  a  triangular  orifice  EFG^  Fig,  407, 
with  horizontal  base,  whose  vertex  E  lies  in  the 
surface  of  the  water*  Let  the  base  FG  =  b^  and 
the  height  EF  =  A,  let  us  divide  the  last  into  ft 
equal  parts,  and  carry  through  the  points  of  division 
lines  parallel  to  the  baae^  we  then  resoh^e  the  entire 
surface  into  small  elements  of  the  areas: 

b     h  2h     A  36    A   . 
^  .  _^  _^  ,  ^j  ^ — .  .  ^j  &C.J 

n     n    n      n    n      n 
and  the  heads  of  water: 
A  2A  3A  . 

n    n     n 
The  discharges  for  these  are: 


Fig.  40T. 


hh    l^^h   2bk    U        2A  36A    U       3A 
n^  \         n     fr  \  n      n^  ^  n 

and  we  obtain  the  discharge  for  the  whole  orifice: 


&c. 


2f -(1  +  2^2+  3  v^3  + 


+  »•«) 


or  since  the  series  in  the  parenthesis 


n^  + 


Q=.^bhs/2gh^lbs/2ghK 


3  +  1        ^ 
If  the  base  of  the  orifice  EGK  lies  in  the  surface  and  the  vertex 


lower  by  A»  we  then  have  the  discharge  ^  bh  %/  2  gh  flowing  through 
the  rectangle  EFGK,  ____ 

Q,^%bh  ^'Tgk—l  bh  ^"2^=  /jj  hh^Zgfu 
Through  the  trapezium  j9BCD^  Fig.  408,  whose  upper  base  JfB 
=  Ajj  lies  in  the  surface  of  the  water*  and  whose  lower  base  is  CD 
—  ij,  and  height  DE  =  A,  we  may  find  the  discharge  by  regarding 

the  orifice  as  composed  of  a  rectangle  and  two  triangles,  viz., 

Q=  |fi,A  v^T^+  ,V  (6-^)  A  %/2^-  T%  C2A,  +  36,)  A^TiA: 

Fig.  406«  Fig.  40d« 


Further,  the  discharge  for  a  triangle  CDE^  Fig.  409,  of  the  base 
J}E  =  6p  and  of  the  height  /i^,  and  whose  vertex  C  is  distant  A  from 
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the  surface  of  water : 
through  AE 


Q  —  discharge  through  ABC  less  the  dischai] 


,*j  4A  v^  2  gh^S  (24  +  3  6,)  A,  ^2  gh, 

I,      -  -  -  •- 


=  ,a,  s/2f  [2KA-^-V)-3  4,A,*]. 
^As  the  breadth  JiB  ~  b  may  be  determined  by  the  proportion 

A  :  (A— A,),  it  follows  that 

\  /2  A  (A^— A,') 
2  v'Tg*;  /2A*— 5AAj^3  *,»> 


2>/2g 
15 


■  3  A 


■') 


^> 


15        \  A— A, 

Lastly,  for  a  triangle  JiCD,  Fig.  410,  whose  vertex  Ue«  above 

base,  the  quantity  discharged  is 

"~    4. /2A«— 5A  A,5 +  3  A, 


2  s/2^  .  6,  /3  A«— 5  A,  A^  +  2  aA 


A— ^A, 


16 


-( 


A^A, 


Fig.  410. 


Fif .  41  U 


ExampU.  Wb&t  qnaniky  of  wneer  flowi  thtough  the  ftqi]Ar«  JBCD^  Fig,  411, ' 
verticfil  <llBgDn»i  jf  e  ^  1  root,  if  the  ftttgnlAr  point  J  reaGlhM  ili«  sur&oe  of  tb*  w««rf 
The  upper  half  of  thia  square  give*  the  expendiiuf«: 

Q  =  f  6  ^T^sE  {  1  . 8,02  ^1^0,4  .  8,02  , 0,3^3  —  3,21 ,  0,3^  m^  1,1331  eubie  fel 
but  the  Jowcf  water  expendilure : 

V  h~K  /  15     \^  1—4  J 


Q.. 


15 


32,06 
15 


(2—1,7678  +  0^303) 


mpn  .  0,7025 


^ougb  the  enliie  oritot  k  Q 
F(g.  412, 


15 

1,1331  +  1,6307  1 


^  1,6307  cubtc  feet;  Iho  diAcbiu;gc 

2,763S  cubic  feeL 


§  310,  Circular  Lateral  Ort^e*.— The  dis* 
charge  through  a  circular  orifice  JiB^  Fig.  41i, 
may  be  deteriniaed  by  an  approximate  formula 
in  the  following  manner.  Let  us  decompoie 
the  orifice  by  concentric  circles  into  equdly 
small  annuli,  and  each  annulus  into  very  small 
elements^  which  may  be  regarded  as  parallelo- 
grams.  If  now  r  is  the  radius  of  such  an  an- 
nulus^ b  its  breadth  and  n  the  number  of  its  el 
ments,  we  have  the  magnitude  of  an  element 
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K,  »  -— .    If  h  is  the  depth  CG  of  the  centre  C  below  the  sur- 
n 

face  of  water  HRj  and  f  the  angle  ^CK^  by  which  an  element  K  is 

distant  from  the  highest  point  Jl  of  the  annulus,  we  have  then  the 

head  of  water  of  this  element: 

KF *M  CG  —  CL^  h  —  r  cos.  t, 

and  hence  the  discharge  of  this  element 

2Hrb 


n 


v'  2y  (A — r  COS.  t).    Now  %/  h — rcos.  f 
l  —  \^co8.f  —  i /£\  COS.  t*  +.  ."I 

J  £  cas.f-^Qy{l  +  C0S.2f)  +  . ..]; 


hence  the  discharge  of  an  element ; 
^?^^'2^^1-^.^cas.^-^^ff{l  +  cos.2f)- 

The  discharge  of  an  entire  annulus  is  now  known,  if  we  put  in  the 
parenthesis  for  1,  n  .  1  i^  n,  for  cos.  f  the  sum  of  all  the  cosines  of  f 
from  f  IB  0  to  t  >"  ^  f<f  and  for  the  cosine  of  2  ty  the  sum  of  all  the 
cosines  of  2  ^  from  2ta"0to2ta"4ic.  But  as  the  sum  of  all  the 
cosines  of  a  complete  circle  is  a*  0,  these  cosines  vanish,  and  the 
discharge  for  the  annulus : 


—  2mrh  y/ 2gh 


.-aQ"..-..] 

[1-A  ©•-...} 


If  now  for  h  we  snbstitate  — ,  and  for  r,  — ,  — ,  — ,  to  — ,  we  then 

m  m    m   m        m 

obtain  the  dischaige  of  all  the  annul!  which  make  up  the  circular  sur- 
face, and  lastly,  the  quantity  of  efflux  of  the  whole  circle 

Q  -  2  *  r  v/SjA  r^  (1  +  2  +  3  + . .  +  m) 
-^^^''  +  ^'  +  ^*  +  --  +  '"*^] 

-«r»v'2«'A[l-A(jy-..], 
or  more  accurately : 

Q.,^^li5[._A(J)*-,A,(0'-..]. 

If  the  circle  reaches  the  surface  of  the  water,  then 

Q  -  AV?  *  ^  ^/'^  -  0,964  F  s/Tgh, 
if  F  represents  the  area  of  the  circle. 
It  is  besides  easy  to  conceive  that  in  all  cases  where  the  head  of 
31 
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water  at  the  cenire  is  equal  to  or  greater  than  the  diameterp  we  maj 
put  the  whole  series  =  1,  a od  take  Q  =  F  %/2gh.  This  mle  may 
also  be  applied  to  other  orifices^  and,  therefore,  in  all  cases  where  the 
centre  of  gravity  of  an  orifice  lies  at  least  as  deep  below  the  fluid  sur* 
face  as  the  figure  is  high^  the  depth  A  of  this  point  may  be  regarded 
as  the  bead  of  water,  and  Q  put  ^  F  %/2gh. 

If  we  consider  that  the  meao  of  all  the  cosines  of  the  first  quadraii 

»  -,  and  that  all  the  cosines  of  the  second  «  —  7,  and  likewise  that 
4  4 

the  mean  of  the  first  and  of  the  second  vanisbe.s  we  may  then»  by  it 

method  adopted  abore,  find  ihe  discharge  of  the  upper  semicircle : 

and  that  of  the  lower : 

*-^^^*['-n(i)--''(i)'-} 

Examptt.  What  quantity  of  waner  flows  bwjrljr  ihrcmgh  a  circulur  oriiice  i  inch  in  < 
meter,  above  which  tbe  Hiiid  surrsj^  stands  ^^  indi  h\^  ? 

-1  =.  f ,  henc^*   (I.y  ^  IJ  —  0,73S;  further,  1  —  j^  ^-1)'  »  I  _  0,025  ^  0,97 

aad  cojifleqti&titly  (he  didchn^rie  p#r  iecsond  : 

Q  =  -^  13  .  8,02     1-2-  .0,077  «  '  .  a,0«  ,  0,577  ^T  ^  16^6  cubic 
4  ^144  4 

which,  per  TDitiute,  ^  973,»iid  per  bom  ^  33,78  cubki  feet. 

§  311-  Discharging  Vessels  in   Motum. — The   Telocity  of  e£9ux 
varies  if  a  vessel  previously  at  rest  or  in  uniform  motion  changes  its 
condition  of  motion,  because  in  this  case  every  particle  acts  by  its 
own  weight,  as  well  as  by  its  inertia  against  the  surrounding  medium, 
If  we  move  the  vessel  AC^  Fig.  413,  upwards  with  a  vertical  ac- 
celerating force,  whilst  the  water  flaws 
through  the  bottom  by  the  hole  F,  aa 
increase  takes  place,  and  if  it  be  moTed 
downwards  vertically  by  an  accelerat- 
ing force,  a  diminution  of  the  velocity 
of  efflux  ensues.     If  p  is  the  accelerat- 
ing force,  each  element  of  water  M 
presses  not  only  by  its  own  weight  Mg^ 
but  also  by  its  inertia  Mp\  consequently 
the  force  of  each  element  in  the  one 
case,  must  be  put  [g  ^  p)  M^  and  in 
the  other  {g^p)  M,  therefore  instead  of 
^f  S'ltp^     F'^in  this  it  follows  then 


Fiff.4|3. 


oe 


^'  1? 


that'  —  ^  {g±p)  A,  and  hence  for  the 
velocity: 


V  ^^2{g±p)k 
If  the  vessel    ascends  with   the   accelerating  force  gf  then    is 
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V'  2  gh^  but  if  it  ascends  with  a  retarded 
%/  2  (^— p)  A,  and  if  it  descends  with  the  same 


Fig.  414. 


v^  x/2  '  ^2  gh  =  2  ^  gh^  therefore  the  velocity  of  efflux  1,414 

times  that  of  a  vessel  at  rest.     If  the  vessel  falls  by  its  own  weight, 

therefore*  with  the  accelerated  motion  y,  there  is  r  =  v^O  =  0,  no 

water  therefore  flows  out.      If  the  vessel  moves  uniformly  up  or 

down,  there  remains  v 

motion,  then  will  t? 

retardation,  then  v  ^  s/2  (g  -\-  p)  L 

If  the  vessel  moves  horizontally,  or  at  an  acute  angle  to  the  hori- 
zon (§  274),' the  fluid  surface  will  be  inclined  to  the  horizon,  and  a 
change  in  the  velocity  of  flow  will  take  place. 

By  the  rotation  of  a  vessel  JIC^  Fig.  414,  about  its  vertical  axis 
XXj  the  concave  surface  forms  a  parabolic  funnel 
JiOBt  hence  there  will  be  over  the  middle  F  of 
the  bottom  a  lesser  head  of  water  than  at  the 
edges,  and  hence  the  water  will  flow  through  the 
orifice  F,  in  the  axis,  more  slowly  than  through  any 
other  orifice  K  at  the  bottom.  If  h  represent  the 
head  of  water  in  the  middle^  then  the  velocity  of 
efflux  at  the  middle  will  be  =  >/  2  gh,  if  y  be  the 
distance  FK  =  ME  of  any  other  orifice  K  from  the 
axis,  and  *^  the  angular  velocity,  we  shall  (hen 
have  the  corresponding  elevation  of  the  water  above 
the  middle; 

OM^^  TM=  i  ME  cotang.  r=  J  y  .  — ^ 

if  w  be  the  velocity  of  rotation  of  the  ori- 
fice K.  Hence  then  the  velocity  of  efflux 
for  this  is 

This  formula  is  true  for  every  arbitra- 
rily shaped  vessel,  and  also  for  one  closed 
above,  as  */JC,  Fig.  415,  so  that  the  fun- 
nel cannot  be  formed.  Its  application  to 
wheels  of  reaction  and  to  turbines  will  be 
found  in  the  sequel. 

Ejtampta. — t.  If  a  vessel  full  of  wuter  jfC,  ¥lg.  4 1 3,  wejgL*  330  Ibi^  end  by  tuearii  of 

a  fqpe  paasiDg  over  a  roller  K  ii  drawn  by  a  weight  G  of  "lOO  lbs.j  it  will  lucend  Wilb  wi 

'      .  450— ,150  100  ,  J  ,  ,  *     *_    ^    ^ 

accelomting  force  p  =  ^  ♦  f  ^  —  f  ^  I  f  i  *nd  henoe  Uie  veiociiy  of  efflux 

450-[-360  800 

wiU  be  V  K  y/2  (f +1'}  *  =  i/^~jT^  =  v^J  gA.    Were  the  head  of  water  ft  «  4 

feet,  tbe  velocity  of  efflux  would  be  t?  =  I  ^^9  7^  ==  3  ^32,2  »  16,01  feet— 3*  If  a 

vessel  *JC^  Fig.  415,  full  of  water  revolvea  io  that  it  ciakes  100  ravolotion*  per  roinute^ 

if  the  depth  of  the  orifice  F  below  tbe  ftuiface  of  water  in  tlie  middle  fiiciounts  to  2  feet, 

and  the  diatanoe  from  tlie  aJtia  XX^  3  feet,  then  the  velocity  of  efflux  is 


Fig.  415. 


1 

B 

1 

H 

*  ^  ■' J,"  -f 

m 

1 

Hi 

1 

e  =V'^  f  *+«^  =^  JfiM  ,  2  +  (1:-^^^ 


tlK34feeL 


;  33,4  feet.    If  the  veuel  be  at  rest  the  rehxitf  wiU  be  v  ^  y^i2b.S 
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CHAPTER    ir 


on  THE   CONTKACTION  Or    THE    TLVW   VXIH    B¥  THE    EFFLIfJE  OF    WAl 
THROUGH  ORtnCES  IS  A  THJK  PLATE- 


§  312.  Co-effidmt  of  I Wod^y,— The  laws  of  efflux  derel^p^d 
the  preceding  chapter  accord  almost  entirely  with  expcrimenti  so  loc 
as  the  head  of  water  is  not  small  compared  with  the  width  of 
orifice,  and  as  long  as  the  orifice  gradually  widens  inwards  withon 
forming  corners  or  edges,  and  is  close  at  the  bottom  or  sides  of  tt 
vesseL     The  experiments  made  by  Michelotti»  by  Eytelwein,  and  ' 
the  author  on  this  subjectj  with  smoothly  polished  metallic  tnoutli 
pieces,  haTe  shown  that  the  effective  discharge^  or  that  which  actitall; 
flows  out,  amounts  to  from  96  to  98  per  cent,  of  the  theoretic! 
quantity. 
The  mguth-piece  AD^  Fig,  416^  represented  in  half  its  nsitur 
size,  gare  for  a  head  of  water  of  10  feet,  97, j 
per  cent,,  for  5  ft.  96,9  per  cent*,  mid  for  ^ 
ft,  96,8  per  cent*    Since  for  this  efflux  th« 
fluid  vein  has  the  same  transverse  section 
the  orifice,  we  must  tfien   assume  that  tbi 
diminution  of  discharge  is  accompanied  with 
loss  of  velocity,  which  is  caused  by  the  frictioij 
or  adhesion  of  the  water  to  the  inner  circui: 
ference  of  the  orifice,  and  by  the  viscidity 
the  water.     In  what  follows,  we  shall  call  the 
ratio  of  the  effective  velocity  of  efflux  to  that  of  the  theoretical 

Froo 


Fi|,4ie, 


»  V  s^2  gh^  the  co-'tfficwiU  o/velocUy^  and  represent  it  by  t 

this,  therefore,  the  effective  velocity  of  efflux  in  the  most  simple  cai 

is  t?,  B  1 1^  ^  f  ^2  gk^  and  the  discharge : 

Q^  Pp^  =  f  Fv  ^  f  F  ^/Ifgh 
If  we  substitute  for  f  the  mean  value  0^97,  we  then  obtain  for  the 
quantity  in  feet 

Q  =  0,97  ,F^~2~^^  0,97  , 8,02  F  v'l 

A  vis  viva  ^  . 

g 


0,97  , 8,02  F^h^  7,779  F ^  h. 
t?i\  is  inherent  in  a  discharge  Q  issuing  with  the  velc 
city  i?jp  by  virtue  of  which  it  is  capable  of  producing  the  mechanics 
But  since  by  its  descent  from  the  height  A  a  ^— ,  thi 


effect  Qy .  IL. 


^g 


weight  Outproduces  the  mechanical  effect  Qy^k^^  Qy — ,  it  follows  that 
by  the  efflux  of  the  water,  this  suffers  a  loss 
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\-2g     2g) 


Q..J(i-*«). 


(l_0,97»)Qy     " 


=  0,059  Qy  .  ^,  or  5,9  per  cent. 

Therefore,  the  eflSuent  water  produces  by  its  vu  vwa  5,9  per  cent, 

less   mechanical   effect,  thaa  does   its  weight   by  falling  from  the 

height  K 

§  313.   Co-effident  of  Contraction, — If  water   flows  through  an 

or§i€€  in  a  thin  plate^  a  considerable  diminution  of  the  discharge  under 

otherwise  similar  circumstances  takes  place,  whilst  the  particles  of 

fluid  rushing  through  the  orifice  move  in  convergent  directions,  and 

in  this  way  give  rise  to  a  contraction  of  the  fluid  vdn.     The  measure* 

ments  of  the  vein  made  by  many,  and  especially  of  late  by  the  author, 

have  shown  that  the  vein  at  a  distance  which  is  about  equal  to  one* 

half  of  the  width  of  the  orifice^  has  the  greatest  contraction,  and  a 

thickness  equal  to  0,8  that  of  the  diameter  of  the  orifice*     If  F,  is  the 

transverse  section  of  the  contracted  vein,  as  also  F  the  transverse 

section  of  the  orifice,  we  then  have  from  this  F^^  ss  (0,8)'  F»  0,64  F, 

F 
The  ratio -^  of  these  transverse  sections  is  called  the  co^e^dent  of 
F 

contractionf  and  is  represented  by  a,  and  accordingly,  the  mean  value 
for  the  efflux  of  water  through  orifices  in  a  thin  plate  may  be  put : 
d  =  0,64. 

As  long  as  we  possess  no  more  accurate  knowledge  on  the  con- 
traction of  the  fluid  vein,  we  may  as- 
sume that  the  stream  flowing  through 
a  circular  orifice  ^B,  Fig.  417,  forms 
a  body  of  rotation  ABEF^  whose  en- 
velope is  generated  by  the  revolution 
of  a  circular  arc  JIF  about  the  axis 
CD  of  the  stream.  Let  the  diameter 
MB  of  the  orifice  ==  d,  and  the  dis- 
tance CD  of  the  contracted  section 
EF^  =  J  rf,  we  then  obtain  the 
radius  : 

MA  =  MF  =  f  of  the  generating  arc 
AFhy  means  of  the  equation: 

.FJf{2MF^ 


Y\g.  417. 


■FJV),  or 


AJ^ 

^ 

4  "  10 

Orifices  made  after  this  figure  of  the  contracted  vein  give  pretty  nearly 
the  velocity  of  discharge  v^  =  0,97  ,  i?. 

The  contraction  of  the  fluid  vein  is  caused  by  the  water  which  lies 
directly  above  the  orifice  flowing  out  together  with  that  which  comes 
to  it  from  the  sides.  There  takes  place,  therefore,  in  the  interior  of 
the  vessel  a  convergence  of  the  filaments  of  water,  similar  to  that 
represented  in  the  figure,  and  the  contraction  of  the  fluid  vein  con* 

31» 
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sists  in  a  mere  pTopa^ation  of  this  coiivergeace#     We  may  convince 
ourselves  of  this  motion  of  the  water  in  the  vieinity  of  the  orifice  b 
means  of  a  glass  apparatus  of  efflux ;  if  we  drop  into  the  fluid  minuSe 
substances  whieh  are  either  heavier  or  lighter  than  water,  for  exam 
pie,  such  as  oak  saw-dust,  bits  of  sealing  wax,  &c,,  and  allow  them, 
to  pass  out  with  it  from  the  orifice. 

§  314,  Contraction  of  tfw  Fluid  Vdn. — If  water  flows  through 
triangular  or  quadrilateral  orifices,  and  in  a  thin  plate,  tha  stream 
then  assumes  particular  fibres.  The  inversion  of  the  jetj  or  the 
altered  position  of  its  transverse  section  with  respect  to  that  of  the 
orifice,  is  verj  striking  to  the  eye,  in  consequence  of  which  a  coroef 
of  this  section  comes  to  coincide  with  the  middle  of  one  side  of  the 
orifice. 

Hence,  from  a  triangular  orifice  .^UC,  Fig,  418,  the  section  of  the 
stream  at  a  certain  dislance  from  the  orifice  forms  a  treble  star-like 
vein  DEFj  from  a  quadrilateral  orifice  JBCD^  Fig,  419,  a  star  of 


Fig.  418. 

Fig.  m. 

Fig.  4ao. 

'  1 

A^  -,B 

"W 
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L 

Fig.  431. 


four  veins  EFGH,  from  a  five-sided  orifice ^^CDE,  Fig.  420^  a  star 
FGHKLf  consisting  of  five  veins.  These  sections  vary  at  dilferenl 
distances  from  the  orifice;  at  a  certain  distance  they  diminish,  and 
at  a  successive  one  again  increase  ;  hence  the  vein  consists  of  plates 
or  ribs  of  variable  breadth,  and  thereby  forms,  when  the  efflux  is 
obaerved  under  great  pressure,  bulges  and  nodes,  similar  to  what  it 
seen  in  the  cactus.    If  the  orifice  jiBCD^  Fig.  421,  is  rectangular; 

at  a  lesser  distance  fn>m  the  orifice,  the 
section  will  then  form  a  cross  or  star-  and 
at  a  greater  one,  it  will  again  assume  the 
form  of  a  rectangle  EF, 

Observations  on  various  kinds  of  orifices 
have  been  made  by  Bidone,  and  accurate 
measurements  of  the    vein    from    square 
\  ^k.    ^Nv  apertures  also  by  Poncelet  and  Lesbros** 

The  last  measurements  have  led  to  a  small 
co-efEcient  of  contraction  0,563.  The 
measurements  of  water  issuing  through 
lesser  orifices,  give  us,  however,  greater 
co-efficients  of  contraction;  they  show, 
moreover,  that  these  are  greater  for  elon- 


*  Sm  AZlg^m.  Mn«cliiaen-eTioycWp&dk,  artble  AuiAuui, 
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gated  rectangles  than  for  rectangles  which  approximate  more  to  the 
square. 

§  315.  Co^e^cimi  of  Efflux. — If  in  the  flow  of  water  through 
orifices  in  thin  plates,  the  effective  velocity  were  equal  to  the  theO' 
retical  v  =  %/2ght  we  should  have  the  effective  discharge: 

because  a  F  represents  the  transverse  section  of  the  vein  at  the  place 
of  greatest  contractioi],  where  the  particles  of  water  move  in  parallel 
directions.  But  this  is  by  no  means  the  case:  it  is  shown  rather  by 
experience  that  Q  is  smaller  than  a  F  s/^gK  that  we  must  therefore 
multiply  the  theoretical  discharge  F  ^2gh  by  a  co-efficient  which  is 
less  than  the  co-efficient  of  contraction,  in  order  to  obtain  the  effective 
discharge.  We  must  hence  assume  that  for  efflux  from  an  orifice  in 
a  thin  plate,  a  certain  loss  of  velocity  takes  place,  and  therefore  in- 
troduce a  co-efficient  of  velocity  f,  and  hence  put  the  effective  velocity 
of  efflux  Uj  =  ^  15  =  ^  ^2  gh.  From  this  then  we  have  the  effective 
discharge ;  Q^  =  F^  ,  t»,  =  a  F,  ^^  u  =  a  ^  Fv  =  a^  Fx/2gh,  Again, 
if  we  call  the  ratio  of  the  effective  discharge  to  the  theoretical  or  hypo- 
thetical quantity,  the  co-effideni  of  effius^  and  represent  it  in  what 
follows  by  /*,  we  then  have  i 

Q^^  ^q^^Fv^  ^F^igK 

hence  ^  =  «  ^ ,  i.  e.  Iht  co-effideni  of  tffiux  u  the  product  of  the  co* 
efficients  of  contraction  and  of  vehdty* 

Multiplied  observations,  butchiefiy  the  measurements  of  the  author, 
have  led  to  this^  that  the  co-efficient  of  efflux  for  orifices  in  thin  plates 
is  not  constant ;  that  for  small  orifices  and  for  small  velocities,  it  is 
greater  than  for  large  orifices  and  for  great  velocities ;  and  that  it  is 
considerably  greater  for  elongated  and  small  orifices  than  for  orifices 
which  have  a  regular  form,  or  which  approximate  to  the  circle. 

For  square  orifices  of  from  1  to  9  square  inches  area,  with  from  7  to 
21  feet  head  of  water,  according  to  the  experiments  of  Bossut  and 
Michelotti,  the  mean  co-efficient  of  efflux  is  ^  =  0,610  ;  for  circular 
ones  of  from  |  to  6  inches  diameter,  with  from  4  to  21  feet  head 
of  water,  ^^  =  0,615,  or  about  /|.  The  single  values  observed 
by  Bossut  and  Michelotti  vary  considerably  from  one  another,  but  we 
cannot  discover  in  them  any  dependence  between  the  dimensions  of 
the  orifice  and  the  magnitude  of  the  head  of  water.  From  the  author's 
experiments  at  a  pressure  of  24  inches,  the  co-efficient  for  an 
orifice  of 

0,3937  inches  or  1  centimetre  diameter  is  ^  ==  0,628 
0,7874      *^         2  centimetres       '*  =  0,621 

r        1,1811       *'         3  "  "  =  0,614 

1,5748      u         4  <<  4<  =  0,607, 

On  the  other  hand,  at  a  pressure  of  10  inches  for  the  round  orifice  of 

1  centimetre  diameter  ^  =  0,637 

2  centimetres       **  «  0,629 

3  **  *'  ^  0,622 

4  "  "  ^  0,614 
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From  these  it  is  manifeiit  that  the  co-efficient  of  efflux  increases  when      ^ 
the  dimensions  of  the  orifice  and  the  head  of  water  decrease. 

If  for  fir  we  take  the  mean  value  =  0^615,  and  for>  *»  0^64^  we 
obtain  the  co^efficient  of  velocity  for  the  efflux  through  orifices  io  a 

thin  plate,  t  ^  '  «   0,96,  therefore,  nearly  as  great  as  for   efflux 
through  rounded  or  conoidal  orifices. 

Mmmrk  h  Bufl"*  e]cpenm«iiu  {mt  J^OfSefidorfi  Anti.  Biml  46),  ihow  thmt  the  ( 
cieijt  or  efflux  fof  smtUl  oritket  ntid  Jbr  usftLl  Uendsof  water  nr  velodtiet!  is  conuilc 
greater  tliDn  Jbr  laTge  or  in  can  orifice*  atnl  vdociiies.    Ati  orifioe  cjf  2^084  lmeidiamet< 
gave  fat  1^  inch  preftsiiie,  u  ^s  I>,6ir2,  for  35  Indies  fM.  ^  0,644;  an  the  otlier  haml,  i 
orifice  of  1,^43  lines  foi  4|  indies  pressure  ^  ^  0^682.  and  ibr  29  ineheft  ^  ^  0,053. 

Etmark  1,  Acco  riling  to  the  auibors  ei  pen  mentis  the  ccHsfficieotA  for  efflitx  tmd^ 
wmt^f  tires  about  ]|  per  cenL  Jess  llian  for  efRux  in  ntr. 

§  316.  Rectangular  Lateral  Orifices, — The  moat  accurate  expen^ 
ments  on  efflux  through  large  rectangular  lateral  apertures  are  thoa 
made  at  Metz  by  Poncelet  and  Lesbros.    The  widths  of  these  orifice 
were  two  decimetres,  (nearly  8  inches);  the  depths,  howeTer,  varie 
from  onti  centimetre  to  two  decimetres*     In  order  to  produce  perfec 
contraction,  a  brass  plate  of  four  millimetres,  =  0,1575  inches,  thick-* 
ness  was  used  for  these  orifices.     From  the  results  of  their  experi* 
ments,  these  experimenters  have  calculated  by  interpolation  the  table 
at  the  end  of  this  paragraph  for  the  co-efficients  which  may  be  u«d 
for  the  measurement  or  calculation  of  the  discharge. 

If  i  be  the  breadth  of  the  orifice,  and  if  A,  and  A^  are  the  heads  of  J 
water  above  the  lowest,  and  above  the  uppermost  horizontal  edge] 
of  the  orifice,  we  then  have,  from  §  308^  the  discharge :  Q  ™  f  " 

s/'lTg  {h^  —  h^)^    But  if  we  substitute  the  height  of  the  aperture^ 

a,  and  the  mean  head  of  water  A  =  -X  j   ^,  we  then  have  approxi* 

1  —  -^ — -J  ah    ^/  2gk^  and  hence  the   effecti?ej 

discharge  Q^  =  ^  Q  =  f  1  —  ^r^J  f  ^^  s/^^g^-  If*  further,  we  put 
\  96  A  / 

(  1  —  9^)  ^  ="  ^i^  ^^  ^^^^  *^^"  simply  Q^  =  ^,a6  i/^gh,  and  in 

order  to  allow  of  our  calculating  by  this  simple  or  general  formula  of 
efflux^  not  only  the  values  of  ^,  but  also  those  of  ^^  are  givea  in  the 
following  tables. 

Since  the  w^ater  in  the  vicinity  of  the  orifice  is  in  motion,  it  stands 
lower  directly  before  the  aperture  than  at  a  greater  distance  from  the 
plate  in  which  the  aperture  is  made  j  on  this  account  two  tables  have 
been  compiled,  the  one  for  heads  of  water  measured  at  a  greater  dis- 
tance from  the  orifice,  and  the  other  for  those  measured  immediately 
at  the  side  in  which  the  orifice  lies.  It  may  be  seen^  moreover,  from 
both  tables^  although  with  certain  variations,  that  the  co>efficiezits  of 
efflux  increase  the  lower  the  orifice  is,  and  the  less  the  head  of  water. 
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If  the  orifices  have  different  breadths,  we  are  compelled,  so  long 
as  we  have  no  further  experiments,  still  to  use  the  co-efficients  of  these 
tables  in  like  manner  for  the  calculation  of  the  discharge.  If,  further, 
the  orifices  are  not  rectangular,  we  must  determine  their  mean  breadth 
and  mean  depth,  and  introduce  into  the  calculation  the  co-efficients 
corresponding  to  these  dimensioni.  Lastly,  it  is  always  preferable  to 
measure  the  head  of  water  at  a  certain  distance  from  the  side  in  which 
the  orifice  lies,  and  to  use  the  first  table,  than  directly  at  the  orifice 
where  the  surface  of  water  is  curved  and  less  tranquil,  than  a  little 
above  it. 

Fmrampki.  1.— What  quantity  of  water  flows  throng  a  rectangular  apertnre,  3  deei- 
meties  broad  and  1  dedmebre  deep,  if  the  furftoe  of  water  is  1^  metre  above  the  upper 
edge?  Here6aO,2;a:«0,l,AsB  ^h+J^  ^   M+1,5^  j.^^.  hence  the  theoretical 

discharge  Q » 0,1. 0,2  v/2g.v/n55ss 0,02. 4^9. i;245  »  0,1103  cubicmetre.  But 
ix>w  Table  L  gives  for  a  ^0,1  and  A,  as  1,5,  f«,  as  0,611,  hence  the  effective  discharge 
Q;  SB  0,6 11 .0,1 103  MB  0,0674  oubks  metre — ^2.  What  disehaige  corresponds  to  a  rectan- 
gular orifice  in  a  thin  plate  of  S  inches  breaddi,  2  inches  depth,  with  a  15  inches  head 
of  water  above  the  upper  edge  ?*  The  theoretical  discharge  is  Q  ^  f .  ^  .  7,906  ^  |  ^ 
0,8784 . 1,1 547  B  1,014  cubic  feet  But  now  2  inches  is  about  0,05  metre,  and  15  inches 
about  0,4  metre;  heuce,  according  to  the  table  a  as  0,05  and  i^as  0,4,  the  corresponding 
oo-efficient  /»,  ^0,628  is  to  be  taken,  and  the  quantity  of  water  sought  is  Q,  is  0,628  . 
1/)14  as  0,637  cable  feet— 3.  If  the  breaddi  ^0,25,  the  depth  «s  0,15,  and  the  head  of 

water  A.  SB  0,045  metre,  then  is  Q  8s  0,25 . 0,15 . 4,429  V0.12  ^0,166 . 0,3464  »  0,0575 
cubic  metre.    To  the  height  0,15  corresponds  for  Agae 0,04,  the  mean  value: 

is  given  ^  0,045,  we  must  then  substitate  the  new  mean  ^    ^  * b  0,594  for  the 

2 

oo^Ocient  of  efflux,  and  we  therefore  obtain  the  discharge  sought:  Q^  ^  0,594  .  0,0575 
■0  0,03415  euMc  metr& 


*  In  using  the  following  tables,  the  Ekiglish  measures  will  be  furnished  with  the  pro- 
per co-efficients  by  employing  the  first,  or  leA-hand  column,  in  which  to  find  the  height 
A,  and  the  column  under  Uie  number  of  inches  answering  to  the  height  of  orifice  a. — 
Ax.£>. 
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TABLE  L 


The  co-efficient8  for  the  efflux  through  rectangular  orifices  in  a  thin 
vertical  plate,  from  Poncelet  and  Lesbros.  The  heads  of  water  are 
measured  at  a  certain  distance  back  from  the  orifice,  or  at  a  p<Hnt 
where  the  water  may  be  considered  as  still. 


Head  of 

water,  or 

distance  of  the  sur- 

face of  water  from 

HBiear  or  oairiCB. 

the  upper  side  of  the 

orifice. 

Eng.  in. 

Metres. 

0,20- 

0,10" 

0,06- 

0,03- 

0,02 

0,01- 

orSin. 

or  4  in. 

or2in. 

or  1,18  in. 

or  ,8  in. 

or  ,4  in. 

0,00 

0,000 

tt 

tt 

tt 

tt 

tt 

a 

0,19 

0,005 

tt 

M 

u 

u 

tt 

0,705 

0,39 

0,010 

tt 

u 

0,607 

0,630 

0,660 

0,701 

0,57 

0,015 

tt 

0,693 

0,612 

0,632 

0,660 

0,697 

0,78 

0,020 

0,572 

0,696 

0,616 

0,634 

0,669 

0,694 

1,18 

0,030 

0,678 

0,600 

0,620 

0,638 

0,669 

0,688 

1,57 

0,040 

0,58S 

0,803 

0,623 

0,640 

0,668 

0,683 

1,97 

0,050 

0,686 

0,606 

0,626 

0,640 

0,668 

0,679 

2,36 

0,060 

0,587 

0,607 

0,627 

0,640 

0,667 

0,676 

2,75 

0,070 

0,588 

0,609 

0,628 

0,639 

0,666 

0,673 

3,14 

0,080 

0,589 

0,610 

0,629 

0,638 

0,656 

0,670 

3,54 

0,090 

0,591 

0.610 

0,629 

0,637 

0,656 

0,668 

3,93 

0,100 

0,592 

0,611 

0,630 

0,637 

0,664 

0,666 

4,72 

0,120 

0,593 

0,612 

0,630 

0,636 

0.653 

0,663 

5,51 

0,140 

0,595 

0,613 

0,630 

0,635 

0,661 

0,660 

6,29 

0,160 

0,596 

0,614 

0,631 

0,634 

0,650 

0,658 

7,08 

0,180 

0,597 

0,615 

0,630 

0,634 

0,649 

0,657 

7,87 

0,200 

0,598 

0,615 

0,630 

0,633 

0,648 

0,655 

9,84 

0,250 

0,599 

0,616 

0,630 

0,632 

0,646 

0,663 

11,81 

0,300 

0,600 

0,616 

0,629 

0,632 

0,644 

0,660 

15,75 

0,400 

0,602 

0,617 

0,628 

0,631 

0,642 

0,647 

19,68 

0,500 

0,603 

0,617 

0,628 

0,630 

0,640 

0,644 

23,62 

0,600 

0,604 

0,617 

0,627 

0,630 

0,638 

0,642 

27,56 

0.700 

0,604 

0,616 

0,627 

0,629 

0,637 

0,640 

31,49 

0,800 

0,605 

0,616 

0,627 

0,629 

0,636 

0,637 

35,43 

0,900 

0,605 

0,615 

0,626 

0,628 

0,634 

0,635 

39,37 

1,000 

0,605 

0,615 

0,626 

0,628 

0,633 

0,632 

43,30 

1,100 

0,604 

0,614 

0,625 

0,627 

0,631 

0,629 

47,24 

1,200 

0,604 

0,614 

0,624 

0,626 

0,628 

0,626 

51,18 

1,300 

0,603 

0,613 

0,622 

0,624 

0,625 

0,622 

55,11 

1,400 

0,603 

0,612 

0,621 

0,622 

0,622 

0,618 

59,05 

1,500 

0,602 

0,611 

0,620 

0,620 

0,619 

0,615 

62,99 

1,600 

0,602 

0,611 

0,618 

0,618 

0,617 

0,613 

66,93 

1,700 

0,602 

0,610 

0,617 

0,616 

0,615 

0,612 

70,86 

1,800 

0,601 

0,609 

0,615 

0,615 

0,614 

0,612 

74,80 

1,900 

0,601 

0,608 

0,614 

0,613 

0,612 

0,611 

78,74 

2,000 

0,601 

0,607 

0,613 

0.612 

0,612 

0,611 

118,11 

3,000 

0,601 

0,603 

0,606 

0,608 

0,610 

0,609 
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Co*efficient8  of  efflux  throudb  rectangular  orifices  in  a  vertical  platei, 
from  Poncelet  and  Lesbros.  The  heads  of  water  are  measured  directly 
at  the  orifice. 


Head  of  water,  or 

djgtanoft  of  the  lur^ 

—  .... 

ftoe  of  water  from 

HBxenr  ev  manem. 

the  upper 

Bide  of  the 

orifice. 

• 

£Dg.in. 

Metres. 

0,20- 

0,10» 

0,05- 

Ofl9» 

6,02- 

o,o;« 

or  8  in. 

or  4  in. 

or2iii. 

orMSin. 

or,8iiL 

or^m. 

0^ 

OyOOO 

0,619 

0,667 

0,713 

0,766 

0,783 

0,795 

0,19 

0,005 

0,597 

0,630 

0,668 

0,725 

0,750 

0,778 

0.39 

0/)10 

0,595 

0,618 

0,642 

0,687 

0,720 

0,762 

0,67 

0,015 

0,594 

0,615 

0,639 

0,674 

0,707 

0,745 

0,78 

0,020 

0,594 

0,614 

0,638 

0,678 

0,697 

0,729 

1,18 

0.030 

0,593 

0,613 

0,637 

0,659 

0,685 

0,708 

1,57 

0,040 

0,593 

0,612 

0,636 

0,654 

0,678 

0,695 

1,97 

0,050 

0,593 

0,612 

0,636 

0,651 

0,672 

0,686 

2.36 

0,060 

0,594 

0,613 

0,635 

0,647 

0,668 

0,681 

2,76 

0,070 

0,594 

0,613 

0,635 

0,645 

0,665 

0,677 

3,14 

0,080 

0,594 

0,613 

0,635 

0,643 

0,662 

0,675 

3.54 

0,090 

0,595 

0,614 

0,634 

0,641 

0,659 

0,672 

3,93 

0,100 

0,595 

0,614 

0,634 

0,640 

0,657 

0,669 

4,72 

0,120 

0,596 

0,614 

0,633 

0,637 

0,655 

0,665 

5,51 

0,140 

0,597 

0,614 

0,632 

0,636 

0,653 

0,661 

6,29 

0,160 

0,597 

0,615 

0,631 

0,635 

0,651 

0,659 

7,08 

0,180 

0,598 

0,615 

0,631 

0,634 

0,650 

0,667 

7,87 

0,200 

0,599 

0,615 

0,630 

0,633 

0,649 

0,656 

9.84 

0,250 

0,600 

0,616 

0,630 

0,632 

0,646 

0,653 

11,81 

0,300 

0,601 

0,616 

0,629 

0,638 

0,644 

0,651 

15,75 

0,400 

0,602 

0,617 

0,629 

0,631 

0,642 

0,647 

19,68 

0,500 

0,603 

0,617 

0,628 

0,630 

0,640 

0,645 

23,62 

0,600 

0,604 

0,617 

0,627 

0,630 

0^638 

0,643 

27,56 

0,700 

0,604 

0,616 

0,627 

0,629 

0,637 

0,640 

31,49 

0,800 

0,605 

0,616 

0,627 

0,629 

0,636 

0,637 

35^43 

0,900 

0,605 

0,615 

0,626 

0,628 

0,634 

0,635 

39,37 

1,000 

0,605 

0,615 

0,626 

0,628 

0,633 

0,632 

43,30 

MOO 

0,604 

0,614 

0,625 

0,627 

0.631 

0,629 

47,24 

1,200 

0^604 

0,614 

0,624 

0,626 

0,628 

0,626 

51,18 

1,300 

0,603 

0,613 

0,622 

0,624 

0,625 

0,622 

55,11 

1,400 

0,603 

0,612 

0,621 

0,622 

0,622 

0,618 

59,05 

1,500 

0,602 

0,611 

0,620 

0,620 

0,619 

0,615 

62,99 

1,600 

0,602 

0,611 

0,618 

0,618 

0,617 

0,613 

66,93 

1,700 

0,602 

0,610 

0,617 

0,616 

0,615 

0,61* 

70,86 

1,800 

0,601 

0,609 

0,615 

0,615 

0,614 

0,612 

74,80 

1,900 

0,601 

0,608 

0,614 

0,613 

0,613 

0,611 

78,74 

2,000 

0,601 

0,607 

0,614 

0,612 

0,612 

0,611 

118,11 

3,000 

0,601 

0,603 

0,606 

0,608 

0,610 

0,609 
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§  317,  Wiers.^lf  water  flowa  through  ttderit  or  thpoogh  ootchii 
in  a  tbin  plate,  as,  for  example,  FB^  Fig,  422,  the  fluid  vein  then 
suffers  a  contraction  on  three  sides,  by  which  a  diminution  of  the  dis- 
charge is  effected,  since  the  quantity  discharged  from  these  orifices  is 
Qj  =  I  ^  J  ^  ^2gL  But  here  the  head  of  water  EH  =  h,  or  the 
head  of  water  above  the  sill,of  the  wier  must  not  be  measured  imme- 
diately at  the  sill,  but  at  least  two  feet  before  the  plate  in  which  tbc 

orifice  lies,  because  the  fluid  surface 
f  »ff^  *22-  before  the  opening  suffers  a  depres- 

sion, which  becomes  greater  and 
freater  the  nearer  it  is  to  the  on* 
cCi  and  in  the  plane  of  the  oriAee 
amounts  to  a  quantity  GR  of  fruHi 
0,1  to  0,25  the  head  of  water  FR^ 
so  that  the  thickness  FG  of  the 
stream  in  thiK  plane  is  only  0,9  to 
0,75  of  the  head  of  water,  Eitpe- 
ritnents  instituted  by  many  philosophers  on  the  flow  of  water  through 
notches  in  thin  plates,  have  afforded  a  mulfiplicily  of  results,  but  not 
always  of  the  desired  accordance.  The  following  short  table  cootaina 
the  results  of  the  experiments  of  Poncelet  and  Lesbros  on  wiers  of  two 
decimetres,  or  about  8  inches  breadth. 

TABLf:  OF  TH£  CO-EFFICIENTS  OF   EFFLUX  FOR  WIERS  OF  2  DEClMeTEES, 
=»  7,87  tHCHES  BRE-IDTH,  ACCORDING  TO  PONCELET  AND  LESBfiOS. 


HABid  of  writer 
h. 


0,01 
or  ,4  in 


Op-efficient  of 


0,424 


0,02 
,8  in. 


0,417 


0,03 
1,2  in. 


o,4ia 


meirt. 

0,04 

1,6  in. 


0,407 


rnetrfi. 

0,fje 

2,4  in- 


0^01 


metra, 

D,08 
3,2  In. 


0,397 


metre, 
O.IO 
i  in. 


0^9& 


0,393 


o,ao 

8  in. 


0^90 


0,32 

9  m. 


0^85 


From  the  average  of  determinations,  we  may  here  put  ^^  «*  0,4, 
Experiments  on  wiers  of  greater  breadth  gave  Eytelwein  the  mean  ^^ 
=  I  ^  ^  0,42,  and  Bidone  ^j  =  |  -  0,62  =  0,41,  &c.  The  most 
extensive  experiments  are  those  of  d'Aubvjissou  and  Caste! .  From 
these,  d'Aubuisson  asserts  that  for  wiers  whose  breadth  is  no  more 
than  the  third  part  of  the  breadth  of  the  canal  or  side  in  which  the 
wier  lies,  the  mean  of  a*  is  «  0,60,  therefore,  we  may  put  |  **  =0,40; 
but,  on  the  other  hand,  for  wiers  which  extend  over  the  whole  side 
or  have  the  same  breadth  as  the  water-course;  ^  =  0,665,  therefor 
^^  ss  0,444;  lastly,  for  other  relations  between  the  breadth  of  the  wie 
and  that  of  the  canal,  the  co-efficients  of  efflux  are  very  different, 
lie  between  0,58  and  0,66,  Experiments  made  by  the  author^  reduce" 
the  variability  of  these  co-efficients  to  certain  laws  (§  322). 

[During  bis  investigations  in  the  summer  of  1845,  to  determine  the 
relative  value  of  the  several  sources  for  supplying  water  to  the  city 
of  Boston,  the  editor  had  an  opportunity  of  making  extensive  series  of 
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experiments  on  the  passage  of  water  through  wiers  of  1,  2,  and  3,0L           ^M 

feet  in  breadth,  ami  from  0,066  foot  to  2,087  feet  in  depth  above  the           H 

bottom  of  the  notch.     The  water  was  measured  in  a  cubical  box^  6           ^| 

feet  on  a  side,  to  which 

was  attached,  on  the  exterior,  a  glass  gauge           ^1 

tube  with  a  scale  extend 

ing  to  the  top  of  the  receptacle*   In  like  man*          ^M 

ner,  a  gauge  tube  was  inserted  in  the  dam  which  contained  the  notch,          ^1 

and  several  feet  distant  from  it,  with  the  0  of  its  scale  accuratelv  ad*          ^| 

justed  to  the  level  of  th 

e  bottom  of  the  notch,     A  scale  sitdinp:  ver-          ^M 

tically  was  placed  immediately  over  the  centre  of  the  wier  by  which           ^| 

the  depth  over  the  edge 

of  the  notch-board  could  be  ascertained.    The           ^M 

1    reservoir  from  which  the  water  was  drawn  was  at  least  6  times  as  wide           ^M 
■     as  the  opening  of  the  notch.     The  following  are  some  of  the  co-effi-          ^| 

cients  (;.,  =  f  ^)  for  the 

t  several  breadths  of  wier:                                         ^M 

1, — Wier  3,01  feet  in  breadth,  cut  in  2  inch  planks —                             ^| 

Full  depth  K  over  bolioni 

0>€Sicmni3  of  dUc barge          Depression  of  ^urfooe  at             ^H 

of  notch. 

^  1  /I.                                        Ibe  notch,                           ^H 

0,075  feet 

0,3667                           0,021  feet             ^M 

0,189  *' 

0,3794                           0,040   •«               ^^M 

0,280   « 

0,3973'                        0,070   «'              ^H 

0,316    ** 

0,4211                           0,079  <<              ^^H 

0,360   » 

0,4307                         0,086   ''              ^H 

0,480   " 

0,4349                          0,097    ''              ^H 

0,545   '* 

0,4376                           0,120   *'              ^^M 

0,689   '' 

0,4301                           0,149   "              ^^1 

0,755   ** 

0,4294                          0,155   "              ^^M 

0,801    " 

0,4208                          0,158   ^'              ^H 

1,023   *' 

0,4129                           0,167   ''              ^^M 

2.  Wm  2  feet  wide, 

in  a  1  inch  board —                                            ^^^| 

0,199  feet 

0,4195                           unc.    <'             ^^M 

1,020    *' 

0,4344                          0,196  <'              ^H 

1,062   '' 

0,4408                          0,206    ''              ^H 

1,232   '* 

0,4477                           0,228   '<              ^H 

1,280   « 

0,4460                           0,230   '<              ^^M 

3,  Wier  1  foot  wide. 

in  1  inch  board —                                                ^^^| 

0,329  feet 

0,4144                            unc.    ''             ^^H 

0,333   ** 

0,4166                           unc.    «<             ^^M 

0,339   '* 

0,4191                           unc.                   ^^M 

0,352   " 

0,4265                          0,068   "             ^^H 

0,360   *' 
2,060   ** 

0,4265                           0,070   '«              ^^H 

0,4149                       oai8  *'            ^^M 

2,087   '* 

0,4130                          0,126   **               ^M 

The  **  full  depth  over 

the  notch^^  here  signifies,  of  course,  that  of  the          ^| 

general  level  of  the  reservoir,  above  the  edge  of  the  wier.   In  each  case          ^M 
it  will  be  observed  that  the  above  co-efficients  increase  with  the  in-          ^| 

crease  of  depth  up  to  a 

certain  point,  and  then  diminish  gradually  as          ^M 

far  as  the  observations 

were  extended.     As  these  expenments  were          ^| 

jnade  with  a  view  to  determine  an  important  practical  and  econo-          ^1 

mical  question,  they  were  conducted  with  great  care,  and  are  believed         ^H 
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to  be  worthy  of  reliaoce  as  ihe  basis  of  eomputatioo  for  works  on  an 
extended  scale,] 

Rs&mpkt^i .  A  wi<?f»  0,^S  metre  hmad  divI  0,|d  h««d  of  wmter,  glvM  |ief  tecoml  the 

diMbMTge   Q  »  ^31^3  .  bh  s/^Jh  =  0^3  -  4,4^0  .0,S3  ,  (0,15)1  ~  0,435. 0^gi« 
0,0*2  5*47  cubic  m^irw. — %  What  brraiJib  miiii  bo  giimn  to  «  whet  whaoh,  mfUh  i 
gj"  irAt«r  of  t  iiicbc%  wiU  iiUow  6  cubk  foet  per  seootid  m  p«M  chfOUf  li  f     It  U 

Q, ^ 1 


A»^ 


3;i[J8  .  0,5443 


3,436  teu 


If,  AQOordiqg  ta  Eyt«tweijif  we  lAlce  ^|  s^  0,42,  it  lblU)w»  dmx 
i  ^  -  ^ — ^.  ■ ^  3,27  feet 

§  318.  Majdmum  and  Minimum  of  Contraction, — In  the  flow 
water  through  orifices  in  a  plane  side,  the  axis  of  the  stream  is  pe 
pendicular  to  the  surface  of  the  side,  and  therefore  the  amount  oft' 
contraction  is  a  mean>  but  if  the  axis  of  the  orifice  or  of  the  Aai 
stre.'im  forms  an  acute  angle  with  the  portion  of  the  side  coDtair 
the  orifice,  the  contraction  will  be  less;  and  if  the  angle  between  ll 
axis,  and  the  inner  surfaces  of  the  edges  of  the  aperture,  be  obttts 
the  contraction  will  be  still  greater.     The  one  case  is  represented 
Fig.  423,  and  the  other  in  Fig,  424,     Without  doubt  this  differeni 
of  contraction  is  caused  by  the  particles  of  water,  which  flow  towar 
the  orifice  from  the  sides,  deviating  less  from  their  direction  in 
one  than  in  the  other  case,  when  they  pass  through  the  orifice 
unite  to  form  a  flutd  stream. 


FJi,433. 


riff.  424. 


The  contraction  is  a  minimum^  i.e.  nothing,  if  by  the  gradual  con 
vergence  of  the  side  which  embraces  the  orifice,  the  lateral  flow 
entirely  prevented^  and  a  naaximum  if  the  side  has  a  direction  opposit 

Fiff,  425.  Fiff.  426, 


IS 


%  that  of  the  fluid  stream,  so  that  certain  particles  of  wnter  must  re- 
volve 18(r  before  arriving  at  the  orifice.     Both  cases  are  represented 
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in  Figs.  426  and  426,  In  the  first  case,  the  co-efficient  of  efflux  is 
about  1,  viz*  0,96  to  0,97;  and  in  the  second  from  the  measuremetit^ 
of  Borda,  Bidone  and  the  author,  a  mean  of  0,53.  ChBnges  in  the 
eo-efficients  of  efflux  through  convergent  sides  very  often  present 
themselves  in  practice  ;  they  occur  in  dams,  which  are  inclined  to 
the  horizon,  as  in  Fig.  427.  Poncelet  found  for  a  similar  opening 
the  co-efficient  of  efflux  ^  =  0,80,  when  the  board  was  inclined  45*, 
and  on  the  other  hand,  ^  =  0,74  only  for  an  inclination  of  63J^  that 
is,  for  a  slope  of  ^.     For  similar  wiers.  Fig.  428,  where,  as  in  the 

Fie.  4UT.  Fif .  428. 


---Osl 


Poncelet  sluice-board,  contraction  takes  place  at  one  side  only,  the 
author  found  ^  ^  0,70,  therefore,  ^j  =  |  ^  =  0,467  for  iin  incli- 
nation of  4b\  and  ^  ^  0,67,  therefore,  ^  =  0,447  for  an  inclination 
of  6Bi^ 

Exatitpk.  If  a  sluice  board,  irvcHned  at  an  angle  of  50*,  wiiich  goes  acrosi  a  eliannel 
a  J  fpet  broad,  ifl  dmwn  up  J  fool  high,  and  %lm  aurfaoc  of  water  atiindi*  4  feet  «bove  the 
bottom  of  ibe  channelf  the  Leight  of  the  aperture  may  be  put  *  ^  ^  riiL  U)'*  ±ss  0,3830 
feet,  tiie  bead  of  water  A  s  4  —  J  ,  0,3830  =  3J085  teet,  atid  tbe  ocheflkietit  of 
efflujE  f*  =  0,78  ;  hence,  ih«  disdiafge  Q^  =  0,78  ,  2,26  ,  0»3830  .  8,02  ^  3,8085  a 
I0,4y  cubic  feet  (Etiglisli). 

§  319.  ParUal  ConiracHon. — We  have  only  hitherto  considered 
those  ca^es  where  the  water  flows  from  all  sides  towards  the  aperture, 
and  forms  a  contracted  vein  around,  and  we  must  now  investigate 
others,  where  the  water  flows  from  one  or  more  sides  to  the  aperture, 
and  therefore  produces  a  stream  only  partially  rontracted.  To  dis- 
tinguish the  circumstances  of  contraction,  we  wilt  call  the  case,  where 
the  vein  is  contracted  on  all  sides,  general ;  and  the  case,  where  it  is 
only  contracted  in  one  part  of  its  circumference,  pariial^  or  imperfect 
contraction.  Partial  contraction  is  induced  when  an  orifice  in  a  plane 
thin  plate  is  confined  by  other  plates  in  the  direction  of  the  iluid 
stream  at  one  or  more  sides^ 

In  Fig.  429,  are  represented  four  orifices  of  equal  size  «,  i,  c,  d^ 
in  the  bottom  JiC  of  a  vesselt  The  con- 
traction by  efflux  through  the  orifice  a  in  the 
middle  of  the  bottom  is  general,  because  the 
water  can  flow  to  it  from  all  sides  *  the  con- 
traction from  the  efflux  through  6,  r,  rf,  is 
partial,  because  the  water  can  only  tiow  to 
them  from  one,  two,  or  three  sides.  Like- 
wise, if  a  rectangidar  lateral  aperture  goes 
to  the  bottom  of  the  vessel,  the  contraction 
is  then  partial,  because  it  falls  away  at  the 
bottom  side,  ifj  further,  the  aperture  of  the 


Fig.  4m. 


\ 
u 

I"        1             ^ 

f 
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Fig,  430, 


dam  reaches  the  bottom  in  the  lateral  walls  of  the  channel,  ihere  U 
then  only  a  contraction  on  one  side. 

Partial  contraction  is  remarkable  in  two  respects;  first,  by  gifting 
an  oblique  direction  to  the  stream;  andp  secondly,  by  iocreasiog  the 
quantity  of  dischai^e. 

If  the  lateral  aperture  F,  Fig<  430,  reaches  a  second  side  CD^ 

so  that  no  contraction  takes  place 
there,   the    axis  FK  of  the    fluid 
stream    becomes    deflected    by  an 
angle  KFG  of  about  9*  from  the 
normal   FG  to  the   plane    of  the 
orifice.   The  obliquity  of  the  ^trea 
is   much   greater  if  two  adjace 
sides  of  the  orifice  hav^e  projecttog 
borders.     If  the  orifice  has  border 
in  two  oppositely  situated    side 
and  contraction  at  these  prevented,  such  a  deviation  of  course 
not  take  place,  but  at  the  other  side,  the  vein  at  some  distance  fron 
the  orifice,  will  spread  out  more  than  if  the  border  were  not  there«| 
Although  a  greater  discharge  is  obtained  by  a  partial  contraction,  w€ 
must,  as  a  rule^  endeavor  to  avoid  this,  because  the  fluid  stream,  iii| 
consequence,  suffers  a  deviation  in  its  direction  and  a  greater  exten- 
sion in  its  breadth* 

Experiments  on  the  efflux  of  water  with  partial  contraction  have 
been  made  by  Bidone  and  by  the  author.  They  allow  us  to  assumel 
that  the  co-efficients  of  efflux  increase  simultaneously  with  the  ratio | 
of  the  contracted  part  to  the  whole  perimeter,  though  it  is  easy  to  per- 
ceive that  this  relation  is  different,  if  the  perimeter  is  almost  or  en* 
tirely  restricted,  and  the  contraction  almost  or  entirely  suppressed p 
Let  us  put  the  ratio  of  this  restriction  to  the  entire  perimeter  =  it,  and 
let  us  represent  by  x,  any  number  deduced  from  experiment^  we  may 
then,  although  only  approximately,  put  the  ratio  of  the  corresponding 
coefficient  of  efflux  /*„of  partial  contraction  to  the  oo-efficient  of  cfSux 
of  perfect  contraction; 


Mo 


^  I  +  «  n,  and  consequently  /*«=(!  +  «  n)  li^. 


Bidone's  experiments  give  for  circular  orifices  m  =  0,128,  and  for 
rectangular  k  =  0,152;  the  author's,  however,  give  for  the  last, 
'w  ^  0,134,  Rectangular  orifices  with  borders,  are  those  which  are 
most  frequently  met  with  in  practice;  we  will  assume  for  them  the 
mean  value  k  ^  0,143,  and  hence  put  ^^  —  (1  +  0,143  •  n)  ^ 
For  a  rectangular  lateral  ori&ce  of  the  depth  a  and  breadth  6, 

n  ^  — -^,  if  the  contraction  on  one  side  b  is  suppressed;  if,  for 

2  {a +  6} 

instance,  this  side  lies  in  the  plane  of  the  bottom;  again,  n  ^  J,  if 
a  side  a  and  a  side  b  are  bordered,  and  n  =  — _Z — ,  if  on  one  side 
6,  and  both  sides  a,  At  contraction  is  prevented;  if,  for  example,  the 
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orifice  takes  up  the  whole  breadth  of  the  resen^oirf  and  reaches  the 
plane  of  the  bottom. 

ExampU.  Wbm  qtientity  of  wat^f  flows  ibroiigU  a  3  feel  brood  and  10  ineh  d^p  ver- 

licAl  aperture  of  b  dam  «  m  proanlTV  of  l^  foet  n.1mvo  the  i*pp«T  mde  of  ibe  aperluf^^,  if 

the  km-er  one  coincidet  with  ibe  bottom  of  the  dtuLruicl,  and  hence  itiere  is  uo  oocitiactk»n 

at  tlic  bottom  !     The  theotetkiij  d^w^hargii  ii  i 

Q  =  II  ,  3  .  B,m  ^ly+Yr  =  I  .  8,02  ^  1,9166  . .  s  2S,U  cubic  feet 

AcoorOiiig  to  PoiiceleCs  mble  for  gifiifci^  QontTiiftiDn  ft  =s  0,004,  we  have,  therefore) 

3                       9 
m  ^ — ^- —  ^  ^  A  ;  hence,  for  ihe  above  oasej  of  ponial  ^ontnction 

^n  (a  1  +  0,143  .  ^)  ,  0,604  s  1,055  .  0^604  ^  0,C3S,  ami  ihe  efieotiYe  diiuhafge  ji 
Q,  s  0,038  Q  ^  0,63S  .  28,11  =  1&,H  cubic  feet 

§  320,  tmperfmt  Conirociion, — The  contraction  of  the  duid  rein 
depends,  further,  upon  whether  the  water  before  the  orifice  is  tolera' 
bly  still  J  or  whether  it  arrives  before  it  with  a  certain  velocity.  The 
quicker  the  water  flows  to  the  orifice,  the  less  contracted  does  the 
Tein  become,  and  the  greater  is  the  discharge.  The  relations  of  con- 
traction and  efflux  above  given  and  investigated,  have  reference  only 
to  the  case  where  the  orifice  Ues  in  a  large  side^  and  it  can  onJy  he 
assumed  that  the  water  flows  to  it  with  a  small  velocity;  hence  we 
must  know  the  relations  of  eontraetion  and  efflux,  when  the  trans* 
verse  section  of  the  orifice  is  not  much  less  than  that  of  the  afSuent 
water,  and  when,  consequently,  tbe  water  arrives  at  the  orifice  with 
a  considerable  velocity.  In  order  to  distinguish  these  two  cases  from 
one  another,  we  shall  call  the  contraction,  where  the  superincumbent 
water  is  still,  perfed;  and  that  where  it  is  in  motion,  imperfect  can^ 
iractian.  The  contraction,  for  example,  is  imperfect  in  the  effla% 
from  a  vessel  JiC\  Fig,  431,  because  the  transverse  section  F  of  the 
orifice  is  not  much  smaller  than  that  of  G  of  the 
arriving  water,  or  the  area  of  the  side  C£>,  in 
which  this  orifice  lies.  Iff  on  the  other  haod^ 
the  vessel  had  the  form  *^J?C,J?j,  and,  there- 
fore, the  area  of  the  bottom  surface  C^D^  much 
greater  than  the  transverse  section  F  of  the 
orifice,  the  efflux  would  then  go  on  with  per- 
fect contraction.  The  imperfectly  contracted 
vein  is  besides  distinguishable,  not  merely  by 
its  greater  thickness  from  the  perfectly  ton- 
tracted  fluid  vein,  but  also  by  its  not  having  so 
transparent  and  crystalline  an  appearance. 

If  the  ratio  of  the  area  of  the  orifice  F,  and  the  side  containing 

F 

the  orifice  Cf,  therefore,  __  c=  n,  the  co-efficient  of  efflux  for  perfect 
G 

contraction  s  ^q,  and  that  for  imperfect  »  ^  ^,  we  may  with  greater 

accuracy,  according  to  the  experiments  and  calculations  made  by  the 

autbor,  put: 

1,  For  circular  orifices : 

j*n  =  n  [1  +  0,04664  (14,821  '*— l)],  and 

32* 
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2.  For  rectangular  orifices: 

^» -A»o[l  + 0,0760  (9«—l)].» 
To  render  the  calculation  easier  in  cases  of  application,  the  cor- 
rections ^"^      ^  of  the  coefficient  of  efflux  on  account  of  imperfect 
contraction  are  compiled  in  the  following  short  tables. 

TABLE  L 

CORRECTIONS  OF  THE  CO-EFFICIENTS  OF  EFFLUX  FOR  CmCULAK 

ORIFICES. 


« 

0,05 

0,10 

0,16 

0,20 

0,25 
0,045 

0,30 

0,35 

0,40 

0,45 

0,50 

0,007 

0,014 

0,023 

0,034 

0,059 

0,075 

0,092 

0,112 

0,134 

« 

0,55 

0,60 

0,65 

0,70 

0,75 

0,80 

0,85 

0,90 

0,95 

1,00 

1*1) 

0,161 

0,189 

0,223 

0,260 

0,303 

0,351 

0,408 

0,471 

0,546 

0,613 

TABLE  XL 


CORRECTIONS  OF  THE  CO-EFFICIENTS  OF  EFFLUX  FOR  RECTANGULAR 

ORIFICES. 


n 

0,06 

0,10 

0,15 

0,20 

0,25 

0,30 

0,35 

0,40 

0,45 

0,50 

0,009 

0,019 

0,030 

0,042 

0,056 

0,071 

0,088 

0,107 

0,128 

0,152 

^n— >*o 


0,66 


0,178 


0,60 


0,208 


0,65 


0,241 


0,70 


0,278 


0,75 


0,319 


0,80 


0,365 


0,85 


0,416 


0,90 


0,473 


0,95 


0,537 


1,00 


The  different  values  of  the  ratio  of  the  transverse  sections  n 


0,608 

Z 
G 


stands  above  in  these  tables,  and  immediately  below  additions  to  tbe 
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co-e0icieiits  of  efflux,  on  account  of  imperfect  contraction ;  for  example* 
for  the  ratio  of  the  transverse  sections  n  =  0,35,  L  e,,  for  the  case 
where  the  area  of  an  orifice  is  35  hundredths  of  the  area  of  the  whole 

sicle  of  the  orifice,  we  have  for  circular  orifices  ^'*      **^  =  0,015,  and 

for  rectangular  orifices  =  0,088 ;  therefore,  the  co-efficient  of  efflux 
for  perfect  contraction  in  the  first  case  is  to  be  made  about  75  thou- 
sandths, and  in  the  second  about  88  thousandths  greater  to  obtain 
the  corresponding  co-efficients  of  efflux  for  imperfect  contraction. 
Were  the  co-efficient  of  efflux  ^^  «  0,615,  we  should  have  in  the 
first  case  ^^  ^  ^  1,075  .  0,615  =  0,661,  and  in  the  second,  ^^  j,  = 
1,068  •  0,615  ^  0,669, 


E£airpk,^Wha.t  ilischargf)  does  h  mc- 
lon^lar  Jnu;raL  aperuire  F^  li  feet  broad 
ami  4  fool  deep,  give  if  it  be  cut  in  a  rec- 
MDguJar  waU  CD,  Fig.  432,  2  fe«t  btt»d 
amt  I  fool  deep,  and  the  head  of  water  EH 
^  k  in  atiU  water  amoynla  to  S  fb«t?  Ttie 
theoretical  disclmrge  is  Q  =  \,25  . 0,5  .  8/>2 
V' 2  =  5,012  .  1,4  H  s=  7,086  cubic  feet, 
«iid  tJie  eoelllci«fil  of  efllyx  for  pcrfeci  c©n* 
traction  i«,occordinf  lo  Poticelel,  ^(,^0,6 10 ; 
but  now  the  ratio  of  the  tranaverse  sectioitft 

_F        1,25  ■  0,5 

0,312,  from  Table  11, 


Fig,  433. 


i0,3l3,  ftnd  forfi  = 


fH 


0,071  +  13  (0,088  —  0,071)  ^0,071  +  0,004  =  0,075  j  hence  it  lci1tow«, 

that  the  eo-effif^ient  of  efflux  for  the  pTe«ent  case  is  |«Q.tit  ^  t,075  ,  ft^-^  1,075  *  0,610 
«=  0,6557,  aud  the  discharge  Q,  =  0,6557  ,  Q  =  0,6557  .  6,987  k  4,581  cubio  feet, 

§  321,  Effiux  of  Water  in  Motion, — ^We  have  hitherto  assumed 
that  the  head  of  water  has  been  measured  in  still  water;  w^e  must 
now*  therefore,  consider  the  case  when  only  the  head  of  water  in 
motion,  and  flowing  with  a  certain  velocity  towards  the  orifice,  can 
be  measured.  Let  us  suppose  the  case  of  a  rectangular  lateral  orificej 
and  represent  its  breadth  by  A,  and  the  heads  of  water  with  respect 
to  both  horizontal  edges  h^  and  A^,  the  height  due  to  the  velocity  c 
of  the  affluent  water  by  k^  we  shall  then  have  the  theoretical  dis- 
charge: 

Q  =  J  6  ^^  [A,+  k)  *-(A,+  *)  ']. 

This  formula  is  not  directly  applicable  to  the  determination  of  the 

discharge,  because  the  height  due  to  the  velocity: 

c*         1   /0\'  - 
k  =  ~  sm  —l-^\  is  again  dependent  on  Q,  and  further  transforma*- 

tion  leads  to  a  complicated  equation  of  a  higher  order,  hence  it  is  far 
simpler  to  put  the  effective  discharge  Q^  «  tt^  ah  \/2gh^  and  under* 
stand  by  i^^  not  the  mere  co*efficient  of  efflux,  but  one  especially 
dependent  on  the  ratios  of  the  transverse  sections.  Most  frequently, 
this  case  presents  itself  when  the  object  is  to  measure  water  flowing 
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^'^-  ^^^'  in  canala  and  fouraeSi  beeause  it  ia  i 

dom  possible  in  this  case  to  dam  tqr 

the  water  m  high  by  a  transverse  sec- 

|l  B -l^"~-^*f!!^^^^^      tion   BC^    Fig.    433,    coataijiiDg  the 

orifice  of  discharge^  that  the  orifice  j 
becotnes  only  a  amaJI  part»  come 
with  the  trans  verse  section  of  the  j 
of  water  flowing  to  it ;  andt  hence, 
Telocity  of  the  last  very  smmll 
pared  with  the  mean  velocity. 

From  experiments  made  by  the  author  on  this  subject  witb  Ppncelei 
orifices^  where  the  head  of  water  is  measured  one  metre  above  ihe  plane 

of  the  orifice,  the  expression :  !^:^IIIii  «  0,641  (y\    —   0,641  *  ii»j 

miy  be  taken  as  tolerably  accumte,  when  n  »  ^  b  the  ratio  of 

transTerse  secnon^  which, however,  should  not  mucbexceed^;  fUrtbery 
represents  the  co-efficient  for  general  contraction!  taken  from  Poneele 
table  corresponding  to  the  prasent  case.     If  b  be  the  breadtbp  u 
depth  of  the  orifice,  B  the  br^dth  and  Ji  the  depth  of  the  fluid  strea 
and  h  the  depth  of  the  upper  aide  of  the  orifice  below  the  surface  of 
water,  we  have,  acoordrngly,  the  effectiTe  discharge: 

Q..[l +0.641  (Jt)-],..g.,  (»+?). 

The  following  table  serves  forsborteniogthe  calculation  in  cases  i 
application. 


0,0& 


0,10 


0,15 


0,20 


0,25 


0,30 


0,35 


0,40 


0,45 


0^ 


tH 


0,002 


0,006 


0,014 


0,026 


0,040 


0,058 


0,0790,103 


0,130 


0,M 


Exoimpk.  To  And  the  quantitjr  ot  w«teT  ootiducted  through  n  oooisb  S  Ifeet  1)n»d,4 
bottrd  13  plftced  aeroH,  with  m  2  Je<^  wtdo  aiHl  1  foot  dae^  radtnngular  orflo 
water  in  thi<^  wv,y  ii  so  datnined  up  thai  it  at  Lodt  attains  a  beigbt  of  2^  feet  aboTo  i 
bottom,  and  1 J  above  ihe  lower  edge  of  (lie  orifice*  The  theoretical  discliarge  ii  Q  ^ 
^^A  =  1  , 2  . 8,02  v^  1,35  =  16,04 . 1,118  =  17,93  cubic  feel ;  thfi  oa^iJncieat  of  em«is 
for  perfect  conti&ctioii  may  be  put  0^689,  aiid  the  ratio  of  the  tzfmflTer§e  lectkaa 

n^zL^  J!!L^  so  ^  0,2M  t  beiHx^  it  Mltm'e,  l!hat  ^e  co«ffleiem  oT  i 

Jbr  the  present  ratio  of  discbAfge: 

^(i+  0,64 1 . 0,296^ |iip B  1,056 . 0^602  ^0,6357,  and  the cfleotive  qusot^y  dkcha^s^ 

S3  1 7,03 . 0,6357  ^  J  1,3  J  cubic  feel 

§  322.  Imperfect  contraction  reiy  often  occurs  in  the  efflux  througb 
wiers,  as  in  Fig.  422.     Wiera  may  take  up  a  part  only  of  the  breads 
of  the  reservoir  or  canal,  or  the  who]«  breadth.     In  the  latter  ci 
contraction  at  the  sides  of  the  aperture  does  not  take  place,  and 
this  reason  more  water  flows  through  Ihem  than  through  wiers  of 
first  kiad.     The  author  has  made  experiments  also  on  the^  circuii 
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stances  of  efflux,  and  deduced  from  the  results  formulas  by  which  the 
corresponding  co-efficients  may  be  estimated  with  tolerable  certainty 

.  Gr  hh 

with  the  assistance  of  the  ratio  of  the  sections  n  b  _  «  — ^.     If 

we  retain  the  denominations  of  the  former  paragraph,  we  then  haye 
for  the  Poncelet  wiers : 

I^lZH^o  .  1,718  Q'  «  1,718 .  «*, 

and  for  wiers  occupying  the  entire  breadth  of  the  canal : 

f^  —  f'o  «  0,041  +  0,3693  nS 
hence,  in  the  first  case,  the  discharge  is : 

Q.-  j[  1  +  1,718  (^Yj  M,  .  *  s/W^ 
And  in  the  second : 

Q,-|ri,041  +  0,3693  (^H  ^,  .  b  ^2^, 

vbere  h  represents  the  head  of  water  EH  above  its  sill  F,  measured 
at  aboat  3  feet  6  inches  back  from  the  wier. 

In  the  following  tables,  the  corrections  ^      ***,  for  the  most  sim* 
pie  Talues  of  n  are  put  down. 

TABLE  L 

CORRECTIONS  FOR  THE  PONCELET  WIERS. 


0,05 


0,10 


0,16 


0,20 


0,25 


0,30 


0,35 


0,40 


0,45 


0,50 


0,000 


0,0000,001 


0,003 


0,0070,0140,026 


0,0440,0700,107 


TABLE  n. 

CORRECTIONS  FOR  WIERS  OVER  THE  BHTnB  SIDB,  OR  WRBOOT  Amr 
LATERAL  CONTRACTION. 


n 

0,00 

0,05 

0,10 

0,15 

0,20 

0,25 

0,30 

0,35 

0,40 

0,45 

0,50 

f^-^o 

0,041 

0,042 

0,045 

0,049 

0,056 

0,064 

0,074 

0,086 

0,100 

0,116 

0,133 

#*0 

To  determine  the  quantity  of  water  carried  off  by  a  canal  5  feet  broad,  a 
waste  board  is  applied,  with  an  outward  sloping  edge,  over  which  the  water  is  allowed 
to  flow  aAer  it  has  ceased  to  rise ;  the  head  of  water  above  the  bottom  of  the  canal  is  3} 
feet,  and  above  the  edge  1}  feet,  hence  the  theoretical  discharge  is  Q  ^  f  .  5  .  8,02  . 
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The  i^o^^fEelefii  of  pffiux  it,  tfiice  _  i 

•a 


^i.^t  =  48,11  cibic  foot 

0,577, 
p^  =  [l^04J  +0,3093. (^)T. Q,577«  l.lia. 0^77 

Q,  as  0,64  ,  Q  =  0,04  ,  48,12  =  30,79  mUtQ  feel. 


.i!5=,o^<i^,^ 


B0,64,lief*c«  the  ©flb^vetSwcli 


CHAPTER    IIL 


OK  THE  EFFLUX  OF  WilTEB  THROUGH  TUBES. 

§  323,  Shari  Thbes^  or  Mouih-pieces. — If  water  is  allowed  to  flc 
through  shori  tubes ^  or  mouth-pieces^  other  relations  take  place  iha 
when  it  flows  through  orificei  in  a  thin  plute,  or  through  out  war 
sloping  orifices  in  a  thick  plate.  When  the  tube  is  prismatic,  ac 
its  length  2^  to  3  tiroes  that  of  its  width,  it  then  gives  an  unc 
tracted  and  opaque  streanij  which  has  a  small  distance  of  projectic 
and  hence,  alsn,  a  smaller  velocity  than  that  of  a  jet  Sowmg,  uodl 
otherwise  similar  circumstances,  through  an  orifice  in  a  thin  platf 
Iff  therefore,  the  tube  KL  has  the  same  transverse  section  as  llie  orifiee 
Ff  Fig.  434 ;  and  if  also  the  head  of  water  of  both  is  one  and  the 
same,  we  then  obtain  in  LR  a  troubled  and  uncontracted,  and,  there- 
fore, a  thicker  jet,  and  in  FH  b.  clear  and  contracted,  and,  therefore, 
thinner  one;  and,  it  may  be  observed,  that  the  distance  of  the  pro- 
jection ER  is  less  than  that  of  DH.    This  ratio  of  efflux  only  takes 


Fie.  -131. 


Fig.  4»S, 


HM 


fe 


place  when  the  tube  is  of  a  given  length;  if  it  is  shorter,  or  8eafcd| 
as  long  as  it  is  broad,  then  the  jet  a£,  Fig,  435,  will  not  touch  t^ 
sides  of  the  tube,  the  tube  will  have  no  influence  on  the  efflux^  an 
the  jet  will  be  the  same  as  through  orifices  in  a  thin  plate, 

Sometimes  in  tubes  of  greater  length,  the  fluid  stream  do€S 
entirely  fill  the  tube,  namely :  when  the  water  is  not  allowed  to  cob 
into  contact  with  the  sides  of  the  tube;  but  if  in  this  case  w*e  clc 
the  outer  orifice  by  the  hand  or  by  a  board  for  a  few  momentSi 
stream  Avilt  then  be  formed  which  will  entirely  fill  the  tube,  and  tl 
m-cMei\JuUflow  will  then  take  place.     Contraction  of  the  fluid  vei 
takes  place  also  in  the  flow  through  tubes,  but  the  place  of  contrac- 
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Fig.  436. 


tion  is  here  in  the  interior  of  the  tube.     We  maybe  convinced  of 

this,  if  we  avaii  ourselves  of  glass  tubes,  such  as  AX,  Fig.  436,  and 

color  the  water,  for  in  this  case  we  shall 

remark,  that  there  is  progressive  motion 

only  in  the  middle  of  the  transverse  section 

G  close  behind  the  place  of  entrance  K^ 

but  not  at  the  outside  of  it,  and  that  it  is  a 

sort  of  eddying  motion  which  takes  place. 

But  it  is  the  capillarity,  or  the  adhesion  of 

the  water  to  the  sides  of  the  tube,  which 

causes  the  fluid  entirely  to  fill  the  end  FL 

of  the  tube.     The  water  flowing  from  the 

tube  has  only  a  pressure  equal  to  that  of 

the  atmosphere,  but  the  contracted  section  G  is  only  a  times  the  size 

of  the  section  F  of  the  tube,  and  for  this  reason  the  velocity  in  it  - 

a 

tiroes  as  great  as  the  velocity  of  efflux  v;  hence  the  pressure  of  the 

water  in  the  vicinity  of  G  is 

ii^ — f  -  [&— 0 1"  ^^  ^^^^  '^^^  *^^"  ^^  '*^  *^''^*'  *^^  *^^^ 

the  atmospheric  pressure.  If  we  bore  a  narrow  hole  in  the  tube  at 
G,  no  dischai^e  will  pass  through  it,  but  there  will  be  an  absorption 
of  air  rather;  the  full  discharge  and  the  action  of  the  tube  will  at  last 
entirely  cease  if  the  hole  be  made  wider,  or  more  holes  bored, 

§  323.  Cylindrical  l\ihes, — Numerous  experiments  have  been  made 
on  the  Bow  of  water  through  cylindrical  additional  tubes;  but  the 
results  vary  considerably  from  one  another,*  The  co-efficients  of 
Bossut  are  those,  which  from  their  small ness  (0,785)  have  been  found 
to  vary  most  from  others.  From  the  experiments  of  Michelotti,  with 
tubes  from  ^  to  3  Inches  width,  and  with  a  head  of  water  of  from  3 
to  20  feet  J  the  mean  of  this  co-efficient  is:  /*  =  0,813.  The  experi- 
ments of  Bidone,  Eytelwein  and  dV^ubuisson  vary  very  little  from 
this.  The  mean,  however,  which  may  be  adopted,  and  which  cor- 
responds particularly  with  the  author^s  experiments  on  the  discharge 
through  short  mouth-pteces  ^  0^815.  As  we  have  found  this  for 
orifices  in  a  thin  plate  0,615,  it  follows  that,  under  otherwise  similar 

circumstances  and  relations,  --^  ^    1,325  times   as    much  water 

615 

flows  through  cylindrical  additional  tubes,  as  through  round  orifices  in 

a  thin  plate.     These  co-efficients,  moreover,  increase  as  the  width  of 

tubes  becomes  less,  and  but  slightly  with  the  increase  of  the  head  of 

water  or  velocity  of  efflux.     According  to  the  author^s  experimentSt 

under  a  pressure  of  from  9  to  24  inches  for  tubes  three  times  as  long 

as  broad  i 


*  A  considotabLe  mii^  of  experimetita  on  the  flow  of  waier  throuj^ti  sifjutagea  wat, 
some  f  tsars  sim;©,  perfbrmed  by  »  comniitt«s  of  the  Franklin  Inatitute^  wtijoh  jret  await 
a  proper  retluiCtioii  lo  render  the  reaulu  avaUaljie^ — Ak.  Eo. 
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at 


0,843 


0,832 


0,821 


4  ceBtimetres  width, 
or  1,6  inches  widtli. 


0,810 


Acconltng  to  this  tablet  therefore,  the  co*efficients  increase  con* 
siderably  as  the  width  of  the  tubes  decreases*  Buff  found  for  tubes 
2,79  lines  wide,  and  4,3  Hnea  long,  the  co-efficients  of  effluK  gradually 
to  increase  from  0,835  (o  0^855,  when  the  head  of  water  sank  from 
33  to  I ^  inches  successively. 

The  author  found  a  co*emcient  of  effiux  of  0,819  for  the  flow  of 
water  through  rectangular  additional  tubes. 

If  the  additional  tubes  AX,  Fig.  437,  are  on  the  inside  partially 
confined;  if,  for  instance,  one  side  is  contiguous  to  the  bottom,  and  if 
a  partial  contraction  is  produced  thereby,  then  the  co-efficient  of  efflu^ 
from  the  author*s  experiments,  does  not  perceptibly  increase,  but  the 


Fig.  437. 


I1g.43tf. 


water  flows  away  at  different  parts  of  the  section,  with  different  velo- 
cities, and,  of  course,  from  the  side  BC  faster  than  frt)m  the  side 
opposite  to  it.  If  the  inner  anterior  surface  of  a  tube  does  not  coincide 
with  the  side  surface,  but  projects,  as  a,  6,  <?,  Fig;  438,  then  this  tube 
is  called  an  internal  additional  tube.  If  the  anterior  surface  of  this 
tube  is  at  least  Jth  as  broad  as  the  tube  is  wide,  as  for  example  ff, 
then  the  co-efficient  of  efflux  will  remain  the  same  as  if  this  surface 
were  in  the  plane  of  the  side,  but  if  the  anterior  surface  be  less,  as  5, 
c,  the  co-efficient  will  then  be  less.  For  a  very  small  and  almost 
vanishing  anterior  surface,  according  to  the  experiments  of  Bidone 
and  the  author,  this  amounts  to  0,71  if  the  vein  fills  the  tube,  and  0,53 
(compare  §  318)  if  it  does  not  quite  fill  the  inner  sides  of  the  tube. 
In  the  first  case  (6)  the  fluid  stream  is  broken  and  divergent^  like  a 
brush;  and  in  the  second  (e)  strongly  contracted  and  quite  crystalline. 
§  324,  Co-efficimt  of  RenstanCE. — As  water  flows  without  contrac- 
tion from  prismatic  additional  tubes^  it  follows  that^  in  its  efflux 
through  these  mouth-pieces,  the  co-efficient  of  contraction  =  unity, 
and  the  co-efficient  of  velocity  ^  =  the  co-efficient  of  efflux  ;i.  A  dis- 
charge Q  with  the  velocity  t?,  possesses  a  vis  viva  ^lL  v\  and  is 

S 


ca- 
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pable  of  producing  the  mechamcal  effect  —  Q  f  (§  ^1)-    B^t  now 

the  theoretical  velocity  of  efflux  »     ,  hence  the  mechanical  effect 

_  ,  ^_ .  Q  y  corresponds  to  the  mass  of  water  flowing  out,  and  the 
^*     2g 

discharge  Q  acconltngly  loses  by  efflux  the  mechanical  effect 

(^■S-S)«'-(?-')5«- 

For  efflux  through  orifices  in  a  thin  plate,  the  mean  of  f  »  0,97, 
hence  the  loss  of  effect  here  amounts  to 

[(w)'-']5.'''-»-"«'S«- 

for  efflux  through  short  cylindrical  tubes  f  =  0,81 5|  and  the  corre- 
sponding loss  of  effect 

Llo,8i5;        J2|r  % 

I,  e.  eight  times  as  great  as  for  efflux  through  orifices  in  a  thin  plate. 
In  rendering  available  the  ms  riua  of  flowing  water,  it  is  consequently 
better  to  let  the  fluid  flow  through  orifices  in  a  thin  plate,  than  through 
prismatic  tubes.  But  if  the  inner  edges  in  which  the  tube  meets  the 
sides  of  the  cistern  are  rounded,  and  by  this  a  gradual  passage  from 
the  cisterns  into  the  tube  effected,  the  co-efficient  of  efflux  will  then 
rise  to  0,96,  and  the  loss  of  mechanical  effect  will  be  brought  down  to 
8 J  per  cent.  In  shorter  adjutages^  accurately  rouaded,  Iiaving  the 
form  of  the  contracted  fluid  vein  ^  =  t  si  0,07,  and  hence  the  loss 
of  mechanical  effect  as  for  orifices  in  a  thin  plate  ^  6  per  cent. 

A  head  of  water  (-^   —    1    J  ^  Q  ^  is  due  to  the  loss  of  mecha- 
nical effect  (- 1  \  — ;  hence  we  may  also  suppose  that  from 

the  obstacles  to  the  efflux,  the  head  of  water  suffers  the  loss 
f -^  —  1  \  — ,  and  assume  after  deduction  of  this  loss,  that  the  resi- 
duary  part  of  the  head  of  water  is  expended  in  generating  the  velocity. 
We  may  call  this  loss  f -L  —  1  )  ~,  which  increases  with  the  square 
of  the  velocity  of  efflux,  the  height  due  to  the  remiante^  and  the  co- 
efficient _  —  I,  with  which  the  height  due  to  the  velocity  is  to  be 

multiplied  to  obtain  the  height  due  to  the  resistance,  the  co-effidmt  of 
rtnstanct.  We  shall  represent  in  what  follows,  the  co-efficient^  ex- 
pressing the  ratio  of  the  height  of  resistance  to  the  head  of  water^  by 
the  letter  C;  therefore,  the  height  due  to  the  resistance  itself  may  be 


expressed  by  I 
33 


2ff' 


By  the  formula  f 


1  andt 


i/l+C 
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the  co-efficient  of  resistance  may  be  calculated  from  the  co^efficieoli 
velocity,  and  vict  vers4. 

Exum^. — L  What  diBcharire  "will   flow   throw j^    n   ^    inch    wide    txib^s    unn 
bead  of  wat^r  of  3  fe^t^  which  correiponds  to  a  e&^ffiment  of  resi*tan«5  {  ae  Ml 

f  -.        ^       ai  0^845 ;  hcnoo,  i?  «>  0,843  *  S,03  ^/T=  12,05 feet; fuithcn F—s  (—) 

T  ^0,02182  pquue  feet;  conaequeotty,  the  quatiUty  of  wat^r  Krugbt  lA  Q  ^^  0^B2t 
f^t. — ^2.  If  a  tube  of  2  inthes  wklcb,  litider  a  pretiure  of  2  feet^  Joliver  in  «  aiinul*  t| 

cuUtc  feel  of  water,  its  oo-afficdeiit  of  efflui,  or  of  velocity,  is  tben  ^  —  ^ 


10 


^^  3  f  i 


eo. 


-^.  ^  0,674f  the  co-efficioit  of 


.  0,f>2l8!8  .  8,03  .  v^   2         1,050  ^  2 

^_J )  —  1  « 1,201 ;  and  lastly,  the  Iom  in  head  of  crater  produced  bj  the  resiMti 

V  0,674/ 
of  (he  tube : 

te  1,301  :^  —  1,901,0^155  (SX^QfllSB  . ! »  1,085  feet, 

ay  Vf^/  0,13g9» 

§  325.    Obliqm  Jiddittonal  Tubes. — Obliquely  attached  or  obliquel] 
cut  tubes  give  a  smaller  quantity  of  water  than  rectaEgularly  attache 
or  rectaDgularly  cut  additional  tubes,  becai 
the  direction  of  the  water  in  them  become 
changed,     Experimetits  conducted  upon  sii 
extensive  scale^  have  led  the  author  to 
following.     If  a  be  the  angle  which  the 
of  the  tube  AX,  Fig,  439,  makes  with 
normal  KJf  to  the  plane  ^B  of  the  itme 
ortlice  of  the  tube ;  and  if  ^  be  the  co^effieieii 
of  resistance  for  rectangularly  cut  tubes,  wi 
shall  then  have  the  co«efficient  of  re&istancQ 
f  +  0,303  ^71.  *  +  0,226  dn,  b\     Let  m' 


Fig.  4Z&. 


B 

H 

for  the  inclined  tube :  f , 

take  for  Z  the  mean  value  0,505,  and  we  shall  obtain : 


Jbr}0  8B 

0 

10 

20 

30 

40 

50 

60O 

Tbe  ooefficjeni  of 
resistanoe  (,  ^ 

Tbe  coefficient  of 

elBus  ft,  ^ 

0,505 
0,815 

0,565 
0,799 

0,635 
0,782 

0,713 
0,764 

0,794 
0,747 

0,870 
0,731 

0,937 
0,719 

From  this,  for  example,  the  co-efficient  of  resistance  of  an  addi* 
tiona!  tube  deviating  by  20°  from  the  axis  is  S  a  0,635^  and  the 

co-efficient  of  efflux  »  — ^=-  ^  0,782,  and  for  36*  deviatioti,  the 

•1,635 
first  =  0  j53,  and  the  last  =  0,765. 

In  general,  these  inclined  and  additional  tubes  are  larger  than  we 

have  hitherto  assumed,  and  they  should  be  longer  too,  because  the 
water  would  not  otherwise  perfectly  fill  the  tube.  The  preceding 
formula  represents  only  that  part  of  the  resistance  which  is  due  to 
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that  portion  of  tube  at  the  inner  orifice,  yjvhkh  is  three  times  as  long 
as  the  tube  is  wide*  The  resistance  which  the  remaining  portion  of 
tube  opposes  to  the  motion  of  the  water,  will  be  given  subsequently. 


Fig.  440. 


Ex^n^e.  If  the  plaiie  of  the  inner 
(nifice  JBoi  a  barisconmHjr  lying  pond 
tlitbe  KL,  Fig.  440^  B9  llkcwiBe  the 
iQtehor  iurface  of  the  pond  dttniy  U 
jnchned  40*  to  the  horizofi,  then  the 
»li»  of  tUe  pipe  mttkes,  iwiih  the 
notmal  ta  thU  plane,  tm  angle  of  £>0*, 
and  hence  tlieoo-effidentof  resiftaiwe 
for  efflux  through  the  portion  of  the 
interior  orifice  of  thift  tube  it  ^0,670; 
ftmi  if  now  the  coHeflicient  of  resiit- 
Wlce  0,650  were  due  to  the  remain iiig 
and  longer  ^rtion,  the  eo efficient  of  reflistsnca  of  the  entire  tube  would  then  be  ^  0,870 

~\-  0,650  ^  l,S20,  and  hence  the  coeiTLdent  of  efflirt  s=s  —     '  ^  — ^  ^ 

^i  +  1,520      ^  a,&ao 

0,630*     For  »  10  feel  head  of  water  and  1  fba  width  of  tube,  the  following  diftchaTge 
would  begiTen: 

Q  as  0,e3  ,  ^  ,  8»02  ^Ui  s  12,55  cubic  fert. 

§  326.  Imperfect  ConlracHon. — When  a  cylindrical  additional  tube 


Fig.44\. 


Fig.  441,  is  inserted  into  a  plane  wall 
^Bf  whose  area  G  does  not  much  exceed 
Ae  transverse  section  F  of  the  tube*  the 
water  then  comes  to  the  place  of  insertion 
with  a  velocitjr  which  roust  not  be  dis- 
reganledj  and  it  then  issues  into  the  tube 
witb  imperfect  contraction  only,  on  which 
account  the  Telocity  of  efflux  is  again 
greater  than  when  the  water  before  entrance  into  the  tube  is  to  be 

assumed  as  stilL     Again  if  _  s»  n  is  the  ratio  of  the  Bection  of  the 

tube  to  that  of  the  area  of  the  side,  and  further,  f«Q  be  tbe  co-efficient 

F 
of  efflux  for  perfect  contraction,  where  —  may  be  equated  to  0,  we 

G 

shall  have,  according  to  the  experiments  of  the  author,  to  put  the  co- 
efficient of  efflux  for  imperfect  contraction,  or  for  the  ratio  of  the 
sections  n: 

J^LZJ^  ^  0,102  n  +  0,067  n"  +  0,046  n^  or 

J,*,  =  /*,  (1+  0,102  n  +  0,067 1>*  +  0,046  n^). 
If  the  transverse  section  of  the  tube  occupies  the  sixth  part  of  the 
whole  surface  of  the  side,  there  is: 

f^i  =  ^^  (1  +  0,102  .  i  +  0,067  .  Ve  +  0,046  .  ^U) 
=-^Jl  +  0,017  +  0,0019  +  0,0002)  =  1,019^,  or 
^^  being  put  =  0,815,  ^J  ^  0,815  .  1,019  »  0,830. 
The  following  useful  and  convenient  table  gives  somewhat  more 

accurately  the  values  for  correction  ^*     ^^ 
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TABLES 

OF  €0RRECTIO»  FOH  IMPEfiFECT  CONTHACTIOK,  BY  EFFLUX  THROtmB 
SBOET  CYI.IM0EICAL  TtTBEi* 


« 

0,05 

0,10 

0,15 

0,20 

0,25 

0,30 

0,35 

0,40 

0,45 

'o,54 

*** 

0,006 

0,013 

0,020 

0,027 

0,035 

0,043 

0,052 

0,060 

0,070 

0,08 

n 

0,55 

0,60 

0,65 

0,70 

0,76 
0,138 

0,80 

0,85 

0,90 

0^5 

1,0< 

0,090 

0,102 

0,114 

0,127 

0,152 

0,166 

0,181 

0»198. 

oM 

By  efflux  through  short  paralleloptpedical  tubes,  these  corrects 
are  nearly  the  same* 
These  co-efficients  are  especially  applicable  to  the  efflux  of  wall 

through  compound   tubes;    for 
^'S-'*^^'  ample,  in  the  case  represeoted 

Fig^.  442,  where  the  orifice  of 
short  lube  KL  enters  the  wider  shot 
tube  CKf  whose  orifice  again  lies 
the  cistern  ^C     Imperfect  contrac 
tion  takes  place  at  the  entrance  of  I 
water  from  the  wider  into  the  m 
rower  tube,  and  hence  the  co-efficieE 
of  efflux  must  be  determined  by 
last  rule*     If  we  put  the  co-efficient  of  resistance  corresponding  to  thd 
co-efficient  of  efflux  =  fj,  the  co-efficient  of  resistance  for  thee  ntranci 
into  the  wider  lube  from  the  cistern  =  C,  the  head  of  water  =»  A>  tb| 

velocity  of  efflux  =■  u,  and  the  ratio  -—  of  the  section  of  the  tubes  ^ 

n,  therefore,  the  Telocity  of  the  water  in  the  wider  tube  =  nr,  the 
the  formula  gives : 


And  bence : 


("«)' 
ig 


+  f, 


A  »  (1  +  »,  f  +  f,) 


w 


^2gh 


*/ 1  +  n»  r  +  f , 

Ei&mph  Whftt  discharge  will  the  nppnratu^  deliBeateci  in  Fig.  442  deUver,  if  ! 
bead  of  water  A  ^  4  t'&et,  the  wi>ith  of  the  narrower  lube  2  inehci,  aiul  thai  of  i     _ 
wilier  one  3  iiiohes!     «  =  (fj*  =  (i  heticc  ^|  k  1,069  ,  O^SiS  — i  0,871,  nnd  ^hm 

coffeiponding  co-efTtdent  of  resiitaue^  Cl  ^  (- — —}  —  I  ^  0,318;  bul  now 
have  C  ss  0,509  and  h"  .  ^  ^  J)  .  0,S05  s  0,0#9 ;  benoc  it  follows,  that  1  +  n*  C  + ) 
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m=  I  +  O,0S9  +  0^318  s=  1,417,  and  the  vetoci^  of  efflux  v  t=  g^^,- v^j^  J^'Q* 

^1,417  ^  1,4J7 

^  14,34  tetfl.    Agaitif  iince  the  tmtitrene  icction  of  ihe  tube  ^  0^182  e^uftt«  feet, 
the  diachufgti  wiU  be  Q  s  14,34  .  0,QSlg2  s  0,313  aiHc  feec 

§  327,  Corneal  Tubes, — Additional  conical  tubes  give  a  discharge 
different  fmm  that  of  prismatic  or  cylindrical  tubes;  they  are  either 
conically  convergent,  or  conically  divergent;  in  the  first  case  the 
outer  orifice  is  smaller,  and  in  the  second  case  larger  than  the  inner 
orifice.  The  co*efficients  of  efl3ux  for  the  first  tubes  are  greater,  and 
for  the  lastj  less  than  for  cylindrical  tubes.  One  and  the  sarae  coni* 
cal  tube  gives  more  water  when  the  wider  orifice  is  made  the  exit 
orifice,  as  A'  in  Fig*  443>  than  when  it  is  turned  inwards,  as  L  in  the 
same  figure,  except  that  it  does  not  give  a  greater  quantity  in  propor- 
tion as  the  wider  orifice  exceeds  the  narrower.  If  many,  as  Venturi 
and  Eytelwein,  give  for  conically  divergent  tubes^  a  greater  co-effi- 

Fig.  445.  Fig.  444. 


cient  of  efflux^  than  for  conically  convergent  tubes,  it  must  alwaya 
be  borne  in  mind,  that  they  take  the  narrower  transverse  section  for 
the  orifice.  The  following  experiments  instituted  at  pressures  of 
from  0j25  to  3,3  metres,  with  a  tube  JiD  9  centimetres  long.  Fig, 
444,  bring  before  us  the  effect  of  conical ness  In  tubes.  The  ^idth 
of  these  tubes  at  one  extremity  amounted  to  DE  ^  2,468,  at  the 
oibeT  JlB^  3,228  centimetres,  and  the  angle  of  convergence,  L  e. 
the  angle  AOB^  which  the  oppositely  situated  sides  AE  and  BD  of 
a  section  in  the  direction  of  the  longer  axis  include  =  4",  50^.  By 
efflux  through  the  narrower  orifice,  the  co^efficient  was  «  0,920,  but 
by  efflux  through  the  wider  it  w^as  ^  0,553,  and  if  in  the  calcula- 
tion, we  take  the  narrower  entrance  orifice  for  the  transverse  section, 
it  will  give  =  0,946.  In  the  first  case,  when  the  tube  was  applied 
as  a  conically  convergejit  adjutagEf  the  fluid  vein  was  Uttle  con- 
tracted, thick  and  smooth;  but,  in  the  second  case,  when  the  tube 
served  as  a  conically  divergent  adjutage,  it  waa  strongly  divergent, 
broken,  and  spouUng.  Venturi  and  Lytelwein  have  experimented 
further  on  efflux  through  conically  divergent  tubes.  Both  philoso- 
phers have  applied  these  conical  tubes  to  cylindri- 
cal and  conoidal  adjutage«,  made  after  the  form  of 
the  contracted  fluid  vein.  By  such  a  connection  as 
is  represented  in  Fig.  445,  where  the  divergent  por- 
tion KLq(  the  outer  orifice  is  between  12  and  21 J 
Unen  wide,  and  8; |  of  an  inch  long,  and  the  angle 

33* 


Fig.  445, 
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of  convergence  estimated  at  5%  9'.  Eytelwem  found  ^  ^  lt5526 
when  he  took  the  narrow  end  for  the  orifice*  and,  on  the  other 
hajid^  M  =  0,483  for  the  wider  end*  in  which  he  was  right.     Tfaroufb 

1    RIvOfi 

this  combined  adjutage  there  certainly  flows     *  ^  2,5  times  a«_ 

much  as  through  a  simple  orifice  in  a  thin  plate,  and     *„   .-  =  1. 

times  as  much  as  through  a  short  cylindricaJ  tube.  With  small  Tel< 
cities  and  greater  dii^ergeoce,  it  is  scarcely  possible,  even  by  pr 
riously  closing  the  tubes*  to  bring  about  a  full  flow. 

§  3ii8.  The  most  ample  experiments  have  been  made  by  d*Aabii' 
son  andCastel  on  efflux  through  conically  convergent  additiontil  tubei 
The  tubes  for  this  purpose  were  of  great  variety,  of  different  lengths 
widths^  and  angles  of  convergence.  The  most  extensive  experinoent 
were  those  made  with  tubes  of  1^55  centimetres  width  at  the  dis 
charging  orifice,  and  of  from  2,6  times  greater,  t.  e.  of  4  centimetr 
in  length,  for  which  reason  we  will  here  communicate  the  resul 
the  following  table.  The  head  of  water  was*  throughout,  3  ttki 
The  discharges  were  measured  by  a  special  gauge-cistern;  but  in 
order  to  obtain  besides  the  co-efficients  of  efflux,  those  of  tlie  velocitj 
and  contraction,  the  amplitude  of  the  jet,  due  to  given  heights,  wer 
measured,  and  from  these  the  velocity  of  efflux  (fee  §  38,  Ex,  2)  eal-« 

V 

culated.    The  ratio  -  -^^^—i-  of  the  effective  velocity  t^  to  the  the 


retical  ^  2  g  k  gave  the  co-efficient  of  velocity  f ,  as  also  the  ractifl 
Q 


of  the  effective  discharge  Q  to  the  theoretical  F  %/ ^  g  i 
F ^2 g  h 

gave  the  Go*efficient  of  efflux  /i^  and,  lastly,  the  ratio  of  botli  co*c 
cienta,  i.  e«  — ,  determined  the  co^efficient  of  contraction  a. 

TABLE 


OP  THE  CO-l:FnCIEHTS  OF  EFFLUX  ATTD  VEtOClTY  FOR  EFFLUX  THROt 
COHICALLY  CONVERGENT  T0BES. 


Angle  of 

Co-efficient 

CcMfficieot 

Angle  or 

Co-efficient 

Coefficient 

tjonvergtmce 

of  efflux. 

of  velocity. 

Ruivergenee 

of  efflux. 

of  Tclocitjr. 

0°  tf 

0,829 

0,829 

13°  24' 

0,946 

0,963 

I"'  36' 

0,866 

0,867 

14°  28' 

0,941 

0,966 

3*  10' 

0,895 

0,894 

16°  36' 

0,938 

0,971 

4°  10' 

0,912 

0,910 

19°  28' 

0,924 

0,970 

6«  26' 

0,924 

0,919 

21°  C 

0,919 

0,972 

7«  52' 

0,930 

0,932 

23°  0' 

0,914 

0,974 

8»  68' 

0,934 

0,942 

29°  68' 

0,895 

0,975 

10°  20' 

0,938 

0,951 

40°  2* 

0,870 

0.980 

12«  4' 

0,942 

0,955 

48°  Off 

0,847 

0,984 

RESISTANCE    OF    FRICTION. 


Fiom  this  table  it  19  seen  that  the  co-efficients  of  efflux  attain  their 
maximum  0,946  for  a  tube  of  13J*^  lateral  convergence;  thatj  on  the 
other  band,  the  co-efficients  of  velocity  come  out  always  greater  and 
greater,  the  greater  is  the  angle  of  convergence.  The  following  ex- 
ample will  show  how  this  table  may  be  used  in  those  cases  which 
present  themselves  in  practice. 

Exampk.^Whmt  dix:hjirg6  wiU  a  thott  conoidnl  tube  of  ]  j  iochei  width  m  the  outer 
Ofiiicie,  and  of  10**  oonvergeneei  deliver  under  &  presiure  of  16  feet?  According 
io  the  eiperiinents  of  the  author,  a  cyUndricaJ  tube  of  this  width  gives  f*  ^  0,810; 
d^AubuiflBon  s  tube,  however,  gave  /k  ^  0,829,  therefore  about  0,&29  — ^0,810  =s  0,0 19 
more.  Now  from  the  tabte  for  &  tube  of  10^  cotivergence,  ^  i?  ^  0,937  j  berM?e,  for  the 
gjven  lube  we  may  put  p  ^  0,937  —  0,019  ^^a^,9l8,  whence  the  dl4d]«r)£e 
Q  -i0,9t8  ,  -^  .  S,0^  ^T=  St03-0.gl8^  ^  (J  3014  ^^^i^  ^^^ 

§  329.  Resistance  of  FrieHon, — The  longer  prismatic  or  cylindrical 
tubes  are,  the  more  they  retard  the  efflux ;  hence  we  must  assume 
that  the  sides  of  the  tubes  offer  resistance  to  the  motion  of  the  water 
by  the  friction^  adhesion,  or  viscidity  of  the  fluid  acting  against  them. 
From  reason  and  from  numerous  observations  and  measurements^  we 
may  assume  that  this  resistance  of  friction  is  independent  of  the  pres- 
sure, that  it  increases  directly  as  the  length  /,  and  inversely  as  the 

width  df  and,  therefore,  proportional  to  the  ratio  --,     Moreover,  it  ap- 

a 

pears  that  this  resistance  is  greater  for  great  and  less  for  leas  velo- 
cities, and  that  it  very  nearly  increases  with  the  square  of  the  velocity 
17  of  the  water.  If  we  meastire  this  resistance  by  the  height  of  a 
column  of  water,  which  must  be  deducted  from  the  entire  head  A,  in 
order  to  obtain  the  height  requisite  for  the  generation  of  the  velocity, 
we  toay  then  put  for  this  height,  which  we  shall  term  the  height  due 

to  the  r€sist(mc€t  A,  =■  f ^ .  -  .  —-?  where  f  j  represents  a  number,  from 

d    2g 

experiment,  which  we  may  call  the  height  due  to  the  resistance  of 

fnctwn.     There  is  a  greater  loss,  therefore,  of  pressure  or  head  of 

water  from  the  friction  of  the  water  in  the  tube,  the  greater  the 

ratio-  of  the  length  to  the  width  is,  and  the  greater  the  height  due  to 
d 

the  Telocity  — ,     From  the  discharge  Q  and  the  transverse  section  of 

the  tube  F  »  there  follows  the  velocity  v  s  —1,  and  hence  the 

4  « rf* 

height  due  to  the  friction: 

In  order  to  obtain  the  least  possible  loss  of  head  of  water,  or  fall, 
in  leading  a  certain  quantity  of  water  Q,  the  pipe  must  be  made 
as  wide  as  possible,  and  not  unnecessarily  long.  A  double  width 
requires,  for  instancei  only  (^f  «  ^'^  of  the  fall  that  the  single  width 
does. 
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If  the  Iransverse  section  of  a  tube  be  r^ettnguhr,  and  of  tbe  depth 
a  end  the  breadth  b^  we  roust  stibstitate  for 

H  d  ,     circumference        ,     2  (^  +  h)        a  +  * 


-i-» 


whence  it  follows 


-i 


2{a  + 

t  *■ 1 


2aA 


A,-r 


area 

By  means  of  this  formula  for  the  resistanee  of  friction  in  pipes,  we 

may  also  find  the  yelo- 
^W-  *^^"  city  and  the  quantity  of 

efflux  which  a  pipe,  of 
given  length  and  width, 
win  conduct  under  a 
given  pressure*  It  is 
quite  the  same,  whether 
the  tube  KL,  Yv^.  446, 
is  hoiizontal,  incUoes,  or 
ascends,  if  only  by  the  head  of  water  is  understood  the  depth  RL  of 
the  middle  point  L  of  the  orifice  of  the  tube  below  the  surface  of 
water  HO  of  the  efflux  resenroir.  If  A  is  the  head  of  water,  A^  the 
height  due  to  the  resistance  for  the  orifice  of  entrance^  and  A^  tliat  fcr 
the  remainiDg  portion  of  the  tube,  we  then  haret 

or  A  ^  A,  +  A-  +  — . 
2?  '       •      2y 

efficient  of  resistance  for  the  portion  of  tube  next  tbe  cictern,  and  C^ 
the  co-efficient  of  tbe  resistance  of  friction  of  the  rest  of  tbe  tube* 
then  have 

and  201.. >^2ffA^ 


A-(A.+A,) 


If  z  represents  the  och 


or, 


L)A-(l 


J 


i+t+t,4 


From  the  last  formula  the  discharge  Q  s  Ft)  is  given. 

For  Tery  long  tubes  1  +  f  is  small  compared  with  f^  - , 

a 


wbenoi^ 


simply,  h  »  f  J 


^— ,  and  inversely, 
% 


Itgh. 


§  330.  The  co-efficient  of  frictionj  like  the  co-efficient  of  efflux^  is 
not  quite  constant ;  it  is  greater  for  small,  and  less  for  great  Tcloci* 
ties ;  L  e,  the  resistance  of  the  friction  of  water  in  tubes  does  not  in* 
crease  exactly  with  the  square  of  the  velocity,  but  with  some  other 
power  of  it,  Prony  and  Eytelwein  have  assumed,  that  the  head  of 
water  lost  by  the  resistance  due  to  friction  ought  to  increase  as  the 


*m  uj^^ij 
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I 


b 


simple  velocity  and  a§  its  square,  and  have  giveo  for  it  the  expres- 
rion  A^  (ft  t?  +  jS  t?*)  2f  where  »  and  |3  are  co-efGcienta  deduced  from 

experiment.  To  determine  these  co*efficientSj  51  experiments,  which, 
at  various  times,  were  made  by  Couplet,  Bossut,  and  Du  Biiatj  on  the 
motion  of  water  through  long  tubes,  were  made  use  of  by  these  hy- 
draulicians. 

Prony  found  from  this,  that  A,  =*  (0,0000693 1?  +  0,0013932 1?«)  ^, 

I 
Eytelwein  Aj  «=  (0,0000894  v  +  0,0011213  o^)  ^;  d'Aubuisson  as- 
sumes Aj  ^  (0,0000753  V  +  0,001370  u')  ^  metres. 

A  formula,  discovered  by  the  author,  agrees  more  accurately  with 
observation.     It  has  the  Ibrm 

and  is  based  on  the  hypothesis^  that  the  resistance  of  friction  increases 
siinuUatieously  as  the  square,  and  as  the  square  root  of  the  cube  of  the 
velocity.     From  this  we  have  the  co-eflieient  of  resistance  f ^  *s>s  *  + 

-^,  and  the  height  due  to  the  resistance  of  friction  Aj  «  d  •  -  — • 
%/v  d  ^g 

For  the  measurement  of  the  co-efficient  of  resistance  f  j,  or  of  the 
auxiliary  constants  a  and  0,  not  only  the  determinations  of  Prony  and 
Eytelwein  from  the  51  experiments  of  Couplet,  Bossut,  and  Du  Buat 
were  used  by  the  author,  but  also  11  experiments  made  by  him,  and 
1  experiment  by  Gueymard  in  Grenoble.  The  older  experiments 
extend  only  to  velocities  of  from  0,043  to  1,930  metres;  in  the  expe* 
riments  of  the  author,  however,  the  extreme  limit  of  velocity  reached 
to  4,648  metres.  The  widths  of  the  tubes,  in  the  older  experiments, 
were  27  mm.  =  1,06  in.  j  36  mm.  =  1.95  in. ;  54  mm.  =  2.12  in. ; 
135  mm.  ^  5.31  in.  j  and  490  mm.  =  19.29  in. ;  later  eKperimenta 
were  conducted  with  tubes  of  33  mm.  s&  1.29  in»j  71  mm.  =  2.79 
in, ;  and  275  mm.  =  5.31  in.  By  means  of  the  method  of  least 
squares,  it  has  been  found  from  the  63  experiments  laid  down  ; 

r^  -  0,01439  +  Q^QQ^'^^^  -  therefore, 


A, « (0,01439  + 


0,0094711 


)  d*2g 


metre; 


for  Prussian  measure : 

or  for  English  meitsure : 
A. 


2^ 


feet, 


(0,01439 +?!017963W 


feet. 


d    2g 

§  331.  For  facilitating  the  calculation,  the  following  table  of  the 
co-efficients  of  resistance  has  been  compiled.     We  see  from  this,  that 
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the  variability  of  these  oo«efficient«  is  not  inconsiderable,  as  &r  0,1 
metre  velocity  it  is  —  0,04439  for  1  metre  —  0,0239,  and  for  5  metres 
i.  0,0186. 

TABLE  OF  THS  CO-UTICICIITS  OF  FaiCTIOH.* 


lOthft  of  m  metre. 

ti!t 

0 

1 

a 

3 

4 

5 

G 

7 

a 

9 

* 

or  4  in. 

ore  in. 

I2iii.l 

16  in. 

20  in. 

24  in. 

28  in. 

3«io. 

36iiL 

ft.  in. 

0 

io 

m 

0,0443 

0,0356 

0,0317 

0,0294 

0^78 

0^66 

0,0257 

O»0250 

0,0244 

3.4 

^1 

Q'2%9 

0234 

0230 

0227 

t>224 

0231 

0219 

0217 

0215 

0213 

e.7 

i2 

mn   0209 

030S 

0306 

0205 

0204 

0203 

0202 

0201 

O200 

fi.lO 

I3 

OlOfl     01&& 

01!)7 

Olfte 

0105 

01U5 

0194 

0193 

0193 

Ol9a 

lao 

1^ 

0191 

1    Olfil 

0190 

OlSO 

0189 

0189 

01B8 

0188 

0187 

0187 

We  find  in  this  table  the  co-efficients'of  resistance  due  to  a  certain 
velocity,  when  we  look  for  the  whole  metre  in  the  vertical,  and  the 
tenths  in  the  first  horizontal  column,  then  proceed  from  the  fint 
number  horizontally,  and  from  the  last  vertically  to  the  place  where 
both  motions  meet;  for  example,  for  v  ■■  1,3  metre  Ct  ■•  0,0227,  ibr 
Vmm  2,8,  f  -  0,0201. 

For  the  Prussian  measure  *we  may  put: 


V 

0,1 

0,2 

0,3 

0,4 

0^ 

0,6 

0,7 

0,8 

0,9  a 

c. 

0,0679 

0,0522 

0,0453 

0,0411 

0,0383 

0,0362 

0,0346 

0,0333 

0,0328 

V 

1 

1* 

1 

2 

3 

4 

6 

8 

12 

20  ft. 

c. 

0,0313 

0,0296 

0,0282 

0,0263 

0,0242 

0,0229 

0,0213 

0,0204 

0,0192 

0,0182 

§  332.  Long  Tubes. — With  respect  to  the  motion  of  water  in  long 
tubes  or  conducting  pipes,  the  three  following  fundamental  problems 
present  themselves  for  solution. 

1.  The  length  /  and  the  width  d  of  the  tube  and  the  quantity  of 
water  Q  to  be  conducted  are  given,  and  the  head  of  water  is  required. 

We  have  first  to  calculate  the  velocity  r  —  -^  «  i^  —  1,2732  .  ^ 

then  to  look  for  the  co-efficient  of  friction  C^  corresponding  to  this 
value,  in  one  of  the  last  tables,  and,  lastly,  to  substitute  the  values  of 


*  To  apply  this  table  to  English  measures,  the  velocity,  if  below  40  inches,  will  be 
taken  out  from  the  numbers  under  ^*  lOths  of  a  metre,"  and  if  above  36,  the  number  of 
feet  and  inches  in  the  left  hand  column  will  be  used  with  the  inches  at  the  head. 
Thus,  for  V  ^  7  feet  1 1  inches  we  have  on  a  line  with  6  feet  7  inclies  at  the  left,  and 
under  16  inches  at  top,  the  co-efficient,  0205. — Ax.  £o. 
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ttj  /,  ts  r  and  ^0  where  f  represents  the  co-efficient  of  friction  for  the 
portion  of  the  interior  orifice,  in  the  last  formula 

2,  The  length  and  width  of  the  tube,  as  well  as  the  head  of  water 
or  fall,  are  given  to  determine  the  discharge.  We  must  here  find  the 
Telocity  by  the  formula 

«=     ^^     . 

d 

but  since  the  co-efficient  of  resistance  is  not  quite  constant,  btit  varies 
somewhat  with  v,  we  must  know  v  appto^mately  beforehand,  in  order 
to  be  able  to  find  out  i^,. 


4 


From  V  it  then  follows  that  Q  _  !L^  « 


0,7854  rf*  V. 


3.  The  discharge,  the  head  of  water,  and  the  length  of  the  tube  are 
^ven,  to  determine  the  requisite  width  of  the  tube. 

Asv  =  1?,  therefore  »*  -  (*-9\* .  i, 
we  then  have  2gh  ^  (l  +  i+sJ-X  (t^\* .  L,  or 

2gh.  (JLV  rf»  =  (1  +  ?)  «f  +  f, ;,  hence  the  width  of  the  tube 
But  now  (—\   =  1»6212>  1  +  ?  as  a  mean 


1,505  and 


0,0155,  hence  we  may  put : 


% 


d  ^  0,4787  1  (1,505  .d  +  C,l)^  fett. 


This  formula  can  only  be  used  as  a  formula  of  approximation,  be* 

cause  the  unknown  quantity  d^  and  also  the  co-efficient  {T^,  dependent 

4  0 
on  t?  M  — ^,  appear  in  tt, 

Ex^anpUt.^'l .  Wtmt  bead  of  water  dews  a  oofiductitig  pipe,  of  150  feet  length  and  5 
inches  witlth,  require,  IT  it  b  to  carry  off  25  ciibic  feet  of  wmter  per  minute  ?     Here 

«  »  1^732  .  — — f  9  3/)5e  feet,  bimce  we  mmy  pnl  (,  »  0^42,  mnd  the  he^  of 

wftter  OT  ihe  entire  MX  of  the  pipe  will  be : 

A  =  ^  1,505  -h  C^.0242  .  Hi:_lB^  ,  0^135  .  3,aW 

»  (1,503  4-  8,712)  .  0,0135  ,  9,339  «  1,479  feet,  (Efigliih.) 
2,  Wbat  dischmrge  will  a  oonducling  pipe,  48  feet  long  and  2  inches  wide»  with  »  5 
feet  bead  of  water,  deliver  1     It  wiU  be : 
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Btnr  TtTBEi, 


17,88 


J^ 


505 +  C, 


4^t .  l-^       v^  1^5  + ^118.^, 


ir  w«  prerioiiiljr  talee  ^  ^  0,(>2D|  we  ihall  obl&tn  v  i 


17,8S 


givM  more  odrrpcily  f ,  i 
17,8S 


2.7 


d,d,  btit  V 


[  0,031  If  benoe  we  shall  buve  more  txar^s^f  t 

I  ^  5,50   feet,  »iid   Che   qoaatit/   of 


V'  l,5oa  +  288  .  0,p91 1         v^  7,5i*'i 
Q  ^  0,7g&4  .  ^-ly.  6,50  »  0,1S7  cuMe  feet  »330,7  oubjo  mchea*  A 

3.  What  width  must  be  pT^n  to  a  condurtiiig  pipe,  100  fe«t  iit  length,  whieh  at  ff 
lie^  of  water  of  5  feet,  tie  liven  lialf  »  cubic  fmt  of  water  per  ieoood  !     Here 

rf  «s  0,4787  ^(1,&05  rf  +  100  fO  ,  1  (i)<  «  0^787  J^^OIftd  +  if^    If  we  »ei 

with  fi^OjOa,  w«  obMlfi  if  ™0»l7at  ^,075  <f+  0,100,  or  opproiimatetf 

0,4787  ^3~100  s«  0,30,  ihprefore  more  correctly, 

\i  =E  0,1787  ^l>,0'i2&  +  0,100  =£  0,47S7  ^0,1225« 0,3 1456  feet  es  3,77  itietia. 
t  Ihia  widih  carreipondo  tbe  tramvcrae  tectiOEi  F  «  0,7854  ,  0,31456*  ^  0,0777  sqi 


||het|  the  YehxAiy  v  s=  21 

t,  ==0,0211. 
f 


E  6^41  f«et,  atid  to  thu  sgain  th«  oo«ttjcieot  i 


0,5 
^  0,0777 
If  we  sulutimte  the  last  more  wxnxfiile  Taloe,  we  tben  obCiM 

i  »  0,4787  ^oJilOia  0,3175  feet. 

ibmiu'^.  Empcrijnentfl  wiih  2|  and  4f  inch  wide  comtnon  wooden  pipes  haTie  fifM 
the  author  ibe  oo^fHcient  of  reatitance  1,75  times  aa  gireat  a3  for  metallk;  pipea,  towluA 
refer  the  vaJuei  given  in  the  lable  of  the  former  §.  Whilit,  tberelore,  for  ex&mple,  §k 
a  irebcity  of  3  feet,  ^^  ^  0,0242  for  metallic  pipes,  we  mu«t  put  it  for  woodem  piipel 
s  0,0'24'2  .  1,75  B  0,04235 ;  whilst  we  have  found  in  ^on^  1,  the  he^ 
a  tnetallic  pipe  150  feet  loop,  1,527  feet,  li  wiil  amount,  under  the  same  cij 
£>r  ft  wooden  one  to, 

=!  (1,505  +  0,04235  .  360)  ,  Opi5&  .  9,339  »  16,75  ,  0,1494  s  ^44 

§  332.  Beni  Hths. — Particular  resistances  are  opposed  to  the 
motion  of  water  in  pipes  when  they  are  bent  or  knee-sh^d.  Expe- 
riments have  been  made  by  the  author  on  both  kinds  of  resistaDces, 
on  which  account  it  is  necessary  here  to  communicate  the  results. 

If  a  pipe  ACBf  Fig,  447,  forms  a  knee^  or  if^  as  it  is  termed^  it 
angled^  a  loss  of  pressure  ensues^  whieh 

Fiff.  447*  «j> 

creases  uniformly  with  the  height  -^  due  to 

the  velocity,  and,  further,  increases  with 
the  angle  of  deflexion  ACF^BCE^i, 
height  of  water  lost  through  the  knee^  or  tl 
height  due  to  the  resistance  oorrespocding  1 
its  transit  through  the  knee,  may  be  gi^en  by 

the  expression  A  »  f ^  j!L,  where  C^  expr 

the  co-efl5cient  of  the  knee  resistance,  dependent  on  the  magnitude  \ 
the  angle  of  deviation  of  the  tube.  Experiments  made  on  differed 
knees  have  led  to  the  expression 

f^  ^  0,9457  nn.  »'  +  2,047  sin.  h\ 
and  from  this  the  following  table  has  been  calculated. 
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8» 

10 

20 

30 

40 

45 

50 

55 

60 

65 

70 

f. 

0,046 

0,139 

0,364 

0,740 

0,984 

1,260 

1,556 

1,861 

2,168 

2,431 

¥\g.  44S. 


It  IS  seen  from  this,  that  a  considerable  loss  of  vis  viva  is  produced 
b^  knee  tubes;  for  example,  a  rectangular  knee  *^CBf  Fig.  448, 
giTes,  since  the  angle  of  deviation,  amounts  to 

45%  the  loss  of  head  =  0,956  — ,  therefore, 

pretty  nearly  equal  to  tne  height  due  to  the 
velocity;  a  knee  of  125*>  for  which  3  =  62|*, 
diminishes  the  head  of  water  by  so  much  as 

double  the  height  due  to  the  velocity  2  .  ^.  By 

putting  in  the  height  due  to  the  resistance  of 

the  knee  C  — ,  we  obtain  the  complete  formula  for  the  motion  of 

water  in  tubes? 

E^tmpk.  If  the  conducting  pipe  in  ihe  firtt  eximpl^  of  the  precmling  parapniph,  150  feel 
lotig  and  5  inches  wide,  wjiich  i&  to  deliver  25  cubic  feet  of  water  per  tnintitef  containg 
two  rectmigulm  knee t  (Fig.  451),  we  tlien  hav^e  the  requiied  haul  &f  wotef  : 


A  s=5  (1.505  + 8,712 +  3<0,«56)  J_  j 
S8  l,75&7  feeL 


12,129, 0,0155  .  9,339s.I@,ia9  .  0,14475 


Fiff*  449. 


§  334.  Curved  TuAei,— Curved  tubes  j4-B,  Fig.  449,  offer,  under 
otherwise  similar  circumstances^  far  less  resist- 
ance than  unrounded  knee  tubes*  The  height 
due  to  the  resistance  which  measures  this  obstacle 
increases  likewise  as  the  square  of  the  velocitjv 
but  at  the  same  time  also  as  the  simple  angle  of 
deflexion  or  curvature  JCB  =  BDE  =  4,  and 
may  be  expressed,  therefore,  by  the  formula ; 

180*      2g  n      2g 

The  corresponding  co-efficient  of  resistance  is  by  no  means  constant , 
it  depends  much  more  on  the  ratio  of  the  width  of  the  tube  to  the 
radius  of  curvature  of  its  axis,  and  is  the  less,  the  less  is  this  ratio. 
An  extensive  series  of  experiments  made  by  the  author,  and  the  well 
known  experiments  of  Du  Buat,  have,  by  their  combinations,  led  to 

the  expression  f  =  0,131  +  1,847  (^)^,  for  tubes  with   circular 

transverse  sections,  and  for  tubes  with  quadrangular  or  rectangular 
34 
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traDsrerae  sections  f  —  0,124  +  3jl 04  (-g^)  *  where    r   representi 

half  the  width  of  the  tube,  and  R  the  radius  of  cunrattire  of  the  aiL 
The  two  following  tables  have  been  calculated  accordingly. 

TABLE i 

CO-EFFICIEMTS  OF  TITE  BESISTANCE  OF  CUHTATUaE  l!f  TUBES 
CIRCDLAa  TRAIfSVERSE  SECTtONB. 


0,1 


0,131 


0,8 


0,3 


0,1380,158 


0,4 


0,206 


0»5 


0,294 


0,6 


0,440 


0,7 


0,661 


0,8 


0,977 


0,9 


1,408 


1,« 


1,S 


TABLE  n. 

CO*EFnCIEKTS  OF  THE  RESISTANCE  OF  CURVATUBE  IN  TUBES  WITH 
BECTAHGDLAR  TRANSVERSE  SECTIONS. 


0,1 


0,2 


0,3 


0,4 


0,6 


0,6 


0,7 


0,8 


0,9 


l.fl 


0,134 


0,135 


0,180 


0,250 


0,398 


0,643 


1,015 


1,546 


2,271 


3,S 


It  is  from  hence  seen,  that  for  a  round  tube  whose  radius  of  cvr 
til  re  is  twice  as  great  as  the  radius  of  the  tube,  the  co-efEcieot  i 
resistance  is  as  0,294,  and  for  a  tube  whose  radius  of  carv«tare  is 
least  ten  times  as  great  as  the  radius  of  the  transverse  section,  tli 
co-efficient  =  0,131. 

Exan^ti. — 1.  If  the  conducting  pipe  in  (he  Moond  example  of  S  333  baa  five 
carve*  of  90"  ourvature,  and  of  the  ratio  -^  ^  i  (JPii-  tSU),  what  quaniity  of  water  i 
it  lietirer  !    The  beiftht  due  to  the  reBialaoce  of  die  one  curve 
B  0^94  ,  ^L.  —  s  0,147  .  ^:  betMse,  for  all  five  cuiTaturei,U 

S  .  0,147  I.  s  0,73S  -^  and,  aeconUnglT,  the  velociir  tmtght: 

•ig  ag 

1 7  S3                      1 7  88 
1  *  =  —  '     -'■  ^^  ^  ■ ^  e^l&3  feet^BBd  ihe  qnaatj^  of  wmier* 

^  7,584 +  *J,735       ^  8.319 

s  0,7BS4  .  ^^  ,  (5,130  =  0,1337  cubic  feet  =  231  cubic  inches. 

2.  If  Uie  curved  backet*  of  ft  turbine  form  cbftnnfiU  12  in 

lofif,  2  Jnches  broad,  and  2  incbe»  deep,  a^i  jSBCt  Fig,  460,  mnd\ 

tii«  water  Bows  through  them  wiib  n  velocity  of  ^  jeet,  ijid  T 

mean  mtM(i«  of  curv&iure  R  of  thia  DJtia  of  the  channels  amou4 

to  8  inchei^then  k^  ^sf^  (he  ©cKffieieiit  of  the  retisiftaod  of  e 
R 

8         12  i^ 


Fig.  450. 


vatuic  sBs  0|127i  furtbor, 


Si 


I  0,4774  ;  mwi  limlj-, 

the  height  due  to  the  reiislance  oorresponding  to  the  curvmtttre  of 

the  scoop 
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399 


II 


Fig.  451. 


=  0;137 . 0,4774  —  =  O,DeM)0  ^  —  0,0606  . 0,01 55 .  SW— 3^348  ffe«t 

Therefore,  by  the  resiiliiDce  of  curvftturcf  2,318  feet  in  JkU  &r«  loft 

JbNMrJt,  The  efirlier  fofmula  giveo  l]y  DuBuat,  Gersmer,  nnd  Navi«r  for  the  resiEt- 
■Aoa  of  carVBture^  are  i|uite  nselena.  An  extended  aei^unc  ot  the  eiperimeot*  of  the 
ftuthor  on  tbU  subject  will  be  pubtished  in  the  third  Dumber  of  bia  ^^  InveetigatiooB  in 
Mecbanica  and  Hydraulic*/* 

§  335*  Jets  d^Eau. — A  conducting  tube  either  discharges  into  the 
air  or  under  water.  The  discharge  under  water  is  applied  when  the 
tube  at  its  outer  orifice  is  so  wide  that  the  entrance  of  air  may  be  feared* 
Here  of  course  the  head  of  wa- 
ter RC,  Fig,  451 » must  be  taken  ^*B^  ^^^ 
from  the  surface  H  of  the  upper 
water  to  that  of  C  of  the  lower 
water.  If  the  tube,  for  exam- 
ple, KLMj  Fig,  452,  discharges 
into  the  open  air,  it  will  give  a 
stream  of  water  OB,  which, 
when  allowed  to  ascend,  is  call- 
ed a  jet  d^eau.  We  shall  here 
consider  what  is  most  required 
for  these  jets.  That  a  jet  may 
ascend  to  the  utmost  possible 
height^  it  is  necessary  that  the 
water  should  flow  from  the  adju- 
tage with  great  velocity;  hence 
such  adjutages  must  be  applied 
which  offer  the  fewest  obstacles 
to  the  water  in  its  passage,  to 
which,  therefore,  the  greatest  co-efiicients  of  velocily  are  due- 
Orifices  in  a  thin  plate,  short  tubes  fashioned  like  the  contracted 
fluid  vein,  and  long  and  cooically  convergent  ones,  are  those  which 
give  the  greatest  velocities  of  efflux.  Orifices  in  a  thin  plate  are 
little  suitable,  because  a  jet  formed  by  them  presents  nodes  and 
bulgings,  and,  therefore,  is  sooner  scattered  by  the  external  air  than 
the  prismatic  jet.  The  same  takes  place  in  a  certain  degree  with 
short  mouth- pieces,  shaped  like  the  contracted  vein*  Hence,  for 
fountains  and  fire-engines,  mostly  long  and  slightly 
conically  convergent,  similar  to  those  which  dlAu- 
buisson  used  for  his  experiments,  are  very  properiy 
made  use  of.  Sometimes  entirely  cylindrical  jets 
are  used.  Where  these  mouth-pieces,  as,  for  ex- 
ample, AX,  Fig,  453^  are  screwed  on  to  the  con- 
ducting tubers,  they  should  gradually  widen^  that 
no  contraction  may  occur  in  passing  into  them. 
If  these  mouth-pieces  or  discharging  tubes  are 
Tery  long,  like  those  of  fire-engines,  the  friction 
of  the  water  in  them  will  then  cause  a  considera- 
ble loss  of  pressure,  because  the  water  has  here 


Fig,  453. 
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a  great  velocity.      For  great  velocities  we  may  properly  ] 
co-efficient  of  resistance  f  =^  0^0 16,  and,  therefore,  the  loss  of  head 

of  water  =  0,016  -z  *  ^-    If  now  the  length  of  a  hose  is  twenty 

times  as  great  as  the  mean  widths  we  shall  then  obtain  the  height  of 
the  resistance  due  to  friction 

=  0,016.  20, 1^  =  0,32.  Hi; 

thus,  from  this  cause,  above  32  per  cent,  of  the  height  of  ascent  ia 
These  tubes  are  generally  much  longer,  hence  this  loss  is  greater. 

The  velocity  with  which  water  passes  out  of  a  mouth-piece  or  I 
and  on  which  the  jet  or  the  height  of  ascent  principally  depends,  ma| 
be  estimated  by  means  of  the  above  principles.     If  we  put  this  vela 
city  of  eflSiix  =  ^,  the  width  of  the  mouth-piece  at  the  exit  orifice  "  d 
and  the  mean  width  of  the  conducting  tube  ==  rfj,  we  shall  then  obtati 

the  velocity  of  the  water  in  it  v^  ^  —-v.     If  f  represent  the  co^efla- 

cient  of  resistance  at  the  inner  orifice  of  the  tube,  f  ^  that  of  the  resiM-^_ 
ance  of  friction  in  the  pipe,  and  C^  the  co-efficient  for  the  knees  or  cur^^ 
vatnre  of  the  pipe,  the  height  due  to  the  resistance  &r  the  motion  o^^ 
water  in  the  conduit  pipes  will  be : 

It  is  seen  from  this,  that  the  resistance  to  the  water  is  less, 
wider  the  conduit  pipe  is.     It  is  hence  an  important  rule,  to  empk 
as  wide  pipes  and  hoses  as  possible,  for  leading  water  to  jets  d^e 
and  for  fire-engines. 

If,  further,  we  represent  the  co-efficient  of  resistance  for  the  moiitl 
piece  by  f^,  we  ha%e  then  the  height  due  to  the  resistance  for  this 

=  f 3       ,  and  the  sum  of  all  the  heights  due  to  the  resistance  is 
then: 


[(,  +  c,i^.c.)^..c.]g 


2f 

If,  lastly,  the  height  of  pressure,  L  e,  the  depth  RO^  Fig.  452,  of  tl 
outer  orifice  0  below  the  surface  of  water  H  in  the  reservoir  =  A^  " 
formula 

A  =,  [i +  <:,  +  (? 4-c.i  +  «5.]^. 

holds  true,  and  hence  the  velocity  of  efflux  is : 


Ji  +  ({:  +  «.5  +  f.)~  +  r, 


If  the  jet  were  to  rise  perpendicularly  and  in  vacuo,  the  height 
ascent  would  be: 
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btit  because  the  air  and  the  descending  water  offer  impediments  to 
the  ascent,  and  to  the  direction  of  the  jet,  as  is  the  case  in  fire- 
enginesj  the  effective  height  of  ascent  is  someM^hat  less.  Accord- 
ing to  d'Aubuisson*s  conclusions  from  the  experiments  undertaken 
upon  this  subject  by  Mariotte  and  Bossut,  the  effective  height  of 
ascent  is  ^j  =  s  —  0,01  ,  s^  ^  s  (1  —  0,01  .  i)  metres,  or  for  English 
measure  =  s  (1  — 0,00305  s]  feet. 

We  see  from  this  that  in  great  ascents  proportionately  more  height 
is  lost  than  in  smalt  velocities.  Thick  jets  ascend  somewhat  higher 
than  thin  ones.  In  order  to  diminish  the  resistance  of  the  descending 
water,  the  jet  must  be  directed  a  little  inclined.  As  to  the  height 
and  amplitude  of  oblique  jets,  see  §  38. 

£xan^i£.  If  Ihe  coqdiiit  pipe  Jbr  a  foufitain  be  ^SKt  feel  long,  tLnd  S  inehe^  diameter, 
if  the  co-eRicietii  of  fesifltanco  corresponding  lo  the  mouth-piece  ^  0^33^  if  the  entrance 
on  flee  at  the  reservmr  be  sofRcieiitly  rounded  ^  and  the  bendi  ihet  occur  ha?©  tufficieni 
radii  ofcurvoturo  ia  allow  of  oui  neglecting  the  correspond i,tif  co-efficient4  of  reststBotbe, 
to  what  height  will  a  jet  f  itich  thjck^  under  a  head  of  watef  of  30  feet,  riie!  If  we 
take  the  oo  efficient  f  ^  of  friction  =s  0,02  5^  wc  sliall  then  ohtiiin  the  etitire  heigh  C  due  lo 
ihe  resistance: 

*  =  (1  +  0,026  .  i5i  .  (1)*+ 0^)  ^  «  1.47  .  l!; 

A  30 

hence,  the  height  doe  to  the  veto^ity^  i  :s  -^-^^  ^  ^r^w  ^  ^^i^^-  f^'^  ^^^  ^^  elective 


height  of  accent  f  j  : 


h 
1.47  " 
!2031  (1—0,00300  .20,41) 


30 
1.47 
=  20^41^1,27  1 


ld,t4feet 


CHAPTER  IV, 


ON  THE  BEStSTAKCES  OF  WATER  IN  PASSIHC  THROUGH  CONTRACTION, 


■  ON  TR] 

I  §  337.  Abrupt  Widming, — Changes  iti  the  transverse  Gection  of  a 
tube,  or  of  any  other  reservoir  of  efflux,  produce  changes  in  the  velo- 
city of  the  water.  The  velocity  is  inversely  proportional  to  the  trans- 
verse section  of  the  stream.  The  wider  the  vessel  is,  the  less  is  the 
Telocityj  and  the  narrower  the  vessel,  the  greater  the  velocity  of  the 
water  flowing  through  it.  If  the  transverse  section  of  a  vessel  be 
suddenly  altered,  as,  for  example,  in  the  tube  ^C£,  Fig.  454,  there 
then  ensues  a  sudden  alteration  of  the 
velocity,  and  this  is  accompanied  by  a 
loss  of  vis  viva^  or  connected  with  a 
corresponding  diminution  of  pressure. 
This  loss  may  be  as  accurately  mea- 
sured as  the  mechanical  eflect  in  the 
impact  of  inelastic  bodies  (§  258). 
Every  particle  of  water  which  passes 


Fig.  454. 
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from  the  narrower  tube  BD  into  the  wider  tube  DG,  strikes  againit 
[the  slowly  luoving  masA  of  water  in  this  tube^  aod,  after  impulse, 
ijoms  itself  to  and  proceeds  onwards  with  it.  It  is  exactly  the  same 
liritb  the  eollision  of  solid  and  inelastic  bodies ;  these  bodies  go  on 
flikewise  after   impact   with   a   common  velocity.      Since   we    hare 

already  found  that  the  loss  of  mechanical  effect  by  the  impact  of  these 

bodies  is 

so  we  may  here^  as  the  impinging  particle  of  water   G^  is  tnS 
finitely  small  compared  with  the  impinged  mass  of  water  G^ 


G.G, 


head  k 


consequently^  the  eorrefiponding  k 


^g 


hu  I 


There  arises^  tker^ort^ftom  a  sudden  ckartge  of  vehcUp  a 
heady  which  is  measttred  by  the  height  due  to  the  vehciiy  carrt 
to  (Ms  change. 

If  now  the  transverse  section  of  the  one  tube  -^C,  ■■  P^,  and  that 

of  the  other  CE,  —  F^  the  velocity  of  the  water  in  the  first  tube  —  pM 

Pd  ^ 

and  that  in  the  other  =  v^  we  then  have  v^  «  _p_,  heBce  the  loai 

head  of  water  in   the  passage  from  one  tube  to  the  other  is  k^ 


m 


— >  and  the  corresponding  co*efficient  of  resistance  1 


Fiff.  4&&, 


The  experiments  undertaken  by  the 
author  on  this  subject  accord  well 
with  theory.  That  the  tube  DG  may 
be  filled  with  water,  it  is  requisite  tha 
it  be  not  very  short,  nor  much  wide 
th  an  the  tube  JiC.  This  loss  vanishef 
when^  as  represented  in  Fig,  455,  j 
gradual  passing  from  one  tube  intot 
Other  is  accomplished  by  the  rounding  of  the  edges. 

^^^^^11  _  cannot,  of  ooiine,  \m  % 

iDBt^  we  molt  mtb^i  assninQ  that  the  mechauical  effect  ptoduced  by  it  U  expended  tm  X 
separation  of  the  pfevioua  continuity  of  iho  partieleft  of  water* 

Exarr^li,  If  the  diameter  of  a  tube,  of  the  constmction  in  Fig*  454,  ii  «s  grest 


M  ihst  of  anoiher  tub^  Uiea  m 


T-(t)'' 


:  4,  hence  the  oo-efficleai  of  ttd 


'^  (4 — ly  =3  0,  and  ihe  eorrespoDdlng  height  due  lo  the  reaiMance  on  pasaing  from  i 
nanow  into  the  wide  tube^  ^  0  ,  ^  If  the  vetocitr  of  the  Watei  in  the  laOer  lubo  i 
10  feel,  the  height  due  to  Uie  reaisnuice  k  then  =±  9  .  0,0 1&5  .  IC  se  13,95  feet, 

§  338.  Abrupt  Contraction, — A  sudden  change  of  velocity  alai 


ABRUPT   CONTRACTION, 


403 


Fi^.  45^, 


occurs  when  water  passes  from  a  cistern 
^B,  Fig.  456,  into  a  narrow  tube  I>G, 
especially  when  there  is  a  cliaphragin  at 
the  place  of  entrance  CD  whose  orifice 
is  less  than  the  transverse  section  of  the 
tube  DG,  If  the  area  of  the  contraction 
is  s=  F^t  3**d  a  the  co-eflScient  of  con- 
tractionj  we  have  then  the  transverse  sec- 
tion F^  of  the  contracted  fluid  vein  =*  F, ; 
and  if,  on  the  other  hand,  F  is  the  transverse  section  of  the  tnbe  and 
V  the  velocity  of  efflux,  we  then  find  that  the  velocity  at  the  contracted 

F  * 

section  Fjis^r  J  s=  —  ■■-  v,  and  hence  the  loss  of  head  in  passing  from 


F^  into  Fj  or  from  v^  into  v  i  h 


2g  UP,  )  ^' 

i  F         \* 
the  corresponding  co-efficieDt  due  to  the  resistance:  t  —  ( — 11 , 

Without  the  diaphragm,  we  have  a  mere  short  tube,  Fig*  457 ;  hence» 

Fig,  4&7- 


F-  F.andf  =  /I—  1  V, 

If  we  assume  »  =*  0^64,  we  then  ob- 
tain: 

'-(t^)' -'''•'■-''■'"■ 

But  the  co-efficient  due  to  the  resist- 
ance for  the  transit  through  an  orifice 
in  a  thin  plate  is  about  0,07 ;  hence, 

here,  where  the  water  flows  out  -,  times  as  fast  as  from  the  contracted 
transverse  section,  the    corresponding  height  due  to  the  resistance 

=  0.07  .  f  ^V  .  1  -  0.07  .  i_  .  ^  OjO?  .  i:!  _  0.171  .  t' 
\*)      2g  •»     2g  0,41     2g  ftg 

By  combining  these  two  resistances,  we  obtain  the  entire  height  due 

to  the  resistance  for  efflux  through  a  short  tube: 

_  0.316^  +  0,171^- 0.49. |, 

whilst  we  before  found  it  t=  0  50  ^-. 

Experiments  on  the  efflux  of  water  through  an  additional  tube, 

with  a  narrow  inner  orifice,  as  in  Fig,  456 ^  have  led  the  author  to  the 

following  results.     The  co-eflScient  of  resistance  for  transit  through  a 

diaphragm,  and  for  a  contraction  at  the  wider  tube^  maybe  expressed 

/  F  \^ 

by  the  formula  f  =  l*^ ^  1  i ,  but  there  must  be  put : 
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-p 

0,1 

0,2 

o,eu 

0,3 

0,0  la 

0,4 

j    Ofi 

o.e 

0,7 
0,603 

0,8 
0,601 

0,9 

IP 

*• 

o,0ie 

o^eio 

0,607 

0,605 

0«508 

0,590 

1            ^            1            »             r            1            1             1              1 
And  it  follows  that: 

C 

231,7 

&o,9g 

ltl,7« 

0,012 

6,1256 

3,077 

1,876 

1,169 

OJM 

0A9O 

4 


From  this,  for  example^  the  co<efficient  of  resistance  in  the  ca»e 
where  the  narrow  transverse  section  is  half  as  great  as  that  of  the 
tube,  is  C  B  5,256,  i,  r ,  for  transit  through  this  contractioo,  a  hea4| 
of  water  is  required  which  is  5^  limes  as  great  as  the  height  due  totfaf 
velocity. 


Ejcamph.  What  diiclinrge  will  the  ftppmrani*  deUniiated  in  Fig,  456  give,  if  ibe  3 
of  water  is  ]|  Teel,  tlie  wiilfh  ot  tho  circular  contractiOQ  ij,  mid  thai  of  tube  2  f 

V  v.  0,606  /   ^"'V       5,454       /  "^  V  5,4547 

-L  t)   ^  we  sUaU  then  obinin  the  Telocity  of  effiajt; 


i  3,74.    If  WfW  w«  pm  h  ^\ 


Qtt^  B  s=  ^.4.12.4,56 
4  4 


4,56  feet,  ftod  consequently  the  quantity  discb&rs^: 


:  54,72  , 


;  172  cubic  inchefl. 


Fii*4a8. 

^^^S 
^K; 

^^^iPI 

11 

■■^^.^ 

^ 

^jp^ 

■ 

Hi 

HiH 

§  330-  Efect  of  Imperftct  Contraction. — In  the  case  considered  in 
the  last  paragraph,  the  water  issues  from  a 
large  cistern,  hence  the  contraction  may  be 
regarded  as  perfect;  but  if  the  transverse 
section  of  the  cistern,  or  of  the  stream  of  fluid 
arriving  at  the  narrow  part,  is  not  great  with 
respect  to  the  transverse  section  F^^  Fig* 
458,  of  this  contracted  part ;  the  contraction 
is  then  imperfect,  and  hence  also  the  corre* 
spending  co*efficient  of  resistance  is  less  than  in  the  case  above  in* 
vestigated.  If  we  retain  the  former  denominations,  we  have  then  alao 
here  the  height  due  to  the  resistance,  or  the  head  of  water  expended 

by  the  transit  through  F^,  h  =  I — = M  ^'  ^^^^^  for  a,  we  naust 

.    C 

substitute  variable  numbers  which  are  greater  the  greater  the  ratio  ~ 

^1 
between  the  transverse  section  of  the 

contraction  and  that  of  the  conduct- 
ing lube  ^B.  If  the  diaphragm  CD 
lies  in  a  uniform  tube  ^G^  Fig. 
459,  then  the  same  condition  holds, 
only  here  the  co-efficient  a  depends 


Fig.  459. 
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From  experiments  undertaken  by  the  author^  we  must  put  into  the  for- 

(F  \' 

---  -■  •  —  1 1  for  the  co-eflScient  of  resistance, 


-f- 

oa 

0,2 

0^ 

0^ 

0,5 

OS 

0,7 

0,8 

0,9 

1,0 

M. 

0,624 

0,6:^  , 

0,643 

0,659 

0,681 

0,712 

0,756 

o,ei3 

0,892 

1.000 

m                                      And  it  follows : 

f 

235,9 

47,77 

17,50 

7,801 

3,753 

1,796 

0,707 

0,290 

0,060 

0,000 

These! 
by  FOundi 

osses  1 
ng  off 

are  din 
thee* 

linishc 
Jges,  t 

*dwhe 
he  CO 

n-                                Fig,  460. 

i^'T'^^F^?? 


^F^ 


traction  is  diminished  or  counter- 
acted, and  they  may  he  entirely  neg- 
lected, if,  as  is  represented  in  Fig, 
460,  a  gradual] J  widening  tube  MJif 
is  pat  on> 

Exumpk.  What  bead  of  watar  is  requisite  tbat  the  oppamtiis  in  Fijj.  4r')l  miiy  deJiver 
8  oubic  fiMit  of  water  per  minute  1  3f  the  width  of  the  diaphrnirm  F^  =  1^,  tbc  width 
of  the  elflux  mbe  DG  ^=2  mohc9,  wid  the  lower  width  of  ihe  afflux  tube  JC=  3  inebe*, 

we  sball  then  have  £l  =  (llX  =  *t  heaoe  .  «  0,637  j  further,  l^  s  (^V  =  (  i  )^ 
^  'g*,  aad  the  co-efficieut  of  reiistance ', 

Z  =  / ii-- iV  ^  fl^lEEV^ 3,207.    The  Yelociiy  of  efflu:^  ii  now i 

\.    0.0,637  ;  \  5,733/  ' 

4Q  4«8  J92 

17^^^  — ^  ^  ^7^: — TTT;  ^  *-—  ^^  fi,l  12  feet  j  hence,  the  head  of  water  in  question  Ii 


ii         60.1 


B  4,207.0,0155.6,112*9 


1 2,43  feeL 


^  340.  iSfi^ei?,  Cocfa ,  Vslves. — For  regu* 
latmg  the  flow  of  w^ater  from  pipes  and  cis- 
terns, slides,  cocks,  valves,  &c.,  are  used,  by 
which  contractions  are  produced  which  offer 
obstacles  to  the  passage  of  the  w*ater,  and 
these  may  be  determined  in  a  manner  similar 
to  the  loss  estimated  in  the  last  paragraph. 
But  since  the  w^ater  here  undergoes  further 
changes  of  direction,  divisions,  &.c.,  the  co- 
efficients a  and  C  cannot  be  determined  direct- 
ly, but  special  experiments  are  necessary  for 
this  purpose.  Such  experiments  have  been 
also  made,*  a^d  their  principal  results  are 
communicated  in  the  following  tables. 
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•  Experimenti  on  the  efflux  of  water  ihrooKh  Talr««,  ilidta,  fc?.,  undermken  and  cul- 
cukitoil  by  Julius  Weinfaach,  under  die  title  **  Unteifuclituigen  im  Gehtet^  der  Mecbauifc 
luiii  Hydraulilc,''  Sta.  Lcipjig,  1^42, 


iOft 
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TABLE  L 

THE  CO-EFnCIENT8  0F  RESISTANCE  TO  THE  PASSAGE  OF  WATEA  THEOUGH 
SLIDING  VALVES  IN  RECTANGULAR  TUBES. 


Ratios  of 
ttwastene 

section^ 

1,0 

0,9 

0,8 

0,7 

0,6 

0,5 

0,4 

0,3 

0,2 

0,1 

Co-efficient  of 
resistance  (. 

0,00 

0,09 

0,39 

0,95 

2,08 

4,02 

8,12 

17,8 

44,5 

193 

TABLE  n. 

THE  CO-EFFICIENTS  OF  RESISTANCE  TO  THE  PASSAGE  OF  WATER  THROUGH 
SUDES  IN  CYLINDRICAL  TUBES. 


HdgbtofplMe    <    . 

0 

1 

1 

i 

1 

1 

1 

i 

lUtSo  of  tniuvene 

i6CII0lli 

1,000 

0,948 

0,856 

0,740 

0,609 

0,466 

0,315 

0,159 

Co-efllcieiit  of  te- 
sisttuioef. 

0,00 

0,07 

0,26 

0,81 

2,06 

5,52 

17,0 

97,8 

TABLE  IIL 

THE  CO-EFFICIENTS  OF  RESISTANCE  FOR   THE  PASSAGE  OF  WATER 
THROUGH  A  COCK  IN  A  RECTANGULAR  TUBE. 


Angle  of 
position. 

50 

10® 

15» 

200 

250 

30O 

350 

40O 

450 

60« 

55« 

66} 

Ratio  of 
transverse 

0,926 

0,849 

0,769 

0,687 

0,604 

0,520 

0,436 

0,352 

0,269 

0,188 

0,110 

0 

CcMlBoient 
of  resistance. 

0,05 

0,31 

0,88 

1,84 

3,45 

6,15 

11,2 

20,7 

41,0 

95,3 

275 

GO 

TABLE  IV. 

THE  CO-EFFICIEBTTS  OF  RESISTANCE  FOR  THE  PASSAGE  OF  WATER 
THROUGH  A  COCK  IN  A  CYLINDRICAL  TUBE. 


An^of  porition. 

50 

100 

15° 

20° 

25° 

30° 

35° 

Ratio  of  tmnsTene 

MCtlOD. 

0,926 

0,850 

0,772 

0,692 

0,613 

0,535 

0,458 

Co-efficient  of 
resiitaiioe. 

0,06 

0,29 

0,76 

1,56 

3,10 

6,47 

9,68 
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Angle  of  position. 

40« 

45« 

50° 

56° 

60° 

65° 

82J° 

Ratio  of  tnuuTene 
section. 

0,385 

0,315 

0,250 

0,190 

0,137 

0,091 

0 

O>effioientor 
resistance. 

17,3 

31,2 

52,6 

106 

206 

486 

00 

TABLE  V. 

THE    CO-EFFICIENTS  OF   RESISTANCE    FOR    THE    PASSAGE    OF   WATER 
THROUGH   THROTTLE   VALVES   IN    RECTANGULAR   TUBES. 


Angle  of  poflition. 

5° 

10° 

15° 

20° 

25° 

30° 

35° 

Ratio  of  tianBTerse 
section. 

0,913 

0,826 

0,741 

0,658 

0,577 

0,500 

0,426 

Co-efficient  of 
retiataiioe. 

0,28 

0,45 

0,77 

1,34 

2,16 

3,54 

5,72 

Angle  of 

40° 

45° 

50° 

55° 

60° 

65° 

70° 

90° 

Ratio  of 

tiansvwie 

seodoB. 

0,357 

0,293 

0^34 

0,181 

0,134 

0,094 

0,060 

0 

CoefllciMit 

of  tOM^ 

anca. 

9,27 

15,07 

24,9 

42,7 

77,4 

158 

368 

00 

TABLE  VL 

THE  CO-EFFICIENTS  OF  RESISTANCE  FOR  THE  PASSAGE  OF  WATER 
THROUGH   THROTTLE   VALVES   IN    CYLINDRICAL   TUBES. 


Angle  of  position. 

5° 

10° 

15° 

20° 

25° 

30° 

35° 

Ratio  of  tiansrerse 

0,913 

0,826 

0,741 

0,658 

0,577 

0,500 

0,426 

Coefficient  of 
iMistance. 

0,24 

0,52 

0,90 

•  * 

1,64 

.  « 

2,51 

3,91 

6,22 

*M^. 
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SLIDES.   COCKS,  VAtVBS. 


An«t*  of 

40^ 

45^ 

50° 

56« 

60° 

65" 

70° 

^ 

Baiio  of 
wolkn. 

0,357 

0,293 

0,334 

0,181 

0,134 

0,0»4 

0,060 

°l 

or  roshX' 

10,8 

18,7 

32,6 

58,8 

118 

266 

751 

. 

§  341,  By  means  of  the  co-efficients  deriFed  from  the  above  tables^ 
we  may  not  only  assign  the  loss  of  pressure  conresponding  to  a  cerj 
tain  slide,  cock,  or  position  of  a  valve,  but  also  deduce  what  positia 
is  to  be  given  to  this  apparatus  th^t  the  velocity  of  efflux  or  tl 
resistance  may  be  of  a  certain  amount.  Such  a  determination 
course,  the  more  to  be  relied  on,  the  more  the  regulating  armng 
ments  are  like  to  those  used  in  the  experiments.  The  numerici 
values  giren  in  the  tables  are  only  true  for  the  case  where  the  wat€ 
after  its  tmnsit  through  the  contractions  produced  by  means  of  th 
apparatus,  again  fills  this  tube.  That  this  full  flow  may  take  plae 
for  small  contractions^  the  tube  should  have  a  considerable  leii 
The  transverse  sections  of  the  fectangular  tubes  were  5  centime 
(1,97  inch)  broad  and  2^  (,98  inch)  deep.  The  transverse  sections  of 
the  cylindrical  tubes  had,  however,  a  width  of  4  centimetres  (1,57  iachJL^ 
By  the  slide,  Fi^»  462,  there  is  a  simple  contraction,  whose  tniDirerH^| 
section  forms  in  the  one  tube  a  mere  rectangular  Fj,  Fig,  463;  in" 
the  second,  however,  a  lune,  Fj,  Fig.  464,     In  the  case  of  cocks,  two 

Fjg.  463,  Fig.  483,  Ffg-  4Gi. 


contractions  present  themselves,  and  also  two  changes  of  direction  { 
on  this  account  the  resistances  are   also  very  considerable.     Thai 
transverse  section!^  of  the  greatest  contractions  have  very  peculiaf 
figures.    The  stream  in  throttle  valves.  Fig,  466,  divides  itself  inti 

Fig.  465,  Fig,  466, 
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two  portions,  each  of  irhich  passes  through  a  contraction.  The 
transverse  sections  of  these  contractions  are^  in  the  throttle  valve  of 
rectangular  tubes,  rectangular,  and  io  cylindrical  ones  lunar-shaped* 
The  following  examples  will  suffice  to  show  the  application  of  the 
above  tables* 

E^ompia, — L  If  m  ilulin§  tkIto  It  applied  l»  a  efUndii^l  cn^adiuniiig  pipe  500  fe«t 
kmg  mud  3  incbes  wide,  fttid  thij  be  drawn  up  to  |  of  iu  entire  height,  and  theTefOTe 
cloec  I  of  the  pipe,  what  diaeharge  wili  it  deliver  uodei  s  preniire  of  4  f*^t  llteiso- 
el^ent  of  remjmnce  ^  for  entrance  into  tti«  pipe  may  be  put  from  the  above  at  0,505, 
%ad  that  of  Uie  resbtaucie  of  the  slide  frorn  Table  it.  sa  5^52^  hence  the  %*eioctty  of  the 

S,02  .  ^T  8,02  ,  H  16,04 

flow  1  ^  '  ^  ^ ^  .^  .       -  ^  _      -      _^ 

fl,505+5»53  +  e."      v/7|O5rH-5O0.4Ct      v^,t)25+-J000C, 

ld04 
pat  the  tx]-effident  of  fHction  (,  ^  0,025^  wa  ehall  then  obtain  v  j^  * 


J- 


If  ^ 


feet    But  the  yebci^  v  i 
■ceufrnteiy,  v  >  ' 


a,  1 2  feet,  gives  more  oorrecUj  {,  ss  0.Oi6  \  hetioe,  more 

T 


t  2,08  feet,  and  the  didcbatgis  per  ieoond 


.  0  ,  1% 


^59,025 

9^  ^  564^  -  ^  =  I'"^  ™b*^  inchci, — 2.  A  conducting  pipc»  4  incbea  wide,  delivefi, 
tinder  a  head  of  water  of  5  feet,  10  cubio  feel  of  water  per  minute ;  what  poailion  tnti«t 
be  given  to  the  tbrotUe-valTC  applied,  tbat  ii  may  afterwarda  deliver  only  6  cubic  feci? 

Tb«  veloeity  at  Ibe  beginning  ia  ^  ^ 1— -  ss  ^  ^  1,91  feet^  ftml  nliei  patting  on 


the  talT*  /,  .  1,91 


:  li528  feet    The  oopefficient  of  efflox  U  . 

I 


1.91 


V^f* 


8,02  ^S 

_-i 1    mm  SB;    the   OCK 

0,106* 

0,0848;  henoe  the  oo-effident 

—  1  ^  138,0,  and  oofuequentjy  10  produce  ibe  oo-cffiolent  of 


0^106,  hence  the  o«>-cfficieM  of  resiataiioe  ^  ^^  ^  1  g 
efficient  of  efflni  for  the  second  case  is  ^  /^  -  Ojl06 
of   resifltance  ^ 


0,084S* 

refliitanoe  of  the  thrtyttlo-TalTe ;  f  ^  138  —  8S  ^  50.     Bui  now,  from  Table  ti*,  di« 
angle  of  position  a  =  50*,  J  =  3*J,6,  and  the  angle  of  position  «  b  65*,  ^  j^  58,8;  hence 


we  may  be  allowed  to  ai«ume,  for  a  position  of  50^  -|- 


26,2 


53**,  the  desired 


quantity  of  diacbarge  may  be  obtained.     If  we  oonaide]',  furtheft  for  a  change  of  velodty 
of  1,91  feet  to  1,528  feet,  tlie  o&-«fficient  of  reaistanee  p«»es  fiom  0^0266  into  0,0281; 

281 
ikm,  mxm  correctly,  {  «  13S,0  —  88  ,  __-  =  138,06—92,96  «  45^04,  and, acoordingly, 

366 

the  aogle  of  positjisn  =  50**  +  ilM  ,  6**  =  Sa". 

§  3^.  Valves. — The  knowledge  of  the  resistance  produced  by 
valves  is  of  ^eat  importance.  Experiments  have  been  made  by  the 
author  on  this  subject.    The  conical  and  clack ,  or  Jlap-vaineSy  Figs^ 

rif .  468. 


Fig. 

4^, 

^B 

■^^BH 

1 

^ 

Wi 

i^^B 

^Mk-'-l 

^^^^ 

B 

467  and  468,  are  those  which  most  frequently  are  met  with  in  prac- 
tice. In  both,  the  water  passes  through  the  aperture  formed  by  a 
36 


410 


VALVES. 


ring  RGi  the  conical  valve  KL  has  a  guide  rod^  by  which  it  is  fiied 

in  goides,  and  admits  of  an  outward  push  only  in  the  direction  of  '  " 

axis ;  the  clack  valve  KL  opens  by  turning  like  a  door.     It  is  ei 

seen  in  both  apparatuses  that  a  resistance  is  opposed  to  the  water^  not 

only  by  the  valve  ripg,  but  also  by  the  valve  plate. 

For  the  conical  valve  with  which  the  experiments  were  tiDdertaken, 

the  ratio  of  the  aperture  in  the  valve  ring,  to  the  transverse  section 

the  whole  tube  was  0,356,  and^  on  the  other  hand,  the  ratio  of 

surface  of  the  ring  for  the  opened  valve  to  the  transverse  section  of     ' 

f 
the  tube  0,406;  hence,  for  the  mean,  we  may  put  ^  es  0,381, 

Whilst  the  efflux  in  different  positions  of  the  valve  was  observed,  k 
was  found  that  the  co-efficient  of  resistance  diminished  when  the^j 
valve  slide  was  greater^  and  that  this  diminution  was  almost  insignifijH 
cant  when  it  exceeded  half  the  width  of  the  aperture.     Its  amouii^^ 
was  in  this  case  =»  11,  therefore,  the  height  due  to  the  resistance  or 

the  loss  of  head  of  water  =  ll  , ,  v  being  the  velocity  of  the 

water  in  the  full  tube.     This  number  may  be  also  used  for  dete^H 
mining  the  co-efficients  of  resistance  corresponding  to  the  other  ratio^^ 

(F  \' 

— —  —  1  I ,  we  the 

F  ' 

obtain  for  the  observed  case  -^  =  0t381,  f  ^  11,  and 


II 


ioM^.- 'J^""''^^ 


4,317  .  0,381 


=  0,608, 


0,381  (1  +  yii) 
f'mnd,  lastly,  in  general : 

'-{omF:-')'-{'^T,-')'- 

[If,  for  example^  the  transverse  section  of  the  aperture  is  one  half  that 
of  the  tube,  the  co-efficient  of  resistance  will  accordingly  =  (1,645  i 
'S—lf^  2,29*=  5,24. 

For  the  clack,  or  trap  valve,  the  ratio  of  the  transversa  section  of 

the  aperture  to  the  tube  was  ^,  »  0,535;  but  the  following  l^bl^H 

shows  in  what  degree  the  co-efficient  of  resistance  diminishes  with  the 
size  of  the  aperture* 

TABLE 

OF  THE  CO-EFFICIENTS  OF  EESISTANCE  FOB  TRAP  VALVES, 
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The  co-efficieiits  of  resistance  of  these  valves  may  be  calculated 
appraximately  with  the  help  of  this  table,  even  when  the  ratio  of  the 
tri^sverse  sectioa  is  any  other.  The  same  method  must  be  adopted 
as  that  followed  for  conical  valves. 

Emft^*  A  forcing-pamp  deliveri  by  eiscb  desccm  of  the  pi^ton^  5  cubic  feel  of 
water  in  4  second  a,  the  wlcUb  of  the  tube  of  asceDtj  in  whlcb  lies  tbe  vaivc  o|>«mDg 
tap  wards,  Ls  6  iiichea,  ibe  apertm-e  of  the  v&lve-riog  3|  inches,  and  tbe  greatest  diii- 
meief  of  tl)«  vmive  4|  inches ;  wbat  resistanoe  has  tbc  water  io  iu  paio^e  ihrougb 
tbe  TAtve  to  overoome!      The  ratio  of  the    imnsverse    secrtlon  for  the   aperture  ifi 

[^.Z!— j  ?=  (jfY  ^  0f34j  Mid  that  of  the  an&alar  csntncUoD  to  the  tmnsverie  iootkm 

f  ihe  tube  =  l  —  (^ArA  —  ^  —  H)*  =  ^M^  htmm  the  mtmn  mtio  of  seetiofi 

0  34  ^  044 
^  -I — IE- — ! —  ^  0,39  and  the  cofTcBpotiding  eo^lEdent  of  reiiAtaiice 

«a  /ij^lL:  _  I y  «  3,22*  s  10,4,    The  relodty  of  the  water  U : 

t  ^ ^  ^  ^  6,37  feet,  the  height  due  m  the  Yelodtf  ^  0^39  feet;  aodi 

^^^  ci)'     ' 

oofisequentfy,  the  feaistance  due  to  the  height  ^  10,4  . 0,629  ^  6,54  feot.  The  quaii- 
tSty  fortied  up  in  one  aecLsnd  weighs  J  *  62^5  ==  77,6  Iba. ;  henoe  the  mechanical  effisct 
which  bf  the  transit  of  the  water  through  the  Taive  is  oouvutned  in  thb  time  ^  77,^  ^ 
6.54  =  507.5ft,lb8. 

§  343-  Compound  Vessels, — The  principles  already  laid  down  on 
the  resistance  of  water  in  its  passage  through  contractions,  find  their 
application  In  the  efflux  of  water  through  compound  vessels*  The 
apparatus  ^D  represented  in  Fig.  469/ is  divided  by  two  partition 
wails  containing  the  orifices  F^  andF,,  and  on  this 


account  forms  three  vessels  of  commnnicationp 
Were  there  no  partition  waUs,  and  the  edges, 
where  one  vessel  passes  into  the  other^  rounded 
oflTj  we  should  then  have  as  for  a  single  vessel  the 


Fig.  469. 


velocity  of  flow  through  F :  i?  = 


_^2g_k 


,  Arepre- 


senting  the  depth  FH  below  the  surface  of  water, 
and  f  the  co-efEcient  of  resistance  for  the  passage 

through  the  orifice  F,     But  since  obstacles  are  to 
be  overcome  on  passing  through  f ,  and  f*,,  we 

then  have  to  put  v  ■■     I ? ,  and  to  substitute  for  f.  and 

Vl+f  +  fi  +  ft      . 
fj,  the  co-eSScients  of  resistance  corresponding  to  the  contractions  F^ 

and  F^.     If  we  represent  the  transverse  sections  of  the  vessels  CD^ 

BC  and  JiB,  by  G,  G^  and  G,,  we  may  further  put  (§  338); 


hence  also 


,,.(^_.)-.^,.(A_.y 


^2gk 


j'-'-(^-y-(^-o' 
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Fif.  4m 


Eaeactlj  the  same  reladons  take  place  in  the  compoutid  apparatus 

of  discharge  represented   in    Fig^^ 
470,  except  onlj  that  the  frictio 
of  the  water  in  the  ttibe  of  com- 
munication CE  has  perhaps  to  be 
taken  into  account.      If  /  is  the 
length,  and  d  the  width    of  thij 
tube,  but  f,  the  co*efficient  of  fric 
tion,   and    v^  the  Telocity  of  the] 
water  in  the  tube  of  communica- 
tion,  we   then    hare    the    height 
which  the  water  loses  in  passing  ' 


from^^CtoGZ: 


:^(7-')"^^. 

or,  since  the  velocity  is  to  be  put: 


r 


dj2g* 


-^-m)' 


If  this  height  be  deducted  from  the  whole  head  of  water  A,  there 
remain  the  head  of  water  in  the  second  vessel  ^  =  A — A,,  aodbeuc 
the  velocity  of  efflux : 


^1  +  S 


rig.  471. 


•  2g* 


Jl+f+[l  + 


'-■a(0- 


This  determination  is  very  simpli 
with  the  apparatus  represented 
Fig.  471^  because  the  transverscl 
sections  G,  G^,  Gj,  of  the  cisternal 
may  be  made  indefinitely  great  witU 
respect  to  the  transverse  sections  < 
the  orifices  F,  F^^  F^.  Hence  the 
first  iJifierence  of  level  OH,  or  heigh 
due  to  the  resistance  in  passing 
through; 


F,  is  A, 


1  (-A'  ^  /^y 


w 


and  likewise  the  second  difference  of  level  0^  H^,  or  the  height  due 
to  the  resistance  in  passing  through 

where  i*,  ftp  oj,  represent  the  co-efficients  of  contraction  for  the  oriiiGes 
fj  Fj  and  F^,     It  accordingly  follows  that: 

and  the  quantity  of  discharge  i 
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Q  = 


tFs^%gh 


^^-i$hi^)' 


^2gh 


^i^'-i^JH^)' 


It  is  easy  to  perceive  that  compound  reservoirs  of  efflux  deliver  less 
water,  under  otherwise  similar  circuDistances,  than  simple  ones. 

Exampk.  If  jn  the  Apparatus^  Flg»4T0^th6  whole  head  of  water  or  depth  of  the  cenira 
of  the  orifloe  F  below  the  auffiijcje  of  water  of  the  first  cmein  is  6  feet,  the  orifice  8 
inches  broac!  and  4  imshra  deep,  the  tube  cminectifig  both  reaervoira  10  feet  long,  12 
inchea  btcad^  and  6  inches  deep^  what  dJtehar^  will  thia  reservoir  give  1     The  mean 


width  of  the  tube  : 


4  .  1  . 0,5 
2  .  1,5 


f  {Lf  hence 


I       3  .  10 


efficiept  of  frictiofi  (,  ^  0,025^  and  it  followi  that  (^  , 


=.  15 ;  let  us  now  put  the  oo- 
=  0,035,15  ^0,375j  if  the 


oo^e^dent  of  fe«ts4aDce  for  entrance  into  prismatic  tubea  be  here  put  0^505,  we  obtain 

1  +  (i  —  1 Y  +  t,  1  =±  1  +  0,50S  +  0,375  ^  1 ,88.     As  ^  ^  0^4_^  =^0,2845, 

Vai  /  d  Fi  12.*i 

the  coefficient  of  resistance  for  the  entire  connecting  tube  ^  I,S8  ,  0,2 84 5*  ^  0,152, and 
tlte  oo-effideni  of  resUtance  for  the  transit  thmugh  Z',  ^  0,07,  we  then  obtain  the  velocity 
8,02^6"  8,02  v^T 


of  e^Ktix :  V  ^  ^ 
0,64  , 1  ,  i  i 


V'l,07+ 0,152      V^  1,222 
;  0,32  squaxe  feev  hence  the  discharge  ^  0,32 


17,77  feeL    The  contracted  section   ia 


17,77  =  5,68  cubic  feet. 


§  344,  PiesojTieters. — The  loss  of  pressure  which  water  suffers  in 
conduit  pipes  from  contractionsT  fricliont  &c.,  may  be  measured  by 
columns  of  water,  which  are  sustained  in  vertically  placed  tubes, 
which,  when  used  for  this  purpose,  are  c^led  piczimeters. 

If  V  is  the  velocity  of  ihe 

water  at  a  place  £,  Fig,  ^«'  *"'**  

472,  where  a  piezometer 
is  applied,  t  the  len^h,  d 
the  width  of  the  portion  of 
tube  ^B,  A  the  head  of 
water  or  the  depth  of  the 
point  B  below  the  surface 
of  water  J  if,  further,  f  is 
the  co-efficient  of  resist* 
ance  for  entrance  from  the 
reservoir  into  the  tube,  and 
fj  the  co-efficient  of  fric- 
tion, we  then  have  for  the  height  of  the  piezometer  measuring  the 
pressure  at  B, 

If  the  length  of  a  portion  of  the  tube  BC  =  /i,  and  its  fall  =  Aj, 
we  then  have  the  height  of  the  piezometer  at  C : 

35* 


l^^^-^^jm 
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and  hence  the  difTerenee  of  these  two  heights: 


V  V 


/. 


hence,  iDrersely,  the  height  of  the  portion  of  tube  BCj  due  to 
resistance: 

^,  L  ^  =*  A,  +  3:  —  z,  =  the  fall  of  the  portion  0/ 
^^    ^ 
plu$  the  d^erence  of  the  heights  of  the  piez&meters. 

From  this  it  is  seen  that  piezometers  are  applicable  to  the  n 
surement  of  the  resistance  which  the  water  has  to  overcome  in 
duit  pipes,     If  a  particular  impediment  is  found  in  the  tubes ;  if,  fi 
instance^  some  small  body  is  found  fixed  there^  this  will  immediat ' 
be  shown  by  the  falling  of  the  piezometer,  and  the  amouDt  of 
resistance  produced,  expressed.     The  resistances  which  are  causi 
by  regulating  apparatus,  such  as  cocks,  slides,  &c,,  may  be  like 
expressed  by  the  height  of  the  piezometer*     The  piezometer,  for  ex^ 
ample,  stands  lower  at  D  than  at  C,  not  only  in  consequence  of 
friction  of  the  water  in  the  portion  of  water  CDj  but  also  in  consi 
quenee  of  the  contraction  which  the  slide  S  produces  in  this  tube* 
for  a  perfectly  opened  slide  the  difference  J^O  of  the  height  of  thi 
piezometer  =  A^,  and  for  the  slide  partly  closed  =  A^^  the  new  differ 
ence  or  depression  h^  ^  h^  gives  the  height  due  to  the  resistance  whicbl 
corresponas  to  the  passage  of  the  water  through  the  slide,     LastlyJ 
the  velocity  of  efflux  may  be  also  estimated  by  the  height  of  the  pie-j 
Eometer,     If  the  height  of  the  piezometer  PQ  =  z,  the  length  of  thl 
last  portion  of  tube  DE  es  /,  and  its  width  =3  d^  we  then  haTc: 


I 


W 


and  hence  1; 


^1   /^^^«    H    ^8^ 


Eamt^li.  If  tbo  height  of  the  pi&omeier  PQ  =  t,  Fig.  <71,  j  foot,  &nd  the  Itraglh  < 

the  tube  DEf  measured  froin  the  pi&ometer  lo  the  didcbafgiag  orifice,  ^  1  SO  foot,  th«  ' 
width  of  the  tube  3§  inches,  the  velocity  of  efflux  then  fcUows : 


^a^ 


J 


3,5 


0,75 


150  .13 


0,025 


=  8,02  .  0^415  =^  1,937  faet,  and  ^e  dj^chsrgo 


q^  —  .  (MV .  1,937  »  01,274  cable  fert* 
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CHAPTER    V. 


OK  THE  EFFLUX  OF  WATER  0»DEE  VARIABLE  PRE5Smi£, 


§  345,  Prismatic  Veisels, — If  a  cistern  from  i^hich  water  flows 
through  an  orifice  at  the  side  or  bottom,  has  no  infltix  to  it  from  any 
other  side,  a  gradual  sinking  of  the  surface  of  water  will  take  place, 
and  the  cistern  at  last  empty  itself.  If,  further,  the  quantity  of  infltix 
Q,  be  greater  or  less  than  the  quantity  of  efflux  it  F  ^  2  g  h^tht 
surface  of  water  will  then  rise  or  fall  until  the  head  of  water 

A  =  ^-  f-^l ,  and  after  this  the  head  of  water  and  the  velocity  of 
2g\fiF/ 

efflux  Will  remain  unaltered*  Our  problem^  then,  is  to  find  how  the 
time,  the  rise  and  fall  of  the  water,  and  the  emptying  of  vessels  of 
given  form  and  dimensions^  depend  on  each  other. 

The  efflux  from  a  prismatic  vessel  presents  the  most  simple  case 
when  it  takes  place  through  an  opening  in  the  bottom,  and  when 
there  is  no  efflux  from  above  or  below.  If  x  is  the  variable  bead  of 
water  FG^^  F  the  area  of  the  orifice,  and  G  the  transverse  section  of 
the  vessel  ^C,  Fig,  473,  we  have  then  the  theo- 
retical velocity  of  efflux  t^  =  %/  2  g  x^  ihe  theo- 
retical velocity  of  the  falling  surface  of  the  water 

^  -^  V  =  -T^  ^2  gXf  and  the  effective  velocity 
G  G 

p       

t?^  =  i^  s^2  gx.     At  the  commencement: 

X  =s  FG  =■  A,  and  at  the  end  of  the  efflux  x 
therefore,  the  initial  velocity  la: 

c  =  ^^  %/  2  gh,  and  the  final  velocity  e,  ■• 
G 


Pig.  473. 


0, 


It  is  seen  from  the  formula  v^ 


f  Sf^j  g  x^  that  the  motion 
of  the  surface  is  uniformly  retarded,  and  the  measure  of  the  retarda- 
t^\  g,  hence  we  also  know  (§  14),  that  this  velocity  «0, 
and  the  discharge  ceases,  when 


i 


p 


We  may  also  put: 


i.e.  t  = 


2G^h 


l*F^2g 


2  Gh 


2Gh 


i^F<^2gh         Q 
and,  according  to  this,  assume  that  double  the  time  is  required  for  the 
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efflux  of  the  discharge  Gh  through  the  orifice  at  the  bottom  F»  undei 
a  head  of  water  decreasing  ftoin  A  to  0*  than  under  a  untforsD  pres- 
sure. 

As  the  co-efficient  of  efflux  ^  is  not  quite  eanstant,  but  is  greater 
for  a  diminution  of  pressure,  we  must,  therefore,  in  calculations  of 
this  kind,  substitute  a  mean  value  of  this  eo-effieient, 

EnH>^.  In  wh&t  ttnue  will  a  rectan^lar  ciil«m,  or  14  iqii&re  feet  taetioiii  i 
it>*lf  through  a  rotmd  orifice  Rt  the  botUim,  of  2  inchm  widths  if  ilie  origiaal  Ju 
wai^ii  amount  to  4  ieoc  1     The  time  of  etdux  would  be  theoretically ; 
2  ■  14  y/T  2.34.144.2  8061 


8,02  .  Z  CJ)" 


H,m.t 


S,03,w 


J  320" 


1 5  mm.  20aec 


At  the  end  of  half  the  time  of  efBui,  the  head  of  water  will  Tm  ^  (|)* .  ft  i^  }  .  4  ^^  H 
Now  ihe  cxNeSlcienf  of  efflux^  which  ooirespoudji  lo  iho  bead  of  water  ==  I  foot  ia  0,&13 

h«iK»e  the  efibctive  time  of  diBcbAfge  will  be  ^  ^  ^21"  ^  8  imciiitiev,  4 1  i 

0,013 

§  346,  Vessels  of  Communication, — Since  for  an  initial  head 
water  A.,  the  time  of  efflux  L  ^  — — ?:^,  and  for  an  initial  head  of  J 

water  A^this  time  t^  =  - — -^~^^  it  then  foUows  by  subtraction,  th^l 

the  time  within  which  the  head  of  water  passes  from  A^  to  A^  and  the 
surface  of  water  sinks  A^  —  A^  ig : 

2  Q  -  

t  B (%/  Aj  —  v^  A  J,  or  for  the  JEnglish  foot  measure: 

i  =  0,249  -%  (•X-  ^X)^ 

Inversely,  the  depression  of  the  surface  corresponding  to  a  gtveii 
time  of  efflux  is  s  ^  A^  —  A^,  and  is  given  by  the  formula; 


^^%^K+^^')- 


Fig.  474, 


The  same  formulae  are  further  applicable^  when  a  vessel  CD^  Fig* 

474,  is  filled  by  another  ^B  in  which  the 
water  maintains  a  uniform  height.  If 
the  transverse  section  of  the  tube  of  com* 
munication,  or  of  the  orifice  ^  F,  the 
transverse  section  of  the  vessel  to  be 
filled  =*  G,  and  the  original  level  G  G^ 
of  the  two  surfaces  of  water  =■  A,  we  have 
then»  since  here  the  surface  of  water  G^ 


in  the  second  vessel  is  uniformly  retard-  S 
ed,  the  time  of  fiUing  likewise,  or  the  " 
time  within  which  the  second  surface  of 
water  comes  to  the  level  HR  of  the  first 


•nd  likewise  the  time  in  which  the  height  of  level  h^  passes  into  h^ 
and,  therefore,  the  surface  of  water  ascends  to : 
GG,  —  «<-Ai  — V 

^^. -/% 

Exwmphg,  I, — Row  much  wlU  th«  surfioe  of  wHiDef  in  the  veieel  of  the  laM  eistnple 
■inkin  twominuieflf    A^  9 

UieTf  |«K  a,605,  it  foUowi  (hen  A, 

0,605  ■S.Oa  .IT.  120\' 

2,14,H4 

preiskjTi  sotight  is  <^  4  —  2,393  ^  1^607  feeL 

2.  What  time  does  the  water  in  the  18  inch  wide 
tttbe  CA  Fig.  475,  require  tP  van  over  if  il  commum- 
catet  with  a  veiBel  jI^  by  a  short  1  ^  inch  wide  tube, 
ami  the  nun^  furface  of  water  G  itands,  at  tlie  begin- 
ning, 6  feel  betow  the  uniform  surface  of  wat«tT  •!,  and 
4}  feet  betow  the  head  C  of  the  tube.     It  is : 


I 


16  —  4,5 


^O.BJ,  whence  it  fotlowi  that: 

0,81,8,02  ^^      ^ 

54,3  Bee. 


144an<l 


1,2248 


n^i.%,m 


Fif .  476. 


If  the  first  vessel  ^B,  Fig*  476,  from  which  the  water  mns  into 
the  other,  has  no  influx,  and  its  section  G^ 
also  not  to  be  considered  as  indefinite] jr 
great  compared  with  the  section  G  of  the 
subsequent  vessel  CD^  we  have  then  to 
modify  the  condition.  If  the  variable  dis- 
tance G,  Oi  of  the  first  surface  of  water 
from  the  level  HR  at  which  both  surfaces 
stand  at  the  end  of  the  efflux  ^  x,  and  the 
distance  GO  of  the  second  surface  of  water 
fiom  this  same  plane  =  y^  we  have  then 
the  variable  head  of  water  »  x  +  y,  and 
the  corresponding  velocity  of  efflux:  v  = 
quantity  of  water : 


^'Ig  (x  -h  y)t  and  the 


G,x- 


G,.*-j2^(i  +  ^)y. 


The  velocity  with  which  the  surface  of  water  in  the  seeond  vessel 
ascends  is  now: 
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consequently  the  retardation : 
and  the  time  of  efBux : 


Let  tis  substitute  for  x  and  y,  the  initial  height  of  leirel  A,  ajul 
therefore  put : 

(Q\ 
^  "*"  G  )  ^  ^  ^ 
and  we  then  obtain  t 

y  » -^  ,  and  the  time  in  which  the  two  surfaces  i 


water  come  to  a  level: 

,  2  G  ^A 


2GG,^h 


The  time  within  which  the  level  falls  from  A  to  k^,  is,  on  the  dOd 
hand: 

Exampk.  If  the  section  of  a  ciiit.«!]-n  from  which  wnter  flaws  U  10  tqisarc  feet,  an<!  i 
section  G  of  the  recipiem  ciitern  4  sqiiar^  feetj  if,  ftinher,  the  inilial  level  A  of  Uie  I 
suHkcea  aEnounla  to  3  feetf  and  ibe  c^limtricai  Uib«  of  communicatioti  ia  1  inob 
then  the  time  in  wbkb  the  water  comes  tn  both  Vouelt  lo  the  sume  level  ia : 

0,82.  8,02. ^.Jl  0.62.8,02.7^ 


4     144 


§  348.  JVbfcAe^  in  a  Side. 

Fif .  477* 


--If  water  flows  through  the  notch  ofm 
DE  of  a  prisraatic  cistern  v3BC,  Fig. 
477,  to  which  there  is  no  influx,  the 
time  of  efflux  may  then  be  estimated  U 
the  following  manner.  Let  us  represent 
the  transverse  section  of  the  cistern  by 
G,  the  breadth  EF  of  the  notch  by  4> 
and  the  depth  DE  by  A,  and  divide  the 
whole  aperture  of  eflSux  by  boriscontal 
lines  into  small   sltcesi  each  of  the 

h 
breadth  5  and  depth  -,     At  a  constant 
n 

pressure  the  discharge  per  second  wiU 
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Gh 


be,  Q  a  f  ^  6  ^/2^A^  if  we  divide  this  into  the  area of  a  stra- 

n 

Oh 
turn  of  water,  we  shall  then  obtain  the  time  of  efflux  t  a ^ 

"which  we  may  write : 


Now,  to  obtain  the  time  of  efflux  i  for  a  quantity  of  water  G 
(A  —  A^),  or  to  determine  the  time  in  which  the  head  of  water  above 

tlie  fine  BE  m  h  sinks  to  DE^  »>  A^  let  us  make  h^^  —h^  and 

71 

therefore  h^  to  consist  of  m  parts,  and  let  us  now  substitute  for  h      ^, 
successively : 

("'r'(=^'»r''(=^M~'-(Tr' 

and  finally  add  the  results  obtained.    In  this  manner  we  shall  obtain 
the  time  required : 

3GA          A~"^/    — i  ,   I     .  ,x  — I  ,        ,     — 1\ 
=. r(m      '+(m+l)      *+...+n      *l 

2^n~*&^/2!f  "-^  ' 

-(l-*+2-i  +  3-i+...m-i)]. 
or,  from  the  "Infi;eiueur,"  Arithmetic,  §  28: 

3GA~'        /n~^~~^      m~*+K 


2 


l«*L=.2/m-t-«-i\ 

thy/2gh  \  I 


2>  &  %/ 


3Q  I-/mv— t 


^6v/2;grL\n     /  J      ^6^/2g^^^/A^        ^/A/ 

Let  Aj  a  0,  we  have  then  — =,  and  therefore  also  <  «>  oo ;  an  in- 

v^Aj 

definite  time,  therefore,  is  required  for  the  water  to  run  down  to 

the  sill. 
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ExampU,  If  ibe  water  flows  through  &  notch  in  a  side,  oft  ifictlia*  m  brMcWi,  fioni 
reservoir  110  feet  lonig  and  40  feet  bm»d^  wh&t  time  wUI  it  requu-e  I©  !»*•  liom^^ 
of  w&ter  of  15  incfaei  lo  one  of  0  inches ! 

19800,0,5198         I2S3 


p.f /s,oa 

19800    (1^4142  _o^8Q445 


VtNS 


0,00,  the  effectire  dnie  of  efllux  will  be 


_^  th«  operting  l)9Qoines  a  notch,  and  we  miLft  ibea  Apptf  the  pfo^ 


8,02  ^ 
If  w«  aafume  ^e  co<«Siciecl  ^ 
^  ^2^  ^  3I3S  «ec.  fs>  35  min.  38  wc 

Bxmark  Wa  may  put  for  «  rectangiul&r  Uieimi  opening^  mpproximaiivelf 

ami  -F  and  G  repruent  th«  tiatiBvenw  seeliotM  of  th©  openini^  and  ©f  ihm  "wem^U  «  tb« 
depth  ef  the  opening,  A^  th«^  head  of  water  at  the  ooinmeac«inent,  h^  that  at  the  eod  of 

the  efflux.     If  A I 

per  formntfl. 

§  349,   Wedge  and  Pyramidul-shtiped  VeMieh. — If  the  eisters  of 
discharge  ^BFj  Fig.  478,  forms  a  horizontal  triangular  prism,  t'  ~ 

time  of  efSnx  may  be  found  io  the  foUo 
ing  manner*  Let  us  dinde  the  heij_ 
CE  =  A  into  n  equal  parts,  and  cany  hoj 
zontal  planes  through  the  points  of  diri- 
sion;  let  us  then  decompose  the  whole 
quantity  of  water  into  equally  thick  strata 
of  equal  length  JID  ==  /,  and  of  breadi ' 
diminishing  downwards-  If  the  bread 
of  the  upper  stratum  BD  =s  6,  we  have 
then  the  breadth  of  another  stratum  D^B^^ 
■  X  above  the  orifice  F,  lying  at  the  lower 

s  -.      But  now  the 


Fig,  478. 


^hich  stands  about  CE^ 

edge,  b^^^  hf  and  its  volume  &  fij  /  . 

diachErge  referred  to  a  unit  of  time  is : 
then  the  small  time 
bl 


^  Ik  F  ^  %g x^  hence 

m  which  the  surface  of  water  sinks  about  * 

fi 

IS  #  s  -!1xt-m  F  's/2gx  ^ ;=.x.  Finally, sincet 

t  n  1^  F  ^%g 

of  all  the  X*  from  x  =  -  to  x  s±  ^^   are  ==  (  -  p  »  —  ^  f  ^  ^ 


n  \7i/        t 

we  have  the  time  for  the  discharge  of  the  entire  prism  of  water: 


^.\nh^ 


F  ^%  g 


\ 


F  s/' 


nf^F^2g 
=  I  ,  ^  if  F  represents  the  whole  quantity  of  water  and  cthe 

^  £     C 

initial  velocity  of  efflux.     Here  the  water,  therefore,  requirea  |  mo] 
lime  than  if  the  velocity  of  efflux  c  were  uniform 
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If  the  Tessel  ^BF,  Fig,  479,  forms  an 
erect  paraboloid,  we  then  nave  for  the  ratio 
of  the  radii  KM  =  y  and 


CD 


,  and  hence  the  ratio  of 


6       ^T 
the  principal  sectionn  — ?  =  ?_ 

quently  G^  »  _ -  and   the   contents  of  a 


-,  conse- 


Fig.  47?, 


^^^ii 


stratum  of  water 


Cx 


The  perfect  accordance  of  this 


expression  with  that  found/or  the  triangutar  prism,  admits  of  our  here 


putting  t  ISM  \ 
V 


^  Gh 


i.Fy/2gh 


,  or,  35  F«  i  GA(§  118),  also 


^-1 


.Fc 


The  formula  may  be  used  in  many  other  cases  for  the  approximattFt 
determination  of  the  time  of  efBuXj  especially  for  that  of  the  emptyiog 
of  reservoirs.  It  is  especially  true  in  all  cases  where  the  horizontal 
sections  increase  as  the  distances  from  the  bortom. 

If,  lastly,  a  vessel  •^SFbe  pyramidal,  Fig.  480,  then  G^:G^3^:  h\ 

and  hence  G,  &  — —  further  the  contents  of 


Fig.  480, 


the  stratum  H^  B,  :  2^  , 
n 

hr  its  discharge : 

r^^:^F^2gx^ 

nh 


nh 


,  and  the  time 


G 


nf^F%^2g 


Bat  as  the  sum  of  all  the  x  *  taken  from   x 

It  follows  that  the  time  for  the  emptying  of  the  whole  pyramid  is : 


G 


inh'-^l 


Gh^ 


=  «! 


iCA 


nf,Fh^2g     '  '     i,Fs/2g        '      i^F^2gh 

or  if  \  Gh  be  put  =  V,  then  will  T-  f  .  — =-. 

^  Fc 

As  in  this  efflux  the  iniHal  velocity  of  flow  decreases  gradually  from 

c  to  zero,  the  time  of  efflux  is  then  ^th  greater  than  if  the  velocity  c 

remained  uniform. 

ExampU.  In  what  tiin«  will  &  pondf  wbo«e  nirface  baa  &n  mvaor  755000  square  ^t^ 
«tnpty  itself,  if  tlidre  b©  a  oondMit  l5  feet  below  the  sur&ce,  anJ  at  the  deepest  pjice, 
which  foriDi  a  channel  id  inched  wide  and  50  feet  ton^?     Theorettcallf,  the  tune  aT 

36 
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«fflrx  MM  I  i 


195S4riOG 


7d5(M3Cl  .  16 


^(^y.B^^is 


c  Q0OS4a  te^. 


But  oow  iKe  (X^-e^cieot  af  F^sbmnoA  for  enimnce  into  tbe  ebanndl,  iorlit^esd  Aboat  45* 
i*,  C  =*  *>.5i}5  +  0,327  (•w  S  3ii3)  »  0,832,  Jtud  the  T^^mmaoa  of  ibe   csooduit  due  j 

f J iction  =  0,025  ^  .  ^-  =  0^ & .  ^  .  _  »  _ ;  hence,  thr  coraplet©  <«>*fficient  of  i 

|t  ^ ^  —  .  ^  0)594,  uid  lli«  time  of  efflux  defiiatid«ii: 

V  t  +  0,832  +  1        \/  2.832 
r  K  200B4S  -^  0,^94  ^  338]?i  a  93  hourr,  55  minutei,  28  aecond^ 


F1f.49K 


§  350.  Spherical  and  Obelisk*ikaped  Vessth^ — ^By  means   of  tlie 
formula  of  the  last  paragraph^  we  may  now  fii 
the  Hnjes  of  efflux  for  many  other  vessels,  su 
as   sphericalf  pontoon-shaped,  pjramidal,  &c, 
For  the  emptying  of  a  spherical  segment  JJ5, 
Fig.  481,  we  obtain 


IP.      \ 


'-4 


trh* 


-I 


A* 


t\- 


therefore,  for  the  emptying  of  a  full  sphere,  where  A  >■  2  r» 

16  B  r*  •^ 


aad  for  that  of  half  a  sphere  where : 

Ib^F^ig' 
Here  the  horizontal  stratum  H^R^  corresponding  to  the  depth  FG, 


<?t 


2ftrk  I 


A        2rtrA2r 


n 


—  ^i~i  therefore : 
n 


as  the  first  part  of  this  expression  agrees  with  the  formula  for  tl 
emptying  of  a  prismatic,  and  the  second  part  for  the  emptying  of 
pyramidal  vessel,  if  we  put  first  2  nrh  in  place  of  bl^  and  second 
ft  A*  in  place  of  G,  we  shall  obtain  by  means  of  the  difference  of 
times  of  emptying  of  a  prismatic  and  pyramidal  vessel,  found  in  tl 
former  paragraph : 

f»|._^iL.and(-i  ..^^A=., 
f*F^2gh  i^F^lgh 

the  time  also  of  the  emptying  of  a  spherical  segment. 

The  above  formula  may  be  likewise  applied  to  the  case  of 
obelisk  or  pontoon-shaped  vessel  JiCD^^  Fig.  482,  since  this  is  com^ 
posed  of  a  parallelopipedf  two  pnsms,  and  a  pyramid.     Let  6  be  the 
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breadth  at  top  AD^  and  b^  the  breadth  ^j 
Dj  at  bottom^  /  the  length  at  top  JIB^  and 
l^  the  length  at  bottom  A^B^y  and  lastly, 
A  the  height  of  the  vessel,  ive  have  then 
for  the  area  of  the  surface  AC  i  U  ^  bj^ 

— 6j},  of  which  ftj/j  belongs  to  the  parallel- 
opiped  A,C,EG,  b^  (t  —  i,)  +  I,  (b—b^) 
to  the  two  prisms  CFB^C^^  and  AFB^^, 
and  (l  —  l^)  (b—b^)  to  the  pyramid  BF 
B^.  But  now  the  lime  of  efflux  for  the 
paraileloptped,  whose  base  ia  ftj/j,  is  t^  = 

-  '  '         ;  further,  that  for  the  two  triangular  prisms 

f.F^2g 
and,  lastljj  for  the  pyramid: 

'    /        ^F^Y-g      ' 
hence  the  time  of  discbarge  for  the  whole  vessel  is: 
t^t^  +  t,  +  t^ 

-[30  6^  + 10  b,  {l—l,)+ 10 1,  (6— 6J+6  (i— f J  (6— 6 J] 


^h 


lbt,Fs/2g 


l3bl+BbJ,+2{bl,+bJ)] 


2^h 


lbf.F^2g 


If  -i^  =  ^j^  we  have  then  a  truncated  pyramid  to  consider.  Let 
the  one  base  bl  ==  G^  and  the  other  bj[^  ^  G^  we  then  obtain: 

lbf.F^2g 
It  would  be  easy  to  show  that  this  formula  holds  true  also  for  every 
trilateral  or  multilateral  pyramid. 

E^mmpU.  All  obelisk-shapod  WlLte^<^a£k  is  5  feet  long:,  nnd  3  feet  broad  ml  top,  and  at 
the  deptli  of  4  feet,  that  tA,  st  the  level  of  a  short  hoTmontai  djacharge-tube,  1  inch  in 
width,  and  3  laches  In  leagtbi  hu  4  feet  long  mid  2  feet  bfoad,  what  titne  will  be  re- 
quited  for  the  watef  m  the  fall  mak  to  sink  2}  f^et  ?    The  time  for  einptyiiiB  ih  ^  ^i"B 

f*[g.4.2+3.5,3+2C3.4+5.a)] \^^         

-=  153  .  7.4BI  ±3  1145  sec.    As  tb« 


153  ,4.4,  HA 


^  153 


2304 


l5.03iS.8,()2ir  12,225  .  8,02  w 

level  4  —  24=  If  feet  above  the  tube  t^t^  +  |  =  4|  and  6«  6,+  |  =2J  feet,  hence 
the  time  fcr  emptying  if  the  vessel  he  filled  only  up  m  this  levej^  is: 

,.=  [S.4.2  +  3.V.y+3(2.y+4.V)]-,s.;,y;;C,,,    «  131.672. 
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4,A779^  n02,76  tec    The  difTereno*  of  llio  Um«s  foytvd  ^ivei  tli0  titJi«  in  w^hkii  tli« 

ftufftiisp  of  waif  r  oriifinftlly  at  the  top  of  Ihc  venel  wijl(»  t?j  feet 

§  351,  Irregular  F€*w/s.— When  we  have  to  find  the  time  of  effiui 
for  in  irregularly  formed  vessel  HFR^  Fig.  483,  we  lasust  applj  Simp- 


rig. 

4^3. 

-^^— - 

^ 

O 

^^^^B 

^sr 

"  'JT^ 

mh 

^*=: 

A 

1V-0.-J 
_.il/^ 

son*s  rule  as  a  method  of  approximation.  If  we  divide  the  whole 
mass  of  water  into  four  equally  thick  strata^  and  the  beads  of  water 
G^^  G^,  G^j  Gj,  G^,  corresponding  to  the  hori^utal  slices^  represented 
by  A^,  A„  Aj,  A^,  A^,  the  time  of  tmux  will  be  gireti  by  Sinipson*s  rule 

A.-A«__  (    g^  +  _!£•+  2C^  -1-  i^ 
2ir   v./ A,        ./A 


f 


In  assuming  six  strata: 


v/A, 


/ 


A,- A 


%/A, 
4G, 


>/ A,  "•■•*. 


f-k.r 


v/  A,     ^  \    v^  »,    •  A« 


Zi+i«« 


i^^AV 


18m/'*/2^VA, 
The  discharge  in  the  first  case  is: 

Q»  ^»ri^(G,  +  4  G,  +  2  G,  +  4G,  +  GJ,  in  the  secood: 

i  * 

Q-^^^(Go  +  4  G,  +  2  G,+4  G,  +  2  G,  +  4G.  +  G.). 

When  the  form  and  dimensions  of  the  vessel  of  efflnx  are  not  Icnowni 
we  may  then  calculate  very  nearly  the  discharge  by  the  heads  of  water 
noted  in  equal  intervals  of  time.  Let  t  be  one  such  interval,  we  have 
ihen  for  apertures  at  the  bottom  and  sides : 

Q^^i^  (^T,  +  4  ^  a;  +  2  ^T^  +  4  v^i;  +  ^  a;), 

o 
and  for  divisions  or  notches  in  a  side: 
Q  =  li^biV^i  (^F,  +  4  v/F,  +  2  VA%  +  4  ^A^,  +  ^A^, 

Bi^mpk.  In  wbat  time  will  the  surlkce  of  waler  In  a  pond  link  6  fe«|,  Lf  tbe  tlitm 
forms  a  lialf  rylindcr,  18  inchf>fi  widr^  9  lncfaei  ileep,  und  60  feci  long,  and  lti«  i 
Mf  water  hft?ie  the  fonowirif  ftraat ! 

f«et  bend  of  wal«f,  =  6000fK)  «quar«  feet. 


I 
I 


G,  *'  17,0 
e*.  *•  15.5 
G^,  "  14,0 


i  4950(JO 
^  41«jOOO 
«  325000 
»  265000 


8 


^«^'-|' 


;  0,8  S36  aqtrnre  foeL     Let  the  coefficient  of  raiiiteEMi*  fcr 


^*ntf«iioe  «  0,832,  and  ihat  for  itie  friclkm: 


^  0,0'i&  ,  L, 
d 


:  U,m5  .  60  .  1,09 1  =  l^eaM,  th^n  ii  the  oo^emcient  of  efflux 


^   H. 


I 


^/l  +  U,&3a  +  1,6303        ^  3,4685 


.«0^37, 
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«od  I*  J  y/  2  f  ^  0,537  ,  0,1836  .  8,02  «  3,9054.     Now 
^«5^^  «  mnO.  A«^^=.  115090. 

^  _  il^„fi9a0,  A  ^  ?H^^  8>2550. 

v/A*        v^l7  v'Ai       v^  15,5 

-^  _  ^65^  ^  70830  J  hejioc,  then,  the  time  of  efflux  fbilowt : 

v/A,        v/14 

I  =, - (134170  +  4,1 13090  +  3  .  ©a440  +  4  .  82550  +  70830) 

12  ,  3,8054  ^  ^ 

_  11^4440         155940  ^    ^  43  ho«i»,  35  miiu  40  fee 

7,6lfJS 
The  diichftrge  )»: 

Q  =  ff  (600000  +  4  .  495000+  2  <  4100Q0  +  4  .  32&000  +  365000) 
_  .^Q^50Q0  ^  2482500  cubic  feet 


§  352.  Influx  and  J^fox.— If  the  vessel  during  the  efflux  from 
below  has  an  influx  to  it  frora  above,  the  determinatiDn  of  the  time  in 
which  the  surface  of  water  rises  or  falls  a  certain  height  becomes 
more  complicated,  so  that  M^e  must  he  satisfied  generally  with 
but  an  approximate  determination.  If  the  discharge  per  second  Q^ 
is  :>  p^  F^  2ghy  then  there  is  a  rise,  and  if  Q,  <:t^F 's/  2gh^  a  fall 
of  the  surface.     Moreover,  a  state  of  permanency  occurs  whenever  the 

1   /  O  \^  /; 

head  of  water  is  increased  or  decreased  Wf  k  ^  -—  (-— J  .     The   /' 

%  \/i  i'  / 

time  f ,  in  which  the  Tariable  head  of  water  x  increases  by  the  small 
amount  |,  is  given  by  the  equation 

and^  on  the  other  hand,  the  time  in  which  it  sinks  the  height  k^  by 

— ^'*  and  in  the 


Hence  we  have  in  the  first  case  «  = 


second 


G.I 


By  the  application  of  Simpson's  rule 


f^Fy/2gx—q, 

we  then  obtain  the  time  of  efflux,  during  which  the  lowering  surface 
passes  from  G^  to  G„  G,  .  .  .,  and  the  head  of  water  from  A,  to  h^^ 


i  =  K—K 


12 


r-.-^ 


4C. 


+  ^.4* 


Wfs/2^A„— Q,     ^Fs/2gh,—Q,     i^Fy/itgh^—Q, 


4G. 


^F^2gk,-Q, 
or,  more  simply,  if  we  represent 


2g.  1 

'2^A.— oJ 


t.F^2g 


f'F^'lgk^—Q,. 


2G, 


_4G,  _  , 

36« 


^A,— •* 
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If  the  vessel  is  prismaiic,  and  has  a  uotjbrra  transverse  section  G, 


we  then  bare : 
2G 


=  fv'A-^A.  +  ^k  .  hyp,  tog.f^i""^*',)   V 


the  time  in  which  the  head  of  water  passes  from  h  to  A,.     Since  for: 

it  follows  that  the  condition  of  pennanencj  takes  place  ltidefimtel| 
late. 

The  following  formula  is  the  result  of  investigation  for  a  wier  i 
notch  in  a  side. 


=  ^fAvp  log   (v^A-^A:)MA,+  x/^fe+fe) 
3  Q.  L  (v/A,— •*)•  (A_  +  ^hk  +  kl 


+  v^I2  .  arc  (fang.  = 


(» 


Q^ 


\  f  A35P'  ^'  represents  the   hyperbolic^ 


where  k 

logarithm »  and  arc  {iang,  »  y)  the  arc  whose  tangent  ^  y, 
Accordiag  as  A:  is  ^    A|   and   the   inflowing   quantity   of    water; 

Q^  ^  1 1*  6  v^2  ^  A^j  there  is  a  rise  or  fall  of  the  fluid  surface*     The 

condition  of  permanency  occurs,  when  Aj  =  A:,  and  the  time  cone 
sponding  becomes  oq. 

E^amplt,  In  what  time  wilt  the  water  in  a  Fecmnfrulzu-  tank  IS  leet  long  And  0  A»i 
liroad  rise  frc^m  0  to  2  feet  above  tho  edge  of  a  noicli  §  foot  bros^l^ir^  oubic  feet  of  water 
!low  in  per  second?     We  have  here  A  ^  0;  henc«^  more  Bimpl^: 


I 


h^.  tog.    iT-^    *   Z     +  %/l^ 
72,  Q. 


Now  G  ^  12  .  6 

ft 


-^ft}' 
5A' 


5rc  {ttmg. 
f ?_^ -Y  ^  2,l338i  and  the  Otnfi  HTi^bt  b: 


.—•3*. 


0,6, 


?)]• 


72  .2,1338 


[%*  %. 


4,l33S-|-v'4;i076  j^ 


),0O2l62 
:  10,242  (7.961  ^  1,781)  1*  10,842 

§  353,  Locks, — A  very  useful  application  of  the  doctrines  hitherto 

treated  of  may  be  made  h 

Fig.  434 


(tang^  t 


(1^4143— 1,4§07)* 

10,542  r  hyp,  kg.     ^^^^^    _  v^la  .  orif  (Isiif .  _ 

L    ''^   ^    0,002162        ^  "^^  4,3366 

.e,l8»  63,29  aec 


v/6 


1,4  U2+ 2,93  U> 


'^)] 


the  filling  and  emptying 
canal  locks.  We  distinguiall] 
two  kinds  of  navigation 
locks,  single  and  doubleJ 
The  single  lock,  Fi^.  484g| 
consists  of  a  chamber  B^ 
which  is  separated  by  the 
upper  gate  HF  from  the 
upper  reach  j?,  and  by  the 
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The  double  lock,  Fig.  485, 


¥\g,  485* 


lower  gate  RS  from  the  lower  reach  C, 
on  the  other  hand,  con- 
sists of  two  chambers, 
with  the  upper  gate  AX, 
the  middle  one  HF,  and 
the  lower  one  RS. 

Let  the  mean  horizon- 
tal transverse  section  of 
a  simple  lock  chamber 
=  G,  the  distance  of  the 
middle  of  the  sluice  in 
the  upper  gate  from  the 

upper  surface  HR  of  the  upper  reach  =  h^,  and  from  that  of  the  lower 
reach  =  A^,  and,  lastly^  the  area  of  the  aperture  or  sluice  opening 
=.  Ff  we  then  obtain  the  time  of  filling  up  to  the  middle  of  the 
GL 


^^[B^^^^^M^^^^^B»vv^BHWBBW|» 


aperture  t^  = 


and  the  time  for  filling  the  remaining 


f,F^2gh; 

space,  where  a  gradual  diminution  of  the  head  of  water  takes  place» 
/  2  GAj 

^1  ~  — = — ^^^  *   consequently,  the   time  for    filling  the   single 

sluice  IB ; 


t=t,+ 


(A,  +  2A,)G 


f.  F  s/2gh. 
If  the  aperture  in  the  lower  gate  is  entirely  under  water,  then  while 

emptying,  the  head  of  water  gradually  decreases  from  A^  +  h^  to  zero, 
hence  the  time  for  emptying  or  runnmg  off  is: 

f^F^2g 
If,  on  the  other  hand,  a  part  of  the  aperture  stands  above  the 
lower  water,  we  then  have  two  discharges  to  take  into  account ;  the 
one  flowing  above  and  the  other  below  the  water.  Let  the  height  of 
the  part  of  the  aperture  above  the  water  =  a,,  and  that  under  the 
water  =  a^,  the  breadth  of  the  aperture  ^  ^,  we  then  obtain  the 
time  of  efflux  from  the  expression: 


M  4  s^2g  («,  Ja,  +  a.  _  !•  +  a,  ^A,  +  A,) 


In  double  locks^  the  head  of  water  gradually  decreases  in  the 

chamber  which  is  closed  from  the  upper  reach,  during  the  discharge 

into  the  second  chamber.     If  G  is  the  horiisontal  transverse  section 

of  the  first  chamber,  and  the  original  head  of  water  h^  in  this  chamber 

sinks  to  x^  whilst  the  water  in  the  second  chamber  rises  to  the  middle 

of  the  aperture  of  the  sluice,  we  have  then  the  corresponding  time 

.  2  G  _ 

h  —  — - — =^  (^/Aj  —  %/x).    Now  the  quantity  of  water 
^F^2g 
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1^ 

G  (Aj  —  x)  =3  G,A^,  hence  x  =«  Aj ~*  A,,  and 

G 


t. 


The  time  in  which  the  water  rises  as  high  in  the  second  as  in 
first  chamber,  and  in  wliit^h,  therefore,  it  comes  to  the  same  Jerel  io* 

Votb,  maj  be  found  Iroin  §_347 :  

2  OGt  y/g  2Gts/Gs/Gh,~G,h, 


G 


^F(G+G)v/2ff 
and  the  whole  time  for  hlling: 

^EOMpIe.  WliBt  lime  i»  rprjujred  for  the  filling  ami  ninRiog  off  of  die  Ibllowmg  »[ti| 
lock  chamber  1  Tlie  mean  lengih  of  the  lock  ^  200  fe«t,  mean  breadth  =^  24  te 
therefore  G  ==  200  ,  24  ^  48W  equare  feet,  distatice  of  the  centre  of  the  aperturo  i 
iliiice  in  iho  upper  gate  from  the  two  aurfnce*  of  wnter  5  f<5et,  bresiith  of  berth  sfi 
24  feet,  height  of  the  opeituie  in  the  upper  gale  4  feet,  and  of  Uiat  m  the  lov 
(entirely  under  water)  5  feet     Let 

f  „  i !_!l_^_-.»  ^^  -J  5^  A»  =  5^  G  =  4800,  ^  =  0,615,  F  =»  4  .  SJ  -k   10,  ^/2l 

=  8,02,  we  then  obtain  the  dme  of  filllug : 

3*5.4*00                      14400  -^^^-  .       ,.  .     ._^    .    , 

f  ^ -^  ^ —^  ss  652,85  »eoonck.    If  we  eubstitiite  m  \ 

6,15  .  8,02  ^5 1,23  ,  8,02  v^5 

formula  I  =  ^  ^  v^^i  +  \  g  is  4800,  A,  +  A» 

chtain  the  time  for  emptying  of  the  sliiioa : 
2,481)0^10      _,,^^,g,^ 
0,615.  12,5  .  8,02 


10,  F  ss  5  ,  2i  =  12,Sv  «  Oifii 


8  twin.  21,78  tec 


CHAPTER    VI. 


OK  THE  EFFLUX  OF  AtB  FBOM  VESSELS  AUD  TUBEft. 

§  354,  ^^fw^  0/*  5ift//  Mr, — Condensed  air  does  not  flow 
vessels  quite  in  accordance  with  the  law  which  regulates  the  flow 
water,  because  an  expansion  takes  place  during  its  discharge^  wbic 
is  not  the  case  with  water.     But  in  order  to  discover  a  similar  law  fol 

air  and  other  gases,  let  ns  make  the  mechanical  eflect  Qy  ,~,  which 

quantity  of  air  Q  of  the  density  y  requires  to  pass  frora  a  state  of  re 
into  that  of  the  velocity «;,  equal  to  the  mechanical  eflect  Q  p  ht^p^ 

^og.  (^\  found  in  §  298,  which  the  same  quantity  of  air  produces 
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^hen  it  passes  from  a  greater  pressure  p^  to  a  less  p*  If,  therefore, 
p^  be  the  elastic  force  of  air  enclosed  in  a  vessel,  v  its  velocity  of 
efflux  for  the  tension  of  the  external  air,  and  7  its  density,  then 

Qt .—-  ^  Qp  hyp,  log,  (^ ),  therefore^  the  height  due  to  the  vdn- 


When  the  tensions  p  and  p^  differ  little  from  each  other,  when 
pj  —  p  is  ^  i^g  pj  then  we  may  put  i 


P 

^  ^  P-hyp.  log.  (Pi)  -  2,3026  I-  log.  (h), 
2fr^  \p  /  y         \  p  / 

and  the  velocity  itself: 

ms  p  and  p^  differ  little 

then  we  may  put  i 

hyp.  log.  Jb  =  hyp.  log.  A  +  Pi^\  «  Pdf,  and  hence 
P  \  P    /  p 

But  the  height  of  an  external  column  of  air  which  is  in  equilibrium 
by  its  weight  with  the  pressure  p^—p  ( §  294),  is  A  s»  ?oP  ;  hence  we 

^ T 

may  put  the  velocity  of  efflux  1^ »  ^2^  A,  and  a  perfect  analogy  with 
the  efflux  of  water  will  hereby  subsist*  For  high  pressure  this  for- 
mula is  not  of  course  sufficient,  for  in  this  case : 

hyp.  log.  (a\  »  ^i=?  — i  (Eil^y  at  least. 
Hence,  then,  more  accurately : 

or  if  we  represent  the  height  of  the  barometer  by  &,  p  =  b  y,  and 

If  the  discharging  orifice  F  of  the  vessel 
*4B,  Fig.  486,  is  accurately  and  smoothly  ^*s»  ^^^^ 

rounded,  the  particles  of  air  then  tiow  in 
parallel  lines,  and  hence  the  quantity  of  air 
flowing  through  the  orifice  in  each  second, 
and  measured  by  the  height  of  the  external 
barometer,  is : 

Q^  JV=F(i-A^^2^, 
or  more  accurately: 


F^igbhyp.lcg.i^^y 


§  366,  The  above  formulae  do  not  admif  of  direct  application,  be* 
cause  we  cannot  measure  the  internal  or  the  external  pressure  by  the 
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length  b+hj  and  &  of  the  coluoias  of  air*  These  pressures  tregftt^ 
rally  maasured  by  columns  of  ia?al€r  or  mercury.     As  reganfs  the 

quotient^  f^  — ~t  it  is  immaterial  whether  b  and  A  be  expressed  in 

colurans  of  air,  water,  or  mercury,  because  each  reduction  of  fc  and  A 

leaves  the  fraction  ~—  constant,  except  that  the  quotient  c  -»  6,  is 

si  ill  dependent  on  the  temperature  of  the  effluent  air,  and  varies  for 
difierent  kinds  of  gas.  For  atmospheric  air  (§  301),  if  p  represent 
the  pressure  of  air  on  one  square  centimetre,  and  y  the  weight  of  a 
cubic  metre  of  air,  and  t  the  temperature  in  degrees  centigrade,  we 
have  " 

p       1+0,00367.1         ,,       ,,      L     J   r     ^ 

C  ^     ^   ' » — _,  on  the  other  hand,  for  steam. 

y  1,2573 

p       1+0,00367  f 

y  "        0,7857      ' 

If  we  substitute  these  values  In  the  general  formula  for  Pf  we  shaU 

obtain  for  atmospheric  air: 


V  «  395     [{1  +  0,00367  . 1)  k^p.  log,  (^^) 


metres* 


or  -  being  small: 

b  ^_^ 

V  ^  395    [{1+0,00367  ,  I)  ^  metres,  and  for  gteam 

1?  =  500,6   1(1  +  0,00367  •  0  %•  %*  (^T^)  ^^^^^^ 

The  theoretical  discharge  as  estimated  under  the  eicternal  pressure 
is  Q  =  /V,  but  if  this  is  to  be  estimated  at  the  internal  pressure^  we 

must  then  make  QiPi—  Qp,  hence  Q^^^Qi^  ^—L*  Reduced  to  the 

Pi      ^ 
temperature  of  zero,  the  quantity  discharged  is  t 


b+h 


Q.  = 


1  + 0,00367,  < 


,  therefore,  for  atmospheric  air 


[m.395F 


\hypAag.{b+h)-hyp.hg,b  ^^^^  ^^^^^^ 
S  1  +  0,00367  ,  t 

If  equal  masses  of  air  of  different  temperatures  issue  from  different 
orifices  f  and  i\  at  the  same  tension,  we  then  have : 


fi+0; 

V  1  +  0,1 


00367^, 


F        V  1  +  0,00367  f 
If,  for  example,  ^  «  0  and  t^ 


150^a,  we  then  have: 
1,245  F. 


•1,6505  .  F 
If,  therefore,  a  blast  furnace  is  to  be  supplied  with  heated  air  of 
150%  we  must  apply  nozzle  pipes,  which  have  a  one*fourtIi  greater 

transverse  section  at  the  discharging  orifice  than  if  cold  air  were 
be  used. 


tOi 
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For  Prussian  measure,  and  centigrade  scale  of  temperature: 

V  -  1258  -  J  (1  +  0,0€367  t)  hyp,  log.  (~^)f  and  for  steam 

V  -  1595  •  J  (I  +  0,00367  t)  hyp.  log,  (^^). 

For  English  measure,  and  Fahrenheit's  scale  of  temperature  t 
fj  «  12%  -1(1  +  0,00204  t)  hyp.  lag.  (^  +  \  and  for  steam 

t;  »  1642  •  J  (1  +  0,00204  0  A^-  %•  (4^)* 

Exawfk.  In  «  Ihtk*  raa«r¥OJT|  air  at  1 30*  C^  ternperatanft  jb  «aclo«ed,  which  correspondi 
to  th«  hfiiffhi  of  a  raerctiriHl  mftnoiTieter  of  5  inchea,  whilft  the  ^xle^lll]  bammcter 
■laDdi  ai  27,2  i>«:hefl;  wbat  quiuitity  of  air  will  flow  from  ibii  ihrough  a  rounil  aperttim 
1^  inch  wiilo?     It  is; 

—  5»$0580  «  0,16875,  henoc  tha  Teloeity  of  afflm  jaj 

V  »  1258  .  ^(1+0,00367 .  12r>)  0,16875  =i  1268  .  .^Z  h^^^  -  0,16875  «620,2  PmMian 


feet  Now  the  area  of  ibe  orifice  ± 


.^(i)*. 
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^0,01227  square  feei^  henee  it  follows 


that  Ihe  discharge  Q  a 
272 


piesEure,  it  is  ss 


3'22 


I  0,01227  .  6*J0,2  vsi  7,61  cubic  feaL     Estimated  at  the  inieriot 
7^61  ^  6^43  cobiQ  Aet,  and  redoceil  to  the  mean  height  of  the 


barometer,  28  inches  and  0**  temperature  (30  Sngtiih  inches  and  32*  temperaturB  F.), 
the  quantitjr  diicharged  is: 

K  7,fll  .  m. . L_  ^  6,13  cubic  feeL 
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§  356,  I^m:  of  Mr  m  Motion. — The  formula  of  efflux  giiren: 
suppose  the  pressure  Pj  or  the  height  of  the  manometer  k  to  be  mea- 
sured at  a  place  where  the  air  is  at  rest,  or  has  a  lery  slight  motion^ 
but  if  p^  or  A,  18  measured  at  a  place  where  the  air  is  in  motion,  if, 
for  instance,  the  manometer 

Jfj  communicates  with  the  air  ^'^'  ^^'^' 

in  a  conducting  tube  Cf,  Fig, 
487,  we  shall  then  have  to 
lake  into  account  the  tm  viva 
of  the  arriring  air.  If  now  c 
be  the  velocity  of  the  air  pass- 
ing the  orifice  of  the  manome- 
ter we  shall  accordingly  have 
to  make: 

or  if  F  be  the  transverse  section  of  the  orifice,  and  G  that  of  the  tube, 
or  of  the  air  passing  the  orifice  of  the  manometer,  according  to  the 


law  of  Mariotte, 


Fv 


^,  or  Gcp^  =  Fvp^  therefore, 
Pi 


s^-«'D-(5)'(,^)']S-<*''-"*(f> 
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and  the  telocity  of  efflux  in  question: 

J2(rt*,y./.,.(|) 


J-(^)" 


The  velocity  of  efflu%  iSj  therefore,  here  exactly  lilce  that  of  water 

F 
from  vessels,  the  velocity  is  greater,  the  greater  the  ratia  -^  of  the 

tronsverse  section  of  the  orifice  to  that  of  the  tube  or  the  anivifig  cuf- 
rent  of  air.  From  this  it  is  evident,  that  under  otherwise  similar  cIt' 
cumstances,  the  height  of  the  manometer  p^  is  so  mticb  the  less  the 
narrower  the  conducting  lube  is,  or  the  greater  the  velocity  erf"  the  air 
issuing  from  it. 


44_ 

147 


heme  the  theor«tie&[  veJootty  of  eflUi  «i 


K^amphr — I,  A  mettturmr  tnnnometerf  plB^oed  upon  an  air  tube  3}  iiicheft  nrh 
at  2}  triche?^  while  iLic  itif  l!ou  s  ftt>m  i(a  conical  eitremitjT  throush  m  ttnuxl  eri^^e  31 
j[)  duimciterf  wiUi  what  velocity  wilJ  the  oufrent  move?     It  the  extenuij  Intciiicin' 

p,       374  +  ai         30 
sumd  »t  27J  iocjhe*,  we  sliall  then  have  —  ^  — ^rr —  ^  -^  ^  xT  *""** 

G   f ,       \  3,5  /      "        49  ,  la 
a  temperature  of  the  air  10^  C: 
^  ia5S  ,  ^XQ367  ,  hyp,  fef  (ff )        1  a flS  y^  1.0307  ,  0^7  ^ 

a.  The  tenijoii  p^  in  uie  ak  reguktofi  wbere  ibd  ftit  m  without  tnoiioQ,  is 
Ibrmuia, 

>  3,3143  4.  0,0995  _  3^*101. 


1^1  vvu  I7  tttf 


^5^'  '"f  ■  (y)"  %  '  "^'  ^'^  ^^'  ^^*  ^'  ~  *^^  %'  F  + 


0,OB7 
Q,9104  ' 


therefore,  in  the  preiefit  ca»e,  ^  A|^.  b^,  37,5  + 
Hence  U  Jbitowji  that  p^  ^  30,3  inches. 

§  357*  Efflux  under  Decreanng  Pressure. — If  an  air  reservoir  has 
no  iafltiXf  whilst  an  uninterrupted  efflux  goes  on,  the  density  and  ten* 
sion  gradually  diminish  J  and  hence  the  velocity  of  efflux  becoraes  less 
and  less*  We  may  determine  in  the  following  manner  in  mbat  ratio 
this  diminution  is  to  the  time  and  to  its  discharge. 

Let  V  be  the  volume  of  the  reservoir^  k^  the  initial  height  of  the 
manometer,  and  hn  the  height  of  the  manometer  at  the  end  of  a 
certain  time  I,  b  the  height  of  the  external  barometer.  Then  tie 
quantity  of  air  in  the  reservoir  at  the   commencement  reduced  to 

the  external  pressure  »  — ~— ^ ,  and  at  the  end  of  the  time  *, 

m  — —-t    ■->  aiid,  consequently,  the  quantity  discharged  in  the  time 
a 

f,  and  at  the  external  pressure  is : 

v{b+h,)      r(b+h.)      v{b-h.], 

rn   ^  1 -^  — — 1 =■   = 1 


EPFLtrX   tFKDER    DECREASING    PRESSURE. 
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and,  inferseljt  the  height  of  the  manometer  corresponding  to  the  dis- 
charge Vn  is: 

If  we  take  four  intervals,  and  the  initial  height  of  the  manometer 
A^f  and  at  the  end  of  the  time  i »  A^,  and 


A,  =  A.- 


-K 


4    *j  A,  =  An  —  f  (A„  — AJ,  and 
Aj  =  h^ —  J  [hg — A^),  we  shall  then  obtain  by  Simpson's  rule  the  time 

2  4 


^^M{'^)      J^-i-r-C-ii) 


For  moderate  pressures  or  heights  of  the  manometer : 

consequently    f  k^.  tog^  (~T~)  ^  (^~  Jl)  Jl  ^"^ 


If  we  now  take  n  intervals,  and  therefore  the  discharge  for  one  inter- 

val :  — i  s  -^  °-i-— )  ^^  shall  then  obtain  the  corresponding  element 
"  no 


n 
of  time  I 


nb 


J 


2^^ 


A*^ 


F(A. 


-m(*^+S) 


2yte 
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Now  if  we  substitute  Amt  A;  A^  A^,  A^  .  .  •  .  A.,  we  ihall  then  ob- 
tain the  sum  of  all  the 

(  V=*!L)  A"*  -  2(A,*-A,*)  -  £{•  h.-s/  h^). 

and  the  sum  of  all  the 

(V=*i)  A*  -  }(A»J-4.  J)  -  f  (•^-•F.  ), 

'whence  the  sum  of  all  the  small  intenrals  of  time,  or  the  wbole  time 
in  which  A*  paaaea  ialo  h^  and  the  qoaatity  of  air 


r.  -  ^^^~*'^  which  flows  oat,  is: 


J,    ....  12A 


approximately 

2  F      ,  .-r       .-r^ 


•J2^6£ 


(^/T._•l^)(l+*^). 


ExampU.  A  90  feet  long  uid  9  feet  wide  ejrUridrioal  ■ir-wsiilator  of  a  bkywing 
machine  is  filled  with  air;  the  height  of  iu  manometer  A  as  10  inches,  and  the  ther- 
mometer ffiaads  at  6^  C.  If  now  a  flow  of  air  takes  plaoe  in  a  space  where  the  height 
of  the  barometer  is  27  inchea,  tfirongh  a  l>incfa  wide  dicalar  oriSee,  then  0ie  qnestioo 
arises,  in  what  time  will  the  height  of  the  manometer  ftO  to  7  inches,  and  what  will 
be  the  corresponding  discharge  1  The  Tolttme  of  the  chamber  is  for  Pmssiaii  measure^— 

Ml  ^  .  5*  .  50a  1250 .  *  a  081,75  ouUo  feet,  hence  the  dinbain  BMMand  at  the 
external  pressure,  is  F,  «   (-— ^)   ^"^  C^—)  '  ^^^^'^  "*  ^^^^  *"***'  *^ 
Now  J  ^f --•  ^^*^  x/l-f  0^00367.  f  ai  12M^  1,03203  mx  1272.  tmd 
Jm  -  (XY  M  -^a0,005454  square  feet,  hence  the  time  of  efflux  in  nwnticw  it 

2.981,75        /     fio-         fTw         10+7\ 
0,005454.1272  \  J  21      'J  2l)  V^  TTW  ) 

»      ^^^'^       .  0,0994  . 1,079a.  30,3  seooodf. 
5,454.1,272 

§  358.  Co-efficients  of  Efflux. — The  phenomena  of  contraction, 

which  we  have  considered  in  the  eflSux  of  water  from  vessels,  occur 

also  in  the  efl9ux  of  air.     If  the  orifice  of  eflSux  be  cut  in  a  thin  plate, 

the  air  passing  through  it  has  a  smaller  transverse  section  than  the 

orifice,  and  on  this  account  the  discharge  is  less  than  the  product  Fo 

of  the  transverse  section  JP  of  the  orifice  and  the  theoretical  velocity  v. 

F 
Let  --1  be  the  ratio  of  the  transverse  section  F.  of  the  blast  to  that  of 
F 

the  orifice  J*,  ^i  ^i  we  then  have  the  effective  discharge  as  for  water: 


CO-EFFlCIfifTTe   OP   EFFLUX, 
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Q^^f,Qw.F,v^^Fv 


Fhglh^.hg.^Piy 


From  the  author's  reduction  of  Koch's  experimentfi  at  pressures  of 
the  manometer  of  from  j  J^  to  J  of  an  atmosphere,  we  may  take  the 
mean  of  ^  =  0,58, 

The  effective  discharge  in  the  issumgof  air  through  short  cylindrical 

adjutages,  is  likewise  less  than  that  determined  theoretically ;  we  have> 

therefore,  to  multiply  this  latter  by  a  number  deduced  from  experi* 

ment^  the  co-efficient  of  efflux,  ^  in  order  to  obtain  the  former ;  only 

F  p 

here  ^  is  not  the  ratio  of  the  transverse  section  ^,  but  the  ratio  -^  of 

F  V 

the  effectiFe  velocity  of  efflux  v^  to  the  theoretical  v,  Koch's  experi- 
ments give  for  the  above  pressures,  in  the  flow  of  air  through  cylin- 
dricat  adjutages,  which  were  nearly  all  six  times  as  long  as  wide,  as 
a  mean  ^  =  0,74, 

ConicaUy  convergent  adjutages,  similar  to  the  nozzles  of  bellows, 
give  a  still  greater  co*efficient  of  eflBux;  a  tube  of  6^  lateral  converg- 
ence in  the  experiments  of  Koch,  gave  when  five  times  as  long  as 
wide,  the  mean  co-efficient  ^  ==  0,85, 

From  this,  therefore,  the  effective  discharge  for  the  flow  of  air 
through  orifices  in  a  thin  plate,  measured  at  the  external  pressure,  is 

Qj  -  751,1  f(i~  *  \    1(1  +  0,00367 1)  |  cubic  feet  (Eng.), 

for  efflux  through  short  cylindrical  adjutages: 

Q, - 958,3 f(^1~^\J(1+  0,00367  t)  ^  cubic  feet, 

and  through  conical  adjutages  of  6^  convergence, 

Q,  =  1090,7  f(i  —  L\    f  (1  +  0,00367  t)  *  cubic  feet.' 

*  Expcriioents  on  the  eiilLtx  of  air  h&Vf  been  undertaker)  hy  YoQi^f,  Schmidt, 
Lagerbjelnit  Koch«  d'Aiibubsoo,  BuiT,  aud  in  later  time,  by  Pocqueu!-*  Saint- Vetiaiit^  wad 
WantxeL  For  an  account  of  ihe  experimenli  of  Young  and  Schmidt,  we  may  lefer  10 
Gilbeft'H  *"  Aiinalen,*'  vol.  22,  1801,  and  voL  6,  IS20,  and  to  Poggendorff"*  "  Annalen/* 
'fol,  2,  1824  J  for  tho§e  of  Koch  and  Bufi,  to  the  **Studien  det  gouingschen  Vereine* 
Wrgmanmacher  Freunde;'  vol.  I,  1824;  vol.  3,  1833;  vol  A,  1837^  and  toI  S^  1838; 
also  in  Poggenrforff's  **Annaren,"  vol  27^  1836,  and  vol.  40,  1S37,  The  experimenti  of 
LagerhjffliTi  are  deficKbed  in  the  Suredish  work^  "HydrauUska  F^radk  of  La^rhjelmi 
ForselleA  och  KaiUteniue,"  1  vtA.  Stoekbolm,  iSlS,  D'AububJon'a  eiperimenta  are  to 
be  fcund  in  the  "  Annales  dei  Mineft,"  vol.  U,  1825;  vol.  13,  1826;  vol  U,  1827,  and 
Ijkewifte  in  his  ^  Trniti  d'  H]rdianli<|iie»"  The  latest  experiments  instituted  in  France 
are  reported  in  the  **  Folyteobmicheti  Ccntialblatt,"  voL  6,  1845,  Most  of  tiiese  experi- 
ments were  made  with  very  narrow  orifices,  and,  therefore,  ac^ircely  answer  the  purpOM 
in  practice.  The  experimerttt  of  d'AubuiAKin  and  Koch  de«CTve  most  considemtion ;  and 
next  to  them  I  perhaps,  thofe  of  Pecqueur;  but  the  most  oxteosive  are  ibose  of  Koch. 
The  wifthed'for  acseotdance  ii  hardly  to  be  met  with  in  Ihe  lesuUi  of  all  theae  experi- 
asente;  Uie  oo^lhcients  of  efllux  found  by  d^Aobui&ion  vary  con^derably  frDm  those 
eaknlated  by  Koch*  The  pounds  for  ray  placing  the  most  confidence  in  theeoHeliicients 
Of  £och,  are  given  in  the  •*AUgemeinen  Magchioeneneyclopildie,''  wnder  the  artksle 
•*  Au*flu2,''  and  In  a  Memoir  of  mine  in  Poggendorjf's  "  Annalen,"  vol.  51,  1840,  [For 
eaten lation*  of  the  above,  and  all  similar  casta,  tbe  co^efllcient  of  I  for  the  Fahfcnheifs 
thermometer  is  0,0f>2039  instead  of  0,00367;  ^ee  above,  p,  34dj)  but  the  de^ees  ooia- 
pated  are  ictually  t  —  32  on  that  Acale.] — Am*  xlo. 
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FLOW   TBHQUCH  TUBM. 


Eiampii.  If  the  two  odflces  of  m  beilowi  togethOT  pomem  mm  atea  ot  3  aqtmxm  iaeikeav 
if«  furdier,  the  prtsPBtire  of  tli«  m&DOifiieter  is  ^  iocheA,  the  cxtefaaJ  buometef  27|  iiiclto»t 
and  die  tempemmfe  (^  th«  air  15^,  ttietn  i«  the  diacharg^  ^ 

—  22,37  .i^  ^1,055.  ^  -121,66  V'O.llSl  ^ 

§  359*  Flow  through  Tubes. — If  the  air  issues  th/ough  a  long  tnfc 
GFf  Fig«  433»  it  has  then  the  resistance  of  frictioa  to  oFercojue  k  , 

Fig,  4fi8. 


the  same  manner  as  water;  this  resistance  may  also  be  measured 
hy  the  height  of  a  column  of  air,  which  has  for  expression 

A^  ™  f        ,  . — ,  where,  as  in  the  conducting  of  water,  v  represents 
d    2g 

the  velocity,  /  the  length,  d  the  width  of  the  tube,  and  f  a  co-efficient 

of  resistance  to  be  determined  by  experiment. 

Numerous  experiments  of  Girard,  d'Aubuisson,  BuBTand  Pecquear, 

lead  to  the  mean  value  f  =  0,024*     From  this,  therefore,  the  resist- 

ance  generated  by  the  friction  of  air  in  tubet  may  be  measured  by 

i      1)* 
the  height  A^  =  0,024  of  a  column  of  air,  or  by  the  height 

'^  d    2g 

I      v^ 
h„  ^  0,0000023  ^  ,  -^  of  a  column  of  quicksilver,  and  the  manome- 
d    2g 

ter  will  stand  at  this  much  less  height  at  the  end  of  the  condacttog 

tube  than  at  the  beginning. 

If  at  the  end  of  a  conducting  tube  of  the  width  <f,  the  manometer 

stands  at  Aj,  whilst  the  air  flows  through  an  orifice  of  the  width  d, 

then  from  what  precedes,  the  velocity  of  discbarge  will  be : 

but  if  Aj  be  the  height  of  the  manometer  at  the  beginning  of  the  con- 
duit, we  shall  then  have : 

d^ 
because  the  velocity  in  tbe  tube  =  ^  u;  hence  in  this  caBe 
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j2»i%%.(i±A.) 


4'  +  [°'-3^C-^.)'](^)*  , 

If,  listly»  the  height  of  the  manometer  A  is  measured  in  the  reser- 
voir at  the  beginning  of  the  conduit,  where  the  air  may  be  regarded 
as  at  rest,  we  then  have : 


J2^i»«,.;«.(^_*) 


1  +  0,024 


J  -   ■    —    d* 
If,  further,  we  put  the  co-efficient  of  resistance  f  for  entrance  into 
the  tube^  which  when  ^j  ^  0,74  amounts  to  0,826^  and,  further,  joiii 
to  it  the  co-efficient  of  efflux  ^  for  the  outer  adjutage,  we  then  obtain 
for  the  Telocity: 


j2,i»^.&^.(i+») 


f  +  0,024  i^ 


1294, 


4i 

t    1(1  +  0,00367  0  Ajp. /Off.  (■ 


+  h] 


1  + 


f  +  0,024  ^ 


feet(Pruss.) 


F 

I  According  as  the  point  of  the  interior  orifice  lies  «  lower  or  higher 

than  the  point  of  the  exterior  orifice,  we  have  to  add  +  *  to  the  quan- 
tity under  the  radical  in  the  denominator.  Moreover,  other  hindrances 
may  present  themselves  in  the  tube,  such  as  curvatures,  contractions, 
and  widenings,  &.c»  Satisfactory  experiments  on  these  obstacles  do 
not  exist,  but  we  may  assume  with  great  probability  that  tbese  resist- 
ances are  not  much  different  from  what  takes  place  in  the  case  of 
water,  because  the  co-efficients  of  efflux^  and  the  eo-efficient  of  fric- 
tion are  nearly  the  same  for  air  as  for  water. 

As  long,  therefore,  as  no  further  eKperimentg  ar«  made  on  this  sub- 
ject, we  may  avail  ourselves  with  tolerable  safety  of  the  co-efficient  of 
resistance  found  for  water  in  investigations  on  the  motion  and  flow  of 
air, 

Eiompte,  Id  the  regtilatof  at  the  hemd  of  a  B2Q  (eel  long  afid  4  bch  wid«  alr^on- 
duQtof,  tjie  mBitnirinl  mar>omerer  ttonds  at  3,1  incht  -whilst  the  extern a1  lAromei^r  ii  4t 
27 j2  ineh^  furthej-,  the  widiJi  of  the  orifice  of  ttie  conicalif  ^wntracied  entremity  of  iha 
eoadttdor  u  2  ineltei,  and  the  tempeivture  of  the  sir  20°  C^  what  quantity  of  aii  will 
this  (xmductaT  deUve;!     It  wiU  bet 

1  +  {  +  0P34  ^  s^  1,82§  -I-  0,024  .  ~ ,  {|)*  =  1,926  +  0»024  .  !?£-li  »  UBW 
d*  1  Id 

+  1,44  —  3^66;  fiifthef,(l  + 0^367 0%p.fef.  (^\ 
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=  (1  +  0^367  .  90)  kxpM^  (—)  —  h^^  ^  (3,7137—3,0058) 

s  1 ,0734  . 0,1Q79  =  0»n  58 ;  if  now.  further,  we  iatiodiiee  \he  oo-dGci^at  of  ©fflaa,  f»  a 
M,S5,  we  «li»ll  lhen_dbiajn  the  veiocity  of  iow  ; 

vwm 1 — Y-J. ^  201,3  feelj  Bjrvd  taittjr,  the  ducharge* 

W  ■»  ^\  OS  —  ^  !?ll?«  4,30  cubic  fm  (PmiMM). 
4  4         36 


CHAPTER    VII. 


OH  THE  MaTION  OF  WAX£E  IN  CAHALS  AITD  AI7ERS. 

§  360.  Running  Water, — The  doctrine  of  the  motion  of  water  m 
canals  and  rivers^  forms  the  second  main  division  of  bydraulici.^ 
Water  dows  either  in  a  natural  or  in  an  artificial  bed.     In  the 
case,  it  forms  streams^  risers,  brooks ;  in  the  second^  caDals,  ctUi^^ 
drains,  Sic,    In  the  theory  of  the  motion  of  flowing  water,  this  distinc- 
tion is  of  little  moment. 

The  bed  of  a  river  consists  of  the  hatiom  and  the  two  Imnks  or  skorer^ 
The  iraTtsverse  sedwn  is  obtained  by  a  plane  at  right  angles  to  the 
direction  of  motion  of  the  flowing  water.  Its  perimeter  is  that  of  the 
Iransverse  section,  which  again  consists  of  the  mt  and  the  mater  sec- 
tion, A  vertical  plane  in  the  direction  of  the  flowing  water  gives  the 
longitudijuil  iecHon  or  projile*  By  the  slope  or  decHvUy  of  Sowing 
water  is  understood  the  angle  of  inclination  of  its  surface  to  the  hori- 
zon. The  Jalt^  which  is  the  vertical  distance 
of  the  two  extreme  points  of  a  definite  length 
of  the  fluid  surface,  serves  to  assign  3ie 
angle  for  a  definite  length  of  the  flowing 
stream.  For  the  length  of  course,  AD^  /, 
Fig.  489,  EC  is  the  bottom  of  the  channel, 
DH^k  the  fall,  and  the  angle  DAH  =  ff/ 

the  slope  ski,  ^  »  -^  s  absolute  fal]  per 

unit  of  length.* 
§  361.  Different  VelodMes  in  the  Trarhsverse  &(rrt(m.^-The  velocity 
of  water  in  one  and  the  same  transverse  section  is  very  diflerent  at 


Fig.  4a». 


B^— ^ 


*  The  fall  of  braoks  nud  riren  U  very  TOfktus.  The  Elbet  for  example^  ^  tlw 
extent  of  m  Germ&n  mile  from  the  Upper  Elbe  to  Podiebrad,  has  a  fall  of  57  foet,  Bmm 
ihetice  to  LeilnieritK  9  feet,  JVom  there  to  Mflblbetg  a  mean  of  d^B,  and  from  thence  to 
Magdeburg  2^5  feet  Mounloiti  bKioka  have  a  fall  of  from  40  to  400  feet  per  G«m»ll 
mile.  For  further  particulars,  mu  "  VergleicheDde  hydiographiAche  Tabellen,"  im^  VQB 
Stranz.  Caoals  and  other  artiEcml  watej  oondulu  bave  mtich  amaller  faJU.  Here  fiw 
abtolute  fall,  mc  mott,  k  0,001,  often  0,0001,  aadereD  leu.  More  ou  thu  tubj««|  will 
\m  giTen  m  the  Second  Fan. 
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diflerent  points.  The  adhesion  of  the  water  to  its  bed,  and  the  cohe- 
gion  of  the  particles  to  each  other,  cause  those  lying  nearer  to  the  sides 
of  the  bed  to  suffer  some  constraint  in  their  motion,  and  hence,  to  flow 
more  slowly  than  the  more  remote.  For  this  reason  the  velocity  di- 
minishes from  the  surface  downwards  to  the  bed,  and  is  least  near  the 

ie  or  at  the  bottom.  The  greatest  velocity  is  found  for  straight 
rivers  J  generally  in  the  midillej  or  at  that  part  of  the  free  surface  of 
the  water  where  there  is  the  greatest  depth.  The  place  where  the 
water  attains  its  maximum  velocity  is  called  the  tine  qf  current^  and 
the  deepest  part  of  the  bed,  the  mid-channeL 

The  upper  surface  does  not  form  an  exact  horizontal  line,  because 
the  elements  lying  on  the  surface  of  water,  flow  on  with  different  ve- 
locities with  respect  to  each  other,  they  there- 
fore exert  on  each  other  different  pressures ; 
the  quicker  ones  a  less,  and  the  slower  a 
greater  pressure,  and  thus  for  the  maintenance 
of  relative  equilibrium,  the  quicker  elements 
superpose  themselves  on  the  slower.  If  v  and 
V.  are  the  Telocities  of  two  elements  Jtf  and  ^^ 
Fig,  490,  then  according  to  the  doctrine  of  hydraulic  pressure  (§  307) 
the  difference  of  level  of  the  two  elements  is : 

This  diflerence  of  level  is  always  very  small. 
Uj  =  0,9  Vf  and  t?  =  5  feet,  we  then  have  this 

0,19  ,  0,0155  .  25  =  0,0736  feet 


Fig,  490. 


If,  for  example^ 


0,88  inches 


€  = 


-  (1-0,81)  f 

(Eng,),     For  this  reason  the  water  stands  highest  in  the  current,  and 
lowest  at  the  banks. 

In  bends,  the  current  is  generally  near  the  concave  bank. 
§  3/S2.  Permanmi  Motion  of  Waier. — ^The  mean  velocity  of  water 
in  a  transverse  section  is^  according  to  §  308: 

Q        quantity  of  water  per  second 
F  area  of  section 

The  mean  velocity  besides  may  be  further  calculated  from  the  velo- 
cities c^f  c,,  €^f  &c,,  of  the  separate  portions  of  the  section,  and  from 
the  areas  F^^  f*,,  F^,  Slc,     It  is  namely: 

Q  =  F,c,  +  F^c^  +F,c,  +  .,,, 
and  hence  also: 

1^1  +  ^;  +  ..'  . 

Besides  the  mean  velocity,  the  mean  depth  of  water  has  to  be  intro- 
duced, that  is,  the  depth  a  which  a  section  must  have  at  all  points 
that  it  may  have  the  same  area  as  it  actually  has  with  the  variable 
Ilc,     Hence,  therefore, 
F  area  of  sectiojn 


depths  a,,  a 


It  ^v 


breadth  of  section 
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If  the  aeparate  parts  of  the  breadth  i^,  i^»  ij,  hare  the  correspofl 
ing  mean  deptha  a^,  a^,  u^f  &c.,  Fig.  491,  we  then  hare : 

F  =  a  j5j  4-  gJ^^  -I-  •  *  - 1 
^ig-49i,  and  hence  also: 


Lastly  r 


K  +  K  + 


and  if  the 
equal  si^e, 


portions 


A„  &c.,  be 


<^i  4-  flg  +  *  . 

A  river  or  brook  is  in  a  state  of  permanency  when  ao  equal  qoaih 
tity  of  water  flows  through  each  of  its  transverse  sections  in  an  eqt] 
^tune;  wbenj  therefore^  Q  or  the  product  Fc  of  the  area  of  the  sectia 
the  mean  velocity  throughout  the  whole  extent  of  the  stream  is  j 
''^onatmnt  number*     Hence  this  simple  law  comes  out:  in  the 
nml  motion  o/ water ^  the  mean  velocities  in  two  transverse  seciiom  urt 
to  each  otfier  inversely  as  the  areas  of  these  sections, 

^ampla, — L  At  the  ftectioti  of  a  canal,  AMCD,  Fi(r,  491,  it  wm  liTund  that  thr 
Poftion«  of  the  bfvadth  >        -         -        ^,  &£  3,1  fsa%  A,  ^s  5^  Awt,  i,  =k  4,3  f^  | 

Mom  depth  -         -         -         -         .         a,  8  S,5     "     dg  B  4,9     **     0,  3B  3^ 

Cbrrafpofuting  mean  velodtiei       -         -         e^^s  2,9     **     e^^tSJ     **     ^t  ^  ^^^ 
HenOQ  the  area  of  the*e  ptoflks*  F  =^  3^  *  2,3  +  5,4  ,  4,5  -f  4^  .  3,0  ^  44,&6  sqinml 
ffeet,  Btul  tb«  dwchai^ :  ' 

Q  =£3,1  .  2,5  .2,9+  6,4  .  4,§  ,  3.7  +  4^  .  %0  »  3,5  ->  163,&65  cuWo  fM,  audi  lii«  «w 

velP0ityc  =  j|«l!!l?i^«3,4iefecL 

2.  When  a  cut  is  10  conduct  4,6  cubic  feet  of  w iter  with  »  mean  Telocitf  c  of  2  feet,  we 

mun  liieo  gire  lO  It  «.  tnuwrene  ieciion  of  — !-  ^  2,26  a([uare  fboc  areia. — 3,  If  one  ami 

the  lame  eti«atn  b&i  a  mean  vploctty  of  2}  feet  at  a  place  560  fetet  broad  mod  9  lf«£ 
mean  ilcfith^  it  will  tlieii  liave,  at  a  plaee  320  feet  broad  and  7,5  feet  meao  depth,  the 
mean  velociiy 

c»     ^^^    .2,2&  =  igL  =  4.725  f^et, 
320.7,5  ISO 

§  363.  .^eafi  Velocity. — If  we  divide  the  depths  of  water  at  any 
point  of  a  flowing  stream  into  equal  parts,  and  raise  ordin&tes  upon 
them  corresponding  to  the  velocities,  we  shall  then  obtain  a  scale  of 
the  velocity  of  the  current  ^Bj  Fig,  492.  Although  it  raay  be  ^nted 
that  the  law  of  this  scale,  or  of  the  difierence 
of  velocity  is  expressed  by  some  curve,  as 
according  to  Gerstner  by  an  ellipse,  yet  it  is 
allowable,  without  fear  of  any  great  error,  to 
substitute  for  this  a  straight  line,  or  assume 
that  the  velocity  diminishes  uniformly  with 
the  depth,  because  the  diminution  of  veJodty 
downwards  is  always  very  small.  From  the 
experiments  of  Ximenes,  Brimniugs,  and  Funk, 
the  mean  velocity  in  a  perpendicular  cw  =  0,915  c^  where  c^  repte- 


Pig. 

4SS. 

A 

-^- 

-^CO 

n 

^^f 

4 
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sents  the  velocity  at  the  surface,  or  the  maximum  velocity.     The 
Telocity,  therefore,  diminishes  from  the  surface  to  the  middle  M 

by  c^—c^^  {1  —  0,915}  c,  =  0,085  c„ 
andt  consequently,  ihe  velocity  below  or  at  the  foot  of  the  perpendi- 
cular may  be  put  , 

e^  «  c^  —  2  ,  0,085  c^  «  (1  —  0,170)  c^  =  0,83  r^. 
If,  now,  the  whole  depth  =  a,  we  then  have,  by  assuming  a  straight 
line  for  the  scale  of  the  velocities,  the  corresponding  velocity  for  a 
depth  ^Jf  a=  X,  below  the  water 


c,-(c,-c.)^=(l-0,17^)c. 


Further,  let  c.,  c,,  c. 


«)     ''I*     "-jT 


be  the  superficial  velocities  of  a  whole 
transverse  profile  of  not  very  variable  depth,  we  have  then  the  corre- 
sponding velocities  at  a  mean  depth:  0,915  r^^,  0^915  r^  0,915  c^, 
and  hence  the  mean  velocity  in  the  whole  profile: 


0,915  ifs. 


+  c,  +  c,  + 


^.) 


Lastly,  if  we  assume  that  the  velocity  diminishes  from  the  line  of 
current  towards  the  banks,  as  it  does  according  to  the  depth,  we  may 
then  again  put  the  mean  superficial  velocity 


(Cp  +  c^  +  >  ■  +  c^ ) 


0,915  €., 


and  so  obtain  the  mean  velocity  in  the  whole  profile; 

c  ^  0,915  .  0,915  .  c^  =  0,837  ,  c„ 
u  e*  from  83  to  84  per  cent,  of  the  maximum  velocityi  or  of  that  of 
the  line  of  current, 

Prony  deduced  from  Du  Buat's  experiments  conducted  with  very 
small  channels,  and  for  these  cases  perhaps  more  correctly; 


/  7,71  +c^\      ^^^^  English- 


V3,153  +  c,/    "  Vl0,25  +  c, 

For  medium  velocities  of  3  feet  it  hence  follows  that  Cm  =  0,81  c^, 

Ex&mpk,  In  the  Uaa  of  current  of  a  bmok  the  Telocity  of  the  wtttei  it  4  feel,  unci 
the  dfpih  Ci  feet,  we  have  then  tJie  mean  vetocity  at  a  csorre^ponding  perpendunilar 
tm  s^  0,015  *  4  ^  3,66  feet,  antl  that  at  the  bottom  ^  0,83  ,  1  ^  3,32  feel;  further,  the 
velocity  2  feet  below  die  surface  is  i?  =  (I  —  0,17  .  j)  4  =  (I  —  0,057 J  4  b  3.772  feot; 
lastly,  ihe  me«ti  velocity  throughout  the  profile  i«)  r  ==  0,837  .  4  =s  3j348  feet,  and  ao- 

c^jrding  (o  Prony,  c  -a  lb—  ,  4  ==     ^^  .  s=  3,59  feet,* 
13,9?  13,97 

^  364*  The  Best  Farm  of  Transverse  Sections, — The  resistance 
which  the  bed  opposes  to  the  motion  of  the  water  in  virtue  of  its  ad- 
hesion, viscosity,  or  friction,  increases  with  the  surfnce  of  contact  be- 
tween the  bed  and  the  water,  and  therefore  with  the  perimeter  p  of 
the  water  profile,  or  of  the  portion  of  the  transverse  section  which 
comprises  the  bed.    But  as  more  filaments  of  water  pass  through  a 


•  Thb  and  ihe  following  fubjecta  have  b<"eii  fuily  treated  of  umler  the  nrtiele  "  Bewe* 
giirrg  dee  Wiuwterm,"  m  llie  *♦  Allgemeinen  M  BAehjnenencyelopiclie. '  Now  ei}7erimei>Vj> 
and  new  views  may  be  fouml  in  the  folbwing  writings ;  Lalimeyets  **  Erlsbnjngsrtjsuh 
twuber  die  Bewpffung  dee  Waasers  in  Fiustbetteu  utid  Ka^ien.'     Brun^wicliT  l&4d. 
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profile,  the  greater  its  area  is,  so  this  resistaBCe  of  a  filameiit  ioervMM 
also  inversely  as  the  arest  and  hence  on  the  wbok  as  the  quolitiit 

-^  of  the  perimeter  of  the  water  profile,  and  the  area  of  the  whole 

transversp  profile. 

Thai  the  resistance  of  friction  of  a  running  stream  or  river  mjiy  bt 
the  smallest  possible,  we  mast  give  to  its  transrerse  section  ibtt  biM 
for  which  the  perimeter  p  for  a  given  area  is  a  minimum,  or  the  ira 
for  a  given  perimeter  a  maximum.  In  enclosed  conduits,  as,  for  ex- 
ample, pipes,  p  IS  the  entire  perimeter  of  the  figure  formed  bj  tk 
transverse  profile.  Now  of  all  figures  having  an  equal  number  of 
gidei,  the  regular  figure,  and  again,  of  all  regular  figures  that  whidi 
has  the  greater  number  of  sides,  has  for  tlie  same  area  the  least  peri- 
meter;  hence  for  enclosed  conduits,  the  co^efiicient  of  frictioD  comet 
out  the  less,  the  nearer  its  transi^erse  profile  approaches  to  a  regular 
figure,  and  the  greater  its  number  of  sides;  and  the  circle,  which  is  a 
regular  figure  of  an  infinite  number  of  sides,  is  in  this  case  the  prof 
which  corresponds  to  the  minimum  of  friction.  We  must,  thereft 
in  estimating  this  resistance  of  friction,  leave  out  of  our  cousideral 

in  the  quotient  ^  the  upper  side  or  surface  in  contact  with  the 

The  rectangular  and  trapezoidal  sections  are  those  generally  applied 
to  canals,  cuts,  water-courses,  &Cp  A  horizofitil 
line  EFf  Fig,  493,  passing  through  the  centre  M 
of  the  square  JIC^  divides  as  well  the  area  as  also 
fhp  p^rimHpr  into  twn  pqnal  parts,  hence  if  folloni 
that  what  is  true  for  the  square  is  also  correct  far 
these  halves,  and,  accordingly,  of  all  rectangular 
transverse  profiles,  the  half  square  jiE,  or  thai 
which  is  twice  as  broad  as  it  is  deep*  f^rresponds 
to  the  least  resistance  of  friction.  The  regulir 
hexagon  ACE^  Fig.  494,  may  be  likewise  divided 
by  a  horizontal  line  CF  into  two  equal  trapeziums,  each  of  which, 
like  the  entire  hexagon,  has  the  greatest  relative  area,  and,  conse- 
quently, of  all  trapezoidal  profiles,  half  the  regular  hexagon  or  the 
trapezium  JiBCF  with  the  angle  of  slope  JFM  =  BCM  of  60«  is  that 


is  a 

i 


Fig.  4S3. 


Fig.  494. 


Fig.  49.% 


Fig.  4se. 


which,  when  applied,  gives  the  least  resistance  of  friction.  Half  the 
regular  octagon  ^iD£,  Fig-  495,  half  the  regular  decagon,  and,  lastly, 
the  semi-circle  JiDS^  Fig,  496,  afford  under  given  circumstances 
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the  roost  advantageous  transYerse  profiles  for  canals.  The  trape- 
zoidal^ or  half  the  regular  hexagoQ,  gives  a  stil)  less  resistance  than 
half  the  square  or  rectang^Ie,  the  ratio  of  whose  sides  is  1  to  2,  because 
the  hexagon  has  a  less  relative  perimeter  than  the  square.  Half  the 
regular  decagon  gives  a  still  less  friction,  and,  in  general,  the  mini- 
mum of  friction  corresponds  to  the  semi-circle.  The  profiles  of  chan- 
nels of  wood,  stone  or  iron  only,  are  made  semi-circular  and  rectan- 
gular; the  profiles  of  canals,  on  the  other  hand,  which  are  cut  and 
bricked,  are  constructed  of  the  trapezoidal  figure.  Other  figures,  in 
consequence  of  diffieulties  in  the  eicecution,  are  not  easily  applicable* 

§  365.  In  the  case  where  a  canal  is  not  walled  up,  but  dug  out  of 
loose  earth  or  sand,  the  angle  of  60^  slope  is  too  great,  and  the  rela- 
tive slope  cotg.  60°  =  0^57736  too  small,  because  the  banks  would 
not  have  a  sufficient  stability;  we  are,  therefore,  under  the  necessity 
of  applying  the  trapezoidal  profile,  for  which  the  inclination  of  the 
sides  to  the  base  must  be  still  less  than  60"^,  perhaps  scarcely  45^, 
or  even  less*  For  a  trapezoidal  profile 
^BCD^  Fig,  497,  which  has  a  perimeter 
and  area  equal  to  that  of  half  the  square, 
the  relative  slope  =  j,  and  the  angle  of 
slope  hardly  36*^  52^  If  the  height  BE  be 
dinded  into  three  equal  parts,  the  base  BC 
will  then  have  two  of  them,  the  parallel  line] 
AD  ten,  and  each  of  the  sides  JiB  ~  CD 

=  five  parts.  In  many  cases  the  slope  is  made  «  2,  to  which 
belongs  an  angle  of  26^  M\  and  sometimes  it  is  even  made  still 
greater. 

In  every  case  the  angle  of  slope  BJ^E  =  e,  Fig.  498,  or  the  slope 

n  =  ^^  es  cotmg.  e  may  be  regarded  as  a  given  pj^^  493 

quantity  dependent  on  the  nature  of  the  ground  in 
which  the  canal  is  dug,  and  hence  the  dimensions 
of  the  profile  which  offers  the  least  resistance  have 
only  further  to  be  determined.  Let  the  lower 
breadth  5C  ^  ft,  the  depth  BE  —  a,  and  the 
alope  »  n,  we  then  obtain  for  the  perimeter : 

AB+  BC+CD^p^b  +  2  v^cr'+nV  =  fi  +  2  a  v'TT' 

for  the  area: 

F=^  ab  +  naa  =>  « (ft  +  na), 

F 

and  hence,  inversely,  ft  a noi  and  the  ratio: 

a 

If  we  substitute  for  a,  o  4-  a;,  where  » is  a  small  number,  we  may 
then  put : 

P  ^     1 
F      a+x 


f(2^n«  + 


1  — n). 


+  fi+f)(2^n^+l_fl) 
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Now  that  this  value  maybe  greater  not  only  lor  a  poatire,  but  alio 
for  a  negative  value  of  x,  than  the  first 

it  ia  necessary  that  the  member  with  the  factor  x  should  Taniah,  and 
therefore  that  -^  may  become  a  minimum,  we  must  hare 

2v'»»+l— n        1        n   •      J  F 


or  since: 


n»  cotoii|f.  eand\/n*  +  1  »  -^ — ^€?^ 


1        .        F  rin.  e 


fjn.e  2 — eos.% 

Hence,  therefiMrei  the  most  appropriate  form  of  profile  ooirespond- 
ing  to  a  given  angle  of  slope  e^  and  a  given  area  is  determined  by 


J£^"''^*-T— "'^••- 


ExampU,  What  dimensioDs  mut  be  giTen  to  tlie  tnuurttne  profile  of  a  euwl,  wlioM 
banks  are  to  have  40®  elope,  and  which  is  to  conduct  a  quantity  of  wmtar  Qof  75  oobie 

feet,  with  a  mean  Telocity  of  3  feetl    JPm  ^  w  ^  w  35  sqnaia  feet,  heooe  the  depth 


^  _/   25  nn.  40<>       ,    10,64279        «  aao  r    .  .u    i  w j.u  il  ^5 

a  b:    f  _^ ^  5  f  J ^  3  609  feet,  the  lower  breadth  h  i^ 

J  2  — aw.  40®        J  1,23396  3,609 

3,609  cotang,  40<'  s=  6,927  —  4,301  »  3,626  feet  the  slope  or  ont  of  the  banka  -■  3,609 . 
tUang.  4a<»  SK  4,301,  the  upper  breadth  «■  6,927  +  4,301  s  11,238  feet,  the  perimeter  p 

2a  7  218 

^6+  -:— -  ^  2,636  4-    .*   .-o  aas  13,855  feet,  and  the  ratio  determining  theflictiaa 

§  366.  The  dimensions  of  the  most  suitable  profiles  which  corre- 
spond to  difierent  angles  of  slope  and  to  a  given  profile  are  to  be  found 
in  the  following  table. 


UKIFORH    MOTION. 


44& 


Angle  of 
flops. 


ilops. 


XHinenxjoEU  of  transrerae  profile. 


Depth  J 


Lower 
bc«adth  h. 


Absolute 
ilop«  no. 


Upper 

breadth 


Quotieni 


We  see  from  this  table  that  the  quotient  JL  is  least  for  the  semi- 


circle,  namely. 


2,607. 

-7f' 


greater  for  the  semi-bexagoii,  and  greater 


stm  for  the  half  square,  and  the  trapezium  of  36^  52\  &c. 

Examplt.  Wh&i  dimeoftlonj  must  be  given  to  m  profile,  which  has  for  an  area  of  4Q 
sqmte  feet,  a  slope  of  its  banks  of  35^  ?  From  the  preceding  table,  the  depth  a  =  0,697 
y/^  s 4,409,  the  lower  breadth  ^0,439  v'40  s  3,777  feet,  the  afaootute  slope  8=0,995 
^40  ^  6,S93  feet,  the  uppet  breadth  ^  15^393^  mud  the  quotient 

§  367.  Vn^orm  Motion. — The  motion  of  water  in  beds  is  for  a 
certain  tract  either  uniform  or  variabie;  it  is  uniform  when  the  mean 
Yetocity  at  all  transverse  sections  of  this  length  remains  the  same,  and 
therefore,  also,  the  areas  of  the  sections  equal ;  and  yariable,  on  the 
other  hand,  when  the  mean  velocities,  and  therefore,  also>  the  areas 
of  the  sections  vary.     We  shall  treat  first  of  uniform  motion. 

In  the  uniform  motion  of  water  along  the  distance  ^D  =  /,  Fig, 
48£>,  the  whole  fall  HD  =  A  is  expended  in  overcoming  the  friction 
of  the  water  in  the  bed,  because  the  water  flows  on  with  the  same 
velocity  with  which  it  arrives,  therefore,  a  height  due  to  a  velocity  is 
neither  taken  up  nor  set  free.  If  w*e  measure  this  friction  by  the 
height  of  this  column  of  water,  we  may  then  make  the  fail  equal  to 
this  height.  But  the  height  due  to  the  resistance  of  friction  increasei 
38 
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with  the  quotient  ^^  with  /  and  with  the  square  of  the  mean  velocity 
c  (§  329);  hence  then  the  formula  holds  good : 

in  which  S  expresses  a  number  deduced  from  experiment  'which  may 
be  called  the  co-efficient  of  the  renttance  of  friction. 
By  inversion  it  foUowsj 


2.  c 


\^L..2gh. 


In  determining  the  fall,  therefore,  when  the  length,  the  cross  section 
and  the  velocity  are  given,  and  inversely,  in  deducing  the  velocity 
from  the  fall,  the  len^  and  the  cross  section,  we  must  know  the  co- 
efficient of  friction  f.  According  to  Eytelwein's  reduction  of  the 
ninetv-one  observations  of  Du  Buat,  Brunings,  Funk  and  Waltmann, 
i  mi  0,007566»  and  hence 

A  -  0,007665  .  ^  .  — . 
F    2g 

If  we  put  g  »  9,809  met^s  or  31,26  feet  (32,2  feet  English),  we 

have  for  the  metrical  measure 

A-  0,0003856  ^  .c*  andc  -  6,09  J^, 

and  for  the  foot  measure :  

A-0,00011726  ^ .  c*  and  c=92,36     \I^  English  measure 


J^  English 


For  conduit  pipes  -^  at  ^—-  »  —.,  hence  this  formula  gives  for 

pipes  A  »  0,03026  -  .  — -,  whilst  we  have  found  more  correctly  for 
d    2g 

these  (§  331)  for  mean  velocities 

A  »  0,025  -  .  —. 
d    2g 

The  friction,  therefore,  as  mieht  be  expected,  is  greater  in  the  beds 

of  rivers  than  in  metallic  conducting  pipes. 

Exampki,  1.  What  fall  must  be  giren  to  a  canal  of  the  length  I  ss  2600  feet,  lower 
breadth  6  bs  3  feet,  upper  breadth  6|  &a  7  feet,  and  depth  a  as  3  feet,  if  it  is  to  oonduct 
a  quantity  of  water  of  40  cubic  feet  per  second  ?     It  is : 

p^3  +  2^'¥+ym^  10,2ll,/'«^!dl£I?«r  I5and  c  =  12  «  |,  hence  the  fiiU 

«M.gh^  A«0.0001173  .  i?00_^J2!^     (j".  _  0,305.  10,211.  M    _  ^^^^^  ^^^ 

10  Id  .  9 

What  quantity  of  water  does  a  canal  5800  feet  long,  having  a  3  feet  fall,  5  feet  deep,  4 
feet  lower  and  12  feet  upper  breadth  ?     Here : 

p_  ^  4  +  2^-Sqr4»  „  IMO?  «  0,42015: 
F  5.8  40  *  ' 

hence  the  veloriiy 

r^n^    I 3 ^^^^^  »2,35  92,35  ,-.    ._, 

c-i92,35    / 1 =» =  «  -—-■  BB   3,24   feet, 

^0,42015  .  6800       v/0,140<;5.  5800       ^812,29        28,5 
and  the  quantity  of  water  Qxa  Fe^AO  ,  3,24  ^  129,6  cubic  feet,  English  measoie. 
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§  368.  Co-^cients  of  Friction. — The  co-efficient  of  friction  for 
riversy  brooks,  &C.9  the  mean  value  of  which,  in  the  foregoing  para- 
eiraphsy  we  have  taken  at  0,007566,  is  not  constant,  but,  as  in  pipes, 
increases  somewhat  for  small  and  diminishes  for  great  velocities. 
We  have,  therefore,  to  put: 


,.,,(.+f)„,(.+-^). 


The  author  of  the  work  alluded  to  in  §  363,  finds  from  266  experi- 
ments, the  greater  part  of  them  undertaken  by  himself,  for  the  Prussian 


measure 


f  »  0,007409  (1  +  ^jO^\    and  hence  it  follows  for  the 


0,00939  \ 


metre  f  —  0,007409  A  + 

and  for  English  measure  007409  A  +  ^^^^^V 

It  is  manifest  that  these  formulae,  for  a  velocity  c  «  1^  feet,  give 
again  the  above  assigned  mean  co-efficient  of  resistance  ^  «  0,007^6. 
The  following  useful  table  of  the  co-efficients  of  resistance  in  the  me- 
trical measure  serves  for  facilitating  calculation. 


Velocity  c. 

0.1 

0.2 

0,3 

0,4 

0,5 

0,6 

0,7 

0,8 

0,9 

Meter. 

Co-efficient  of  resistance 

C=o,oo 

811 

776 

764 

758 

755 

753 

751 

750 

749 

Velocity  c. 

1 

1.2 

1,5 

2 

3 

Meter. 

Co-efficient  of  resistance 
C«0,00 

748 

747 

746 

744 

743 

The  following  table 

serves  for  the  Prussian  or 

English  measure 

: 

Velodiyc. 

0,3 

0,4 

o,s 

0,6 

0,7 

0,8 

0,9 

1 

1* 

2     3 

5 

10  a 

resistance 

f-0.00 

815 

im 

785 

778 

773 

769 

766 

763 

759 

752    749 

745 

743 

These  tables  find  their  direct  application  in  all  cases  where  the 
velocity  c  is  given  and  the  fall  to  be  found,  and  where  the  formula 
No.  1  of  the  former  paragraph  is  applicable.  But  if  the  velocity  c  is 
unknown,  and  its  amount  to  be  determined,  these  tables  will  then  only 
admit  of  a  direct  application,  when  we  have  already  an  approximate 
value  of  c.     We  may  set  to  work  in  the  simplest  manner  by  deter- 

mining  c  approximately  by  the  formula  c  a  50,9    I— -- ,  and  from 

S  pi 


or 
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this  a  value  of  C,  taken  from  the  table,  and  the  yalae  so  obtained  put 
into  the  formula  

ig     S    ip  S^lp 

From  the  velocity  c,  the  quantity  of  water  is  then  given  by  Ae 
formula  Q  b  Fc. 

I(y  lastly,  the  quantity  and  the  fall  are  given,  and,  as  is  often 
requisite  in  the  construction  of  canals,  it  be  required  to  determine 

the  transverse  section,  we  may  put  Ej «  J!^  {see  Table,  §  366)  and 

c  »  ^  into  the  formula  A  »  0,007666  ^ ,  and  write,  therefore, 

h  «  0,007666^^^,  and  accordingly  determine: 

F  -  (0,007665  ^^^\^  f .  e.,  for  the  metre  F  -  0,0431  (^  ^^^ 

the  English  foot  measure  JP—  0,0268  i^^^}^t>S.  Hence  it  follows, 

approximately,  that  c  at  ^ ;  if  we  take  a  correspondent  value  of  K  fiom 

one  of  the  tables,  more  accurately  F  —  K  .         iy  >    *^**^    hence, 

more  exact  values  for  c  =»  -^, ;?  =»  m  ^  JP,  as  also  for  a,  &,  &c. 

F 

ExampJa. — 1.  What  fall  does  a  canal  1500  feet  long,  2  feet  lower  and  8  feet  upper 
breadth,  and  4  feet  depth  require  to  give  a  discharge  of  70  cubic  feet  per  second?    It  is 

/)  =  2  +  2y/4«+3«  =  12,F  =  5  .  4=:  20,c  s=s  !£  =  3,5,  hence  f  »  0,00748,  and 

A  =0,00748  .1522j-il  .  i!£!.=6,732.0,1902  =  l,28a(Eng.)— 2.Whatdi*chargedocs 

a  brook  40  feet  broad,  4}  feet  mean  depth,  and  46  feet  water  profile,  if  it  has  a  fell  of  10 

inches  for  a  length  of  750  feet?   It  is  about  c  xs=  92,35  .    MO''**^-^^^,        "^     ^rqr^ 

^J  46  .  750  .  12       v^  230 
feet,  and  hence  (  ^  0,00745.    Hence  we  obtain,  more  correctly: 

<«        Fh  4,5 .  40  .  10  1  ^  .Q . .        .  « 1  ,ft  /v_      T   -1 

—  ^  — s=s 1 ^ ss  0,5844,  and  c  =b  6,119  feet.     Lastly, 

'2g       (^       0,00745.46.750.12         1,7112  ' 

the  corresponding  discharge  is  Q  as  4,5 .  40 .  6,1 19  as  1 101  cubic  feet,  (Eng.) — 3.  A  trench 
3650  feet  long  is  to  be  cut,  which  for  a  total  fall  of  1  loot  is  to  carry  off  a  discharge  of  12 
cubic  feet  per  second,  what  dimensions  are  to  be  given  to  the  transverse  profile,  if  it  is  to 
preserve  a  regular  semi-hexagonal  figure?    Here  m  s=s  2,632  (set  Table,  §  366),  hence, 

approximately,  F  =  0,0268  (2,632  .  3650  .  144)^  a  7,665  square  fee^  and  c  »  -ii- 

7,665 
s  1,539  feet.    Hence  (  is  to  be  taken  s  0,00758,  and 
F=z  (o,00758  .  2,632  .  ^650  .  144  \j  _  ^  ^^  ^^^^^^  ^^^    Therefore  the  depth  must 

\  6,44       / 

be  made :  a  =  0,760  ^  F  nz  2,104  feet,  the  lower  breadth  s  0,877  v^jPs  2,428,  and 
the  upper  breadth  =  2  .  2,428  s=s  4,846  English  feet 

§  369,  Variable  Motion. — The  theory  of  the  variable  motion  of 
\«rater  in  beds  of  rivers  may  be  reduced  to  the  theory  of  uniform  mo- 
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tion,  provided  the  resistance  of  friction  for  a  short  length  of  the  river 
may  be  considered  as  constant,  and  the  corresponding  height,  in  like 


manner,  as 


-4 


2«r' 


But}  besides  this,  regard  must  be  had  to 


Tig.  4&9. 


the  vis  viva  of  the  water,  which  corresponds  to  a  change  of  velocity^ 

Let  JIBCD^  Fig.  499,  he  a  short  ex- 
tent of  river,  of  the  length  JiD  =  /,  the 
fall  DH  =  A,  and  let  v^  be  the  velocity 
of  the  arriving,  and  v,  that  of  the  depart- 
ing water*  If  we  apply  the  rules  of 
efflux  to  an  element  D  of  the  surface,  we 
shall  obtain  for  its  velocity  t^^, 


ilk 
2g 


as  regards  an  element  E  below  the  surface,  it  is  true  that  on  the  one 
aide  it  has  a  greater  height  of  pressure  AG  «  JEH;  but  as  the  down- 
stream water  reacts  with  a  pressure  DE^  there  remains  for  it  only 
the  fall  i>/f  ™  EH — £J>,  as  pressure  inducing  motion,  and  so,  for 
this  or  any  other  element,  the  formula: 

answers  \ 


% 

and  if,  further,  the  resistance  due  to  friction  be  added,  we  then 
obtain : 


% 


where  j3,  Fand  v  are  the  mean  values  of  the  wetted  perimeter,  trans^ 
verse  section,  and  velocity.  If  F^  is  the  area  of  the  upper,  and  F^ 
that  of  the  lower  section,  we  may  then  put: 

F  =  :^i^,  and  Q  =.  nt-o «  ^,  ».. 
whence  it  follows  that : 


2g 


F 


'-^[(f.)     (n)J"V/',«    /;») 


1.  A, 


2.  Q' 


ri_2 

If,'    f,' 


1  .  -    /» 


<? 


and 


+  S 


F,_±f\ 


-  — _,,  we  obtain: 

F.  +  K 

\\F/^  F*)j2g' 


as  also 


J 


1-1  + 


ip 


F,  +  F, 


\  \F*  "•■  f,0 


u 


The  corresponding  fall  A  may  be  calculated  by  means  of  the  for- 
mula 1,  from  the  quantity  of  water,  the  length  and  transverse  section 
of  a  river  or  canal;  and>  inversely,  the  quantity  of  water  from  the 
fall,  the  length  and  the  transverse  section,  by  formula  2.  To  obtain 
greater  accuracy,  we  may  make  the  calculation  for  several  short  por- 
tions of  the  river,  and  take  the  arithmetical  mean.     If  the  total  fall 

38* 
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only  is  known,  we  must  substitute  this  at  once  for  h  in  the  last  for- 
mula, and  put 

J_ 1^       J 1^ 

where  Fn  denotes  the  area  of  the  last  section,  and  in  place  of 


ip  /I  1  n 

the  sum  of  all  rimilar  values  of  the  separate  lengths  of  the  river. 


'   K 


A  biook  hat  i)K  a  dlsiaiioe  of  300  feet  a  ftll  of  9^  inohae,  tfaa  mean  peri- 
matar  of  Ita  waiar  pioAla  ia  40  feet,  the  area  of  the  upper  tmnsyerae  profile  70,  that  of 
tha  kywar  60  aqoaie  Ibat;  titei  quantitj  of  water  does  this  brook  diadiarge  1    It  is 

^ »        8,02  v^  OiS  ^ 

I    /^../.«*-«      300.40/1       ,        1    \ 

7,173  7,173  ^ 

—  w  354«43  cubic  feet.    The  mean  Tek>- 


W    60«  70« 


V^,0000731  +  0,0003365      v^,0004096 

locity  U  -.^ —  a  — !-  K  5,453  feet;  hence,  more  accontelj,  (  most  be  takeo 

^0  -f-  t^         130 
^  0,00745  in  place  of  0/X)7565,  and  thatafoie  more  nearly : 

7  173 
Q  K  '  —  «  357,5  cuMc  feet  If  Ae  «me  brook,  with  the  aame 

vA),0000731  +  0,0003314 
head  of  water,  had  for  a  length  of  450  feet,  a  fiUl  of  11  inchea,  and  if  ita  upper  trans- 
Terse  profile  had  an  area  of  50  and  iu  lower  of  60  aquata  faet,and  tha  mean  peiimetBr 
of  the  profile  measured  36  feet,  we  should  then  hava; 

8/)2  v/0,9167 

"    /J L, +  0,00745.  ^^-^^    (—+-?-') 

W    60"  50*  ^    '  110       V  60-  ^    50«  / 

=  8,02     /  0»<^^0'^  ^  3og  o^bio  feet 

W  0,0001 222  +  0,0007436 
The  mean  of  these  two  values  is  Q  »  3^7  .  5  +  308  ^  ^^^^  ^^  ^^^ 

§  370.  In  order  to  obtain  a  formula  for  the  depth  of  water,  let  the 
upper  depth  =»  a^  and  the  lower  s  a^  the  slope  of  the  bed  »  a,  con- 
sequently the  fall  of  the  bed  »  /  dn.  a.  We  then  obtain  the  fall  of  the 
water  A  =  a©  —  ^i  +  ^  ^^-  »>  and  there  results  the  equation: 

'--"•-(■h—r?)^ 


hence  / 


F,+  F,\F,*^  F*}2g 


nn,  • 


The  length  /  which  corresponds  to  a  difierence  a^ — a^  of  the  depth 
of  water,  may  be  determined  by  this  formula.  But  if  the  reverse  pro- 
blem is  to  be  solved,  we  must  do  it  by  the  method  of  appitndmation, 
and  first  determine  the  distances  l^  and  /,  corresponding  to  the  assumed 
depressions  a^ — a^,  and  fli— «,,  and  from  these  calculate  by  a'piDpor- 
tion,  the  depression  corresponding  to  a  given  distance  IJ* 


•  See  "Ingenienr,"  Arithmetik,  $  16,  t. 
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The  formula  is  further  capable  of  iimpHficatian  ^hen  the  breadth 
b  of  the  running  water  is  constant^  or  may  be  considered  as  such. 
In  this  case  we  put: 

/_i 1  \g_fo'-f.*    Q'_(n-J',)(f.+  F.)    v* 

\f,*        F,')  2g  -    F/  F/    •  2g  F*  2i 

^  {°o-«JK+«.)  .  V  approximately  -  2  (^CZfJ  .  V 

and  ukewise: 

p       /  1  1  \<y      ;>(F,'+f.')    V  approximately 

F,+F,  \  F,'  +  F,- )  3g  -  {F^+FjF*    Tg  »PP«'*""»t'^'y 

** — r  .  75-,  hence  /  = r -^~»  and  hence 


( 


1  —  ^  .  ^IL 


The  difference  (a^ — ^aj  of  the  depth  correi^iidingtoa  given  extent 
I  may  be  calculated  directly  by  thi$  formula. 

Bxaff^k.  In  &  horizontal  treoch,  5  feet  broad  and  &00  feet  long,  \i  \»  denied  to  ciiny 
off  &  20  cubic  feet  diacfaarge,  and  to  let  it  ftow  m  Al  a  depth  of  2  feet,  what  depth  wilt 
the  water  at  the  end  of  the  canal  have?     Let  ui  divide  the  whole  length  into  two  e<|wal 
ponkms,  and  determine  from  the  Is^t  fomiuin  the  fall  for  each  of  tliem, 
8410 

Hcfe    the  iifi.  m  ss  0^  f  ^  — 1.  ^  4G0,  and  h   c=^  5 ;  for  the    first   portion   t?    ^ 

20 


Zl_  s  2,  heii!M»  C  B  D,00752,  alio  £l,  : 


0,00762  .  M  ,  i 
10      2fft 


.400i 


0,15877 
0,S379  ' 


2f 

2-^^0,1602  =  1,8308,  and  |»,i 
Vecood  poition : 


m.  2  J  since  ji  ^  S|,  it  follows  that  o^  —  9^  i 

B  0,1692  feet*   Now,  fi^r  die  Beoood  ball;  a,  a 
20 


Eg,2,iii=si  -  ^"^-  ^  2,1S48|  and  the  depmMion  of  the 


(0/)0752  .  Jr.. .  M.  .^\ 
i__L_  ^'^^^  I 
1.8308  ^      2f       / 


400  = 


0,919 


=   0,2173    fe«rt,  h#nce    thfr 


whole  depTeisioii  ^^^  0,169^  -|-  0,$t73  ^  0^386  5,  and  the  depth  of  water  at  the  lower 
end  =  2  —  0,386^  =  1,6135. 

§  371.  Floods. — When  the  depth  of  water  in  rivers  and  canals 
varies^  variations  in  the  velocity  and  discharge  take  place  likewiae- 
A  greater  depth  of  water  not  only  involves  a  greater  section,  but  also 
a  greater  velocity,  and  hence,  for  two  reasons,  a  greater  quantity  of 
water,  and  likewise  a  diminution  of  the  depth  of  water,  gives  a  dimi* 
nution  of  the  section  and  the  velocity,  and  hence  also  a  decrease  of 
the  discharge.     If  the  original  depth  «  a^  and  any  increased  depth 
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«  a^y  the  upper  breadth  of  the  canal  k  6,  then  the  augmentation  of 
the  section  may  be  put «  b  {a^ — a),  and  hence  the  section  afterwards 
flj — a,  jPj  «  F+  b  (ttj — a),  it  also  follows  from  this  that 

-s-  -  1  +  -^^^s — ^,  and 


J^  appniximately-  1  +  ^4=^^. 


If  further  p  be  the  original,  o^  the  increased  perimeter  of  the  water 
profile,  and  e  the  angle  of  slope  of  the  banks,  then 

p.  ,p+ gK-«), hence  &,  1  +  aifL=^,  and 
_        j>nii.«  p     pnn.» 

f£L-l  +  ?i=f,asal«o    l£--i_fL=Lf.. 

Now  the  velocity  with  the  first  depth  of  water  is 

c- 92,35    \—,  and  with  the  second  c^- 92,35    1:^  .  ^ 

hence  we  may  put : 

therefore  the  relative  change  of  velocity : 

K-«)(27.--i-^). 


c  \:i  r      p  sin.  b/ 

On  the  other  hand,  the  ratio  of  the  discharge  is : 


Q-  Fc'V^        F      ;  L    ^  '         ^\2F      psm.B)j 


and  the  relative  increase : 

Q  ^  '         '\2F      psin.  J 

Less  accurately,  but  in  many  cases,  especially  in  broad  canals  with 

little  slope,  we  may  put  F^  <A,  and  neglect  — ; — ,  whence  it  fol- 

p  nn.  B 

lows  more  simply  that : 


?iZ:f.iflZZ5,and 


a 
From  t/dSf  therefarey  the  relative  change  of  velocity  is  ^,  and  the 
relative  change  in  the  quantity  of  water  J,  that  of  the  relative  change 
in  the  depth  of  water. 

Exampkt. — 1.  When  the  head  of  water  increases  J^  of  its  original  amount,  the  velo- 
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Fig,  fiOO. 


1$  iquai©  ll,p  =  3  +  2,3v^2^  ll^SJ  and  tin.  #  =  ^|  =  0,707, 


oitf  b  tben  ^,  and  the  qnatitity  ^^  greater   ikwa  iti  ori^naj  valuer — 2. — When  the 
depdft  dimiEiUlteA  B  per  csenL^  ttie  yeloeUf  then  dimiiii$l)^ 
^  aad  the  <]ttAiititjr  12  pee  cent^^^.  From  tb«  more  cor- 
wet  fttt-mula : 

ft  K»]e  of  the  depth  of  wmer  JT^^  Fig.  500,  may  be  con- 
Btiucted,  on  which  the  ditcharge  of  r  canaJ  carreipandiDg 
to  any  depth  JTX,  mny  be  read  off;  when  die  quanlitjr  of 
water  for  *  oertain  mean  depth  is  once  known.  If  ft  ^  9 
feet,  6j  fi=s  3^  fl  sa  3^  and  e  ^  45*,  wc  llien  have  F  = 
£9  +  3)  3 

2 
hetioe: 

?il^  =  /IjJL ! \  (ii,  —  ft)  1-  (0,750—  0,123)  (a,  —  o)  =  0,627 

Q  \a.l8  11,485.0,707  /  '^  '         >        ^  »  t       /^  . 

(a J  —  a).  If  the  quantity  corresponiling  to  a  mean  head  ©f  water  Q  =  40  cubic  feet, 
we  then  have  Q,  =  40  +  40  .  0,627  (a,  —  a)  =  40  +  °' ""  °.     If  a.  -^  (*  =  0,04 

feet  =  5,76  ]ine«,  it  follows  that  Q;is^4i^  a,  —  a^  0,08  jeet  =?  1 1,5S  lines,  we  then 
ImwA  Q^  =  42  cubic  feet;  if,  further,  a,  ^  a  =s  —  0,04,  tlicn  la  Q^  =  39  ciibic  feet,  &c. 
A  K»le,  therefore^  whoso  interval  are  ZJlf  ^  LN  ^^  5,70  lineft,  givei  the  difcharge 
■oomtely^  to  a  cubic  foot.  Of  course  the  accnmcy  ii  the  leiMv,  die  more  the  head  of  water 
diiBf»  ftom  ft  mean  value. 

Bmtdrk.  The  conductitig  and  carrying  off  of  water  in  canalg,  a»  WeU  aa  the  subject  of 
Weill  ami  dain9»  will  he  fully  treated  of  io  the  Second  Part. 
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UYDROMETEY,  OR  THE  DOCTRIHE  OF  THE  UEASUREMElfT  OF  WATEE. 


Fig.SDl. 


§  372.  Guuges. — The  quantity^  which  a  stream  discharges  m  a 
certain  time,  is  deteriumed  either  by  a  gauge,  by  an  apparatus  of 
effluXj  Of  by  an  hydrometer.  The  most  simple  way  of  measuring 
water  is  by  the  guage,  i.  e,  by  the  use  of  a  graduated  vessel,  but  this 
method  is  only  applicable  to  small 
discharges,  carried  off  by  pipes 
or  small  brooks,  or  drains.  The 
gauge  vessel  is  generally  made  of 
wood,  aod  of  a  rectangular  form, 
and  to  in  crease  its  strength  is  bound 
round  with  iron-hooping.  The 
water  is  conducted  into  it  by  a 
trough  EF,  Fig.  501,  at  whose  ex- 
tremity there  is  a  double  valve  GH^ 
by  which  the  water  may  be  made 
to  flow  at  will  into  the  vessel  ^(\ 
or  by  the  side  of  it.  To  obtain  the 
exact  depth  of  the  body  of  water  in  the  vessel,  a  scale  AX  is  fur 
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ther  applied.     If  before  measurenienti  the  iodex  Z  he  moved  down  i 
to  the  surface  of  the  water,  already  in  the  vessel,  and  merely  coveriag 
the  bottom,  and  the  head  of  water  read  off  from  the  scale,  we  ihall 
obtain  the  height  ZZ  of  the  gauged  water  by  subtraction  of  this  from 
the  head  of  water  which  the  scale  indicates  when  the  index  hand 
is  brought  into  contact  with  the  surface  of  water  at  the  eod  af  ti 
observation.     Before  measurement,  the  valve  must  be  so  placed 
the  water  may  flow  off  outside  the  vessel.     When  we  are  conviticed'! 
that  the  efflux  in  the  trough  is  iu  a  state  of  permanency^  and,  w^tcb 
in  hand,  have  noted  a  certain  moment,  the  valve  must  then  be  ttirnedi, 
so  that  the  water  may  run  into  the  gange  vessel j  and  after  it  is  eithe 
partly  or  entirely  filled,  a  second  interval  is  noted  by  the  watch,  and 
the  valve  again  brought  into  its  first  position.     From  the  mean  sec- 
tion F  of  the  vessel,  and  the  depth  ZZ^  =  a  of  the  body  of  water»  the 
whole  quantity  =  Fa  ma^  be  estimated,  and  again  from  the  time  of^ 
filling  ^,  given  by  the  diflerence  of  the  times  observed,  the  quanlilj' 

Fa 
of  water  per  second  Q  a  — « 

t 

Hmtark.  To  determine  a  variable  quantitjof  eUlus  tt  tmdh  period  c»f  tlie  day,  wc  m«f 

make  OM  i*f  The  apparaius  rcpre*efiled 
in  Fig,  502t  aa  nfitiljcablo  etpociaily 
salt  work^.    There  are  here  tw<»  gau^ 

veiseU,  J  antl  E,  which  -' -*  ly  filll 

and  empty  ihemselvea,  .v  at?*  ' 

whidi  ii  conitw^ie<I  by  tlu  ,  ^  .   ^   ^  .^ts 
thiough  a   sbon   pipe    Ctr,    Which 
rifidlj  coDae(3ied  with  n  lever  B£,  i 
vol  Ting  (iboui  C.     When  one  veasd  <Jl 
beoomea  filled,    the  water  Ihea    fkiw^f 
through  a  «hort  tube  H  IntD  the  htxU 
ve&»e|   Af,  thit  itrawa  the  lever  dowg 
again   on  one  sidci  and    the   pip 
comes   into   »nch   a   petition 
water  i»  condueted  into  B.     Tbe 
ing  up  or  the  valvea  O  AOtJ   P  tatet 
place  by  means  of  stringa  pvaaJQf  aree  ^ 
pulleys,    whose    extremities 
nected  with  the  lever^  aiid  iustsiruedt 
ifOfi  ball?,  Mrhich  imjiart  a  finaJ  iiripulne  to  the  deeient  of  the  leve-r.     The  vetaseli  Jf andl 
N  have  smatl  etflux  oriftceis,by  which  they  empiy  themselves  after  each  reversion  of  lh#l 
lever.   An  apparatus  is  besides  applied,  by  which  the  number  of  auoket  may  be  r«sd  o^" ' 
at  BJiy  time, 

§  373.  Efflux  Reguktors, — Sma)!  and  medium  discharges  are  rery 
frequfutly  Ueteriuined  by  means  of  their  flow  through  a  definite  orifice, 
and  under  a  known  head*  From  the  area  F  of  the  orifice,  the  head 
of  water  h,  and  the  efflux  co-efficient  ;*,  the  discharge  per  second 
Q  =  ft.  F  s/  ^gh  is  given.  The  Poncelet  orifices  are  those  best 
adapted  for  this  purpose,  because  the  co-efficients  of  efflux  of  these 
tinder  diflerent  heads  of  water  are  known  with  great  accuracy  (§  316)t 
still  they  are  applicable  only  to  certain  medium  discharges.  The  author 
availed  himself  of  four  such  orifices  for  his  measurements,  one  of  fivct 
one  often,  one  of  fifteen^  one  of  twenty  centimetres  depth,  but  all  of 
twenty  centimetres  width.     These  orifices  are  cut  oat  of  brass  pbtei, 


Fig.  M3. 
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Fig.  &03. 
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and  fixed  to  a  i^oodeti  frame  JlC^  T\^.  503,  which  i$  fastened  by  four 
strong  iron  screws  to  each  wall.  In  many  cases, 
indeed,  greater  orifices^  the  co-efficients  of  efflux 
for  which  are  not  so  accurately  determined,  and 
sometimes  wiers  must  be  used,  which  admit  gene- 
rally of  a  still  less  accuracy.  In  all  cases,  how- 
CTer,  the  rule  holds  good,  that  we  must  endeavor 
to  g^et  as  complete  and  perfect  a  contraction  as 
possible,  and  for  this  reason  must  give  to  the 
orifice,  if  it  is  in  a  thick  plate,  a  slope  outward.  The  corrections 
which  must  be  applied  for  incomplete  and  partial  contraction,  have 
been  sufficiently  distinguished  in  paragraphs  319,  320,  &c.  To  mea* 
sure  the  water  of  a  brook  we  must  set  the  frame  with  its  orifice,  and 
wait  for  the  moment  when  the  head  of  water  is  permanent.  For  the 
measurement  of  the  head  of  water  we  roust  avail  ourselves  of  the 
index  scale^  Fig,  500,  or  of  the  movable  scale  £F,  Fig,  505.  If  we 
would  note  the  efflux  directly  from  the  apertures  of  sluices,  it  is  better 
to  fix  before  hand  a  pair  of  brass  scales  BC  and  DE,  Fig.  504,  with 


rig.  504, 


Fig,  505. 


their  indices  F  and  G  to  the  slide,  and  to  the  sluice-board  Ji^  in  order 
to  read  off  more  safely  the  height  of  the  aperture.  It  is  generally 
better  for  the  purpose  of  measuring  water,  to  put  on  a  new  sluice* 
board  with  its  guide,  and  with  the  requisite  slope  outwards.  The 
simplest  means  of  measuring  water  in  a  channel,  consists  in  putting 
in  a  board  CD^  with  its  upper  edge  sloped  off,  Fig,  505,  and  measur* 
ing  the  fall  produced  by  it.  If  the  channel  is  long,  and  there  is  little 
rise,  it  is  generally  some  time  before  the  condition  of  permanency  takes 
placet  and  it  is  for  this  reason  good,  before  measurement,  to  put  on  a 
second  board,  so  as  to  impede  the  eJ9ux  of  water  for  a  long  time,  in 
order  to  accelerate  the  rise  to  a  height  corresponding  to  a  state  of  per- 
manency. 

Toineasurethequantityofwater  of  abrook^ 
we  may  dam  it  up  with  posts  and  boards  Fig.  506, 

as  in  Fig.  506,  and  let  the  water  C  run  off 
tlirough  an  aperture,  or  we  may  avail  our- 
selves of  a  simple  overfall  or  wier,  but  of 
this  we  shall  treat  in  the  second  part. 

§  374.  But  as  it  is  often  long  before  a 
state  of  permanency  occurs  in  water  dammed  ^'^'■KSiyR^V^  ^ 

up  by  this  construction,  we  may  adopt  with 
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advantage  the  following  raethod,  first  propo^d  by  Ppooy*  We  m^j 
first  close  entirely  the  aperture  by  a  sluice-board,  and  let  the  water 
rise  to  some  height,  or  as  high  as  circumstances  will  admit,  then  draw 
^/it  so  far  up  that  more  water  may  flow  iii  than  otit,  and  measure  the 
/  heads  of  water  at  equal  and  Tery  short  intervals;  lastly,  the  aperture 
of  the  sluice  must  be  again  perfectly  closed,  and  the  time  t  in  which 
the  water  rises  to  the  first  height,  further  Doted.  In  each  case,  then, 
during  the  whole  time  of  observation  ^+^ii  ^s  much  water  flows  in  as 
outj  and  hence  the  quantity  flowing  in,  in  the  time  ^+'3,  may  be  ^- 
pressed  by  the  quantity  flowing  out  in  the  time  i^.  If  the  heads  of 
water  during  the  depressions  are  A^,  Aj»  A^,  h^^  and  A^,  we  have  thea 
the  mean  velocity  of  efQu% : 

t,  =   ^  (  V  a;  +  4  ^  a;  +  2yfK  +  4  ^^  +  •  AT)  (iaf  §  35lj 


and  if  the  area  of  the  aperture 
efflux  in  the  time  i: 


Ff  we  have  then  the  qaantity  < 


r=  ''^If^^  (  v^A,  +  4  ^k,  +  2  ^  A,  +  4^  A,+  ^  AJ,  and 
quantity  flowing  in  per  second : 


12  ((  +  (,: 


{  *^Ao  +  4*^Ai  +  2^/A,  +  4^*,+  ^Aj» 


Mxan^fh  Td  measure  the  warer  of  m  brook  metl  Jbr  the  drtrjng  of  n  witei^irtiei 
which  haM  b^n  damined  tip  by  a  AluJce,  Fig.  SOO,  alWr  opi^ttiiig  the  recmjigalaf  ^p^ 
tufe,  the  following  U  Dbwrved :  the  origuial  head  of  water  m  2  ftei,  alter  SO^ 
aAer  60^^  1,55  f&et,  rnHet  W  1,3  feet,  aA«r  I^CX'  1,15  feet,  afXer  I5(/'  1,03  f»m,  t 
1S(/'  0,9  tveu  bneodth  of  the  apertora  t  feet,  depth  i  foot,  time  of  finng  m  tbti  ! 
with  akM«d  •perture s^  1 1 0'^  'The  mcftn  velocity  of  efS ox  is: 

8,03  ,      _  _  .  —  , 

''^-^(^'^J  +  4Vlt8  +  2%/i,^5+'lVl.^+»Vi.lS+4^1,05  +  v^  <^ 

0,440(1.414  +  5,364+  2,41)0  +  4,561  +2,145  -j^  4,099  +  0,949)  =  0,440  .  21/m^ 
9,24 S  feet;  but  now  F^2  -i  ^  I  aqimre  foot,  haore  it  follows  thiit  the  tbeotelical  dii- 
charge  is  ^  9,248  cubic  feet.  If  the  ooefiicient  of  efflux  is  taken  wm  0,6 1 1  w«  flnallj  ob^ 
mln  the  quantity  of  water  aoaght; 

^  QM  ■  ISO    Q^4g_3  5015  cubic  feet,  (EngUah.) 

§  375.  7^  "Ptmce  d^Eau,^^  or  Water- hck— To  measure  small 
discharges,  we  arail  ourselves  of  the  flow  through  round  1  inch  wide 
orifices,  in  a  thin  plate,  under  a  given  pressure*  The  dischai^  giTeo 
through  such  an  aperture  under  the  least  pressure,  or  when  the  mr^ 
face  is  only  a  line  above  the  uppermost  position  of  the  orifice^  is  called 
an  inch  of  water.  The  French  assume  for  the  water-inch  (old  Paris 
inetsure)  15  pints,  or  19,1953  cubic  metres  of  water  in  the  24  hours ; 
therefore  in  1  hour  0,7998,  and  in  1  minute  0,0133 cubic  metres;  ye 
older  data,  by  Mariotte,  Couplet,  andBossut,  vary  not  a  little  from  tbi 
above.  According  to  Hagen,  an  inch  of  water  (Prussian  measurejj 
delivers  in  24  hours  520  cubic  feet,  therefore,  in  a  minute,  0,3511 
cubic  feet,  The  double  water  modulus  of  Pmny,  which  correspondi 
to  an  orifice  of  2  centimetres  diameter,  with  a  pressure  of  5  centi- 
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metres,  nnd  discharges  20  cubic  metres 
of  water  in  24  hours,  has  not  been  adopt* 
ed.  The  apparatus  by  which  water  la 
measured  by  the  inch  is  represented  in 
Fig,  507,  The  water  to  be  measured 
flows  through  the  tube  Jl  into  a  box ; 
from  this  it  passes  through  holes  below 
in  the  partition  CD  into  the  box  £,  and 
from  this  through  a  horizontal  row  of 
round  orifices  F,  of  exactly  1  inch  width, 
and  cut  in  tin  plate,  into  the  reservoir  G. 
That  the  surface  of  water  may  stand  a 
line  above  the  heights  of  these  orifices,  it  is  necessary  that  there  be  a 
sufficient  number  of  them,  and  that  a  part  of  them  be  closed  by  stop*- 
pers.  For  great  discharges  the  whole  water  is  divided,  and  in  this 
way  a  part,  only  one-tentn,  is  measured.  This  division  may  be  ac- 
complished easily,  by  first  conducting  the  water  into  a  reservoir,  with 
a  certain  number  of  orifices  al  the  same  level,  and  only  to  receive 
the  quantity  delivered  by  one  orifice  in  the  apparatus  represented 
above. 

Rtmarh  1.  We  may  apply  also  cocks  Btiil  other  reirulaiing  appamlus  to  tUe  meoture* 
merit  of  water,  if  we  know  the  co-pfl!icient  nf  resi§toiice  for  each  finsliion.  If  A  ii  th© 
heatl  of  wqteri  F  llie  tmnrverse  section  of  the  pipe,  and  /it  the  co^ffiieient  of  efflux,  for 
a  eook  quite  opeiied,  we  then  have  the  discharge  Q^/i/^i^gAjOS  invertely, 

r*  ^  7 — :  and  — &( )  ,2  gk    U  now  we  put  the  ci>eflicrefiit  of  f  eeistnoc© 

corresf>oniiinf  «o  a  poBiiioti  of  the  cock,  and  luken  from  tb«  ttibles  aJ read/ given  ^(t  we 
then  kfive  the  csorTe^ ponding  <li9charge: 

Q.  =  F  Jpl.  =.  ^-^VTFa Q 


%/!  +  *.•{ 


J 


'+'<*) -sr. 


For  convenience  sake,  we  mny  constnict  for  oursd»©«  a  table,  »o  that  we  can  flml  al  a 
glance  the  discharge  oot responding  to  b  position  of  the  cock»  or  the  ijo»il>on  of  the  <?qttk 
eOTfe^ponilinf  to  a  given  di«chjirge*  U^  for  example,  |«  ^  0^7  and  J  =s  5  squafv  inolkee, 
we  Imve  then : 

-^      y—  —  5fiBJI      t CTibic  inch©*. 


Qi  = 


259,5 


»i5     / ; CTibic  inch©*,  ■ 

W  1  +  0,49  C  f 

If  now  the  poftitfODt  of  the  oock  ara  at 


V^I  +  0,49.C 

Of  if  A  U  OHUtaiitly  1  foot,  Qi  a       

^1  +  0,49C 
5*   t(F,  IS**,  20«,  Sa*',  kc^  the  co-emcient»  of  resia»nce,  0,057 ;  0,3Wi  0,758  s  1,550; 
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X09\  the  (tUchaf^et  cofretpooding  Id  lliete  ansr  ^5^i   253;  ^30^1  »   aOMi  W\9 

4:ybic  inches 

iScmarib  2.  To  j^Miilaie  the  flow  tlmnigti  nn  orifl^r  D,  Fig.  50S,  w«  owf  Sf>plf  a  *«if 

LS  th«it  Uie  rxrr«9  **€  wRter  froiTi  ihe  pipw  vf  mnx  fl^^'  orrr*  ami  iHat  ii  eoa^mmt  prriiffi 

nny  Lh^  iimmfiiini^l  in  the  n<Mirvoif  |>£.     Thnt  tlicre  mny  b^  no  loit  of  wnu^r,  a  fudc  or 

t  vaire  «^^  Fig.  Si)!),  b  npplietl,  whieli  b  r«gtilati?d  by  «  flimt  IT  acitng  upon  ■  lefW,  •» 

I  wiucr  only  Hows  in  tbitsugtj  B  Qs  flow  a  out  tfarotigii  #*, 

f  SHffe.  FloaHng  Bodies, — The  discharge  of  large  brooks,  ea&alt, 
and  rivers  J  can  be  determined  only  by  an  hydrometer  indicating  \ht 
velocity.     Of  such  instruments  floating  bodies  are  the  most  simple. 
We  may  use  any  floating  body  for  this  purpose*  but  it  is  better  to 
have  bodies  of  a  moderate  size,  which  are  only  a  little  speeificallj 
Jighter  than  water.     Substances  of  about  i*^  of  a  cubic  foot  contei 
re  large  enough*     Very  large  ones  do  not  easily  assume  the  velocil 
of  water,  and  very  small  ones  again,  especially  when  much  above 
water,  are  easily  disturbed  in  their  motion  by  accideatal   circa 
itances,  sometimes  by  the  air  on  the  surface  of  the  fluid-     OfteHi] 
plain  pieces  of  wood  are  sufficient;  it  is  better,  howeTer,  if  they  hi 
A  coating  of  some  bright  varnish,  and  better  still  if  the  floats  are  ' 
low,  such  as  glass  flasks,  tin  balls,  &e.,  because  these  may  be  fiU 
at  will  with  water*    Swimming  balls  are  most  frequently  used.    Thij! 
are  from  4  to  12  inches  diameter »  and  made  of  brass,  and   painted 
over  with  some  light  oil-color,  to  make  them  more  visible  to  the  eye, 
and  have  an  opening  with  a  neck,  that  they  may  be 
filled  with  water  and  stopped,     A  floating  ball,  such 
as  w^t  Fig,  510,  gives  only  the  velocity  at  the  surface 
and  often  only  that  of  the  main  current;  but  by  sus*' 
pending  two  balls  one  to  the  other,  Ji  and  B^  Tip 
511,  we  may  determine  the  Telocity 
*'*«-^**-  at  diflerent  depths.     In  this  case,  the 

one  ball  J9,  which  swims  underwater, 
is  quite  filled  with  the  fluid;  the  other, 
however,  which  swims  on  the  surface, 
is  only  filled  just  enough  to  make  it 
float  a  little  above  the  surface.  Both 
balls  are  connected  with  each  other 
by  a  string  or  wire,  or  by  a  light  wire 
chain.  The  velocity  c^  of  tbe  aurface 
is  first  determined  by  the  single  baU, 
and  then  the  mean  velocity  of  the  two 
observed  by  the  connection  of  balls. 
If,  now,  the  velocity  at  the  depth  of  the  second  ball  be  denoted  by  e,,^^ 

we  may  then  put  c  «  ^L_Z_fi,  and  hence,  inversely,  e,  «  2  e  —  t^^^ 

*  •  ■ 

Whilst  now  both  balls  are  connected  with  one  another  by  longer  and 
longer  wires,  we  may,  in  this  manner,  find  the  velocities  at  greater 
depths.  The  mean  velocity  c  of  a  perpendicular  is  otherwise  given 
if  the  second  ball  is  allowed  to  swim  a  little  above  the  bottom*  and  c 
h  made  =s  2  Cj  —  c^;  still  more  accurately,  however,  if  for  c,  Ihe 
mean  of  all  the  velocities  observed  in  a  perpendicular  be  taken. 
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To  find  the  mean  velocity  in  a  perpendicular,  the  floating  staff  ./f, 

^,,  represented  in  Fig,  512,  is  used.  This  is  particularly  convenient 
for  measurements  in  canals  and  cuts  when  it  is  composed  of  short 
pieces  screwed  together.  The  floating  staff  which  the  author  uses  is 
composed  of  15  hollow  portions,  each  1  decimetre  in  length*  That  i 
this  may  swira  pretty  nearly  upright j  the  lowermost  piece  is  loaded'^ 
^ith  shot  J  so  that  the  lop  Just  rises  above  the  water.  The  number 
of  pieces  composing  the  staff,  depends^  of  course,  on  the  depth  of  the 
canah 

Both  with  the  floating  staff  as  w^ell  as  the  connection  of  balIs^  it  tnay 
be  observed  that  the  velocity  at  the  surface^  M'hen  the  motion  of  the 
water  in  beds  is  unimpeded*  is  greater  than  at  the  bottom,  because  the  , 
top  of  the  staff  swims  in  advance  of  the  bottom,  and  the  upper  biill  ii^l 
advance  of  the  lower.     In  contraction  only,  for  example^  when  the 
water  is  dammed  up  by  piles,  &,c.,  does  the  contrary  take  place, 

iUrrwrk*  Ai  a  rule,  eapocmlly  wiih  lnrg6  and  flouting  bodif^e,  aa  ships,  &ct1ic  volo^itjE 
nf  the  swtmniLfig  body  is  BOmetthnt  f^rcnier rhar*  llmtDfiho  water;  noi  st>  *nueh  beonUa 
tlt6«©  lotfies  in  swimmitig  floot  down  an  irjrlined  pjnne  fomn^d  by  thv  HurSktye  of  UiQ 
waier,  but  Ixvaiifte  they  iiikc  none^  or  Bcarccly  »ny,  jTart  in  the  irrL^jiiinr  inttmiite  moti©n7 
of  ilie  wnt^r^  aiill^  Uiq  variation  fur  ainnll  tloating  boilie^  i«  s<}  &l\^[it  \lmt  il  may  bfrj 
neglected. 

§  377,  The  velocity  of  a  floating  ball  is  found  by  noting  the  time 
t  with  a  good  seconds  watch,  or  a  half-second  pendulum  {§  247), 
which  it  takes  while  floating  on  the  water  to  describe  a  measured  dis* 
tance  s,  marked  out  on  the  banks.     Then  the  required  velocity  of  the 

ball  is  c  =  — .  That  the  time  t  corresponding  to  the  space  de- 
scribed along  the  bank  may  he  accurately  found,  it  is  necessary,  with 
the  assistance  of  a  cross  line  or  lines,  to  erect  at  the  opposite  bank  two  ^ 
signal  staves  Cand  D^  perpendicular  at  ^f  and  £,  Fig.  512.  If  we  place  ' 
ourselves  behind  ^  we  may  then  note  the  moment  when  the  float  X^'i 
dropped  in  a  little  above  */?,  comes  into  the  line  .^C^  and  if  behind  B^i 
we  may  then  also  observe  the  time  by  a  watch  held  in  the  hand,  when^f 


Ft|*d]fi. 


Fig.  513, 


the  float  reaches  the  line  BD^  and  we  then  find  by  subtraction  of  the 
times  of  observation,  the  required  fime^  corresponding  to  the  describ- 
ing of  the  space  i.     Besides  the  mean  velocity  c  of  the  water,  the  area 
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F  of  the  transverse  profile  is  further  required  for  determiiiing  ibe  quat}«1 
tity  of  water  Q  =  Fc,  To  find  this  area,  it  is  necessary  to  know  the" 
breadth  and  the  mean  depth  of  the  water.  The  depths  are  measiirrd 
by  a  sounding  rod  AB^  Fig,  513,  having  a  rbomboidal  section,  and  a 
board  B  at  the  foot;  for  greater  depths  we  may  alsM?  use  a  soiiiidifig 
chain,  at  whose  extremity  there  is  an  iron  plate,  which,  in  sinking, 
rests  on  the  bottom*  The  breadth  and  the  abscis&se  corresponding  to 
the  measured  depths,  or  the  distances  from  the  banks  in  canals  and 
small  brooks  EFG^  Fig.  514,  are  found  by  stretching  across  a  mil* 

Ftg.  611.  Fig.  315, 


suring  chain  AB^  or  the  placing  of  a  rod  ri^t  across  the  running 
water.  For  broad  rivers  this  is  determined  by  a  measure  table  *¥, 
which  is  placed  at  a  proper  distance  AO^  from  the  section  EF^  Fig, 
515,  which  is  to  be  measored.  If  ao  is  the  distance  AO  between  A 
and  0,  reduced  to  the  table,  and  if  m  is  placed  in  the  direction 
AO^  and  thereby  also  the  direction  of  the  breadth  ^raade  parallel  til 
the  line  of  breadth  AF  marked  out,  then  each  line  of  vision  will  ic 
tersect  in  the  direction  of  the  points  £,  F^  G,  &c.,  in  the  profile,  the 
corresponding  points  «,y,  g  on  the  table,  and  ^c»  af^  ag^  &c.»  are  tbf 
distances  AE^  AF^  AG^  £c.,  in  the  reduced  measure.  It  is  not, 
therefore,  necessary  on  putting  in  the  sounding  rod,  and  measuriug^ 
the  depths  by  it,  to  measure  the  distances  of  the  corresponding  point «1 
of  the  banks,  if  the  engineer  standing  by  the  measure  table  looks  at  i 
the  sound  on  its  being  put  in,  in  the  line  EF^ 

liy  now  J  the  breadth  EF^  Fig,  514,  of  a  transverse  profile^  consie 
of  parts  &j,  6j,  fij,  &.C*,  and  the  mean  depths  within  those  parts  n,,  «,,  i 
a^^  and  the  mean  velocities  c^  c„  t^^  &c.,  we  have  then  the  area  of 
the  profile: 

F—  a^^  +  aji^  +  ^363+  -  .  •  > 
the  discharge ; 

Q  =  afi^c^  +  d^&^Cj  +  a^h^t^  +  .  .  .  t 
and,  lastly,  the  mean  velocity ; 


^1*1  +  %K  + 


Kramplt.  tn  w  io1«fmbly^  stmjght  and  Lmjibim  ex  tool  of  nv«r,  we  have  wx  lbf»  nydkltt 
poinig  of  portions  of  (lie  brefluitLi : 

5   feel,       IS    feet,       SO  fet-t,       15    fe«t,       7 
The  depths     -         -        -        -         3      **  fl       «  11"  S       **         4 

The  mi^ti  v«tocitief       -        -         1,9   ■^  S^3  **  2,8  **  3,4   **         3,1 
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Hrntx  we  majf  put: 
The  ui-ea  of  the  profile  F 
The  quantity  of  waier  Q 

=£  1 130^9  cubic  Teet    The  meiui  velocity  t 


15  .  1,9  +  72  ,  2,3  +  320  .  2,8  +  120  .  3,4  +  2S  .  2,1 
1156,9 
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:  2,34  feet 


§  378.  The  Tnchomeier, — The  most  eligible  hydrometer  is  the 
tachometer  of  Woltmanni  Fig.  516*  It  consists  of  a  horizontal  axle 
JiBy  with  from  two  to  five  vanes  F,  placed  at  an  inclination  to  the 
direction  of  the  axis,  and  gives,  when  immersed  in  the  water  and 
held  at  right  angles  to  the  direction  of  motion,  by  the  number  of  its 
revolutions  in  a  certain  time,  the  velocity  of  the  ninning  water.  To 
read  off  the  number  of  these  revolutions,  the  axle  has  a  few  turns  of 
a  screw  C^  and  these  work  into  the  teeth  of  a  wheel  i>,  upon  whose 
lateral  surfaces  numbers  are  engraved,  which  give,  by  means  of  an 
index,  the  number  of  revolutions  of  the  wheeL  But  to  be  able  to 
register  a  great  number  of  revolutions  upon  the  axle  of  this  toothed 

_  Fig*  die. 


wheel,  there  is  a  pinion  which  works  into  the  teeth  of  the  wheel 
£,  by  which,  like  the  hands  of  a  watch,  several  multiple  revolutions 
may  be  read  off.  If,  for  example,  each  of  the  two  toothed  wheels  has 
fifty  teeth,  and  the  trundle  ten,  then  the  second  wheel  revolves  one 
tooth  whilst  the  first  advances  five  teeth*  or  the  vanes  make  five  revo- 
lutions, if  the  index  of  the  first  wheel  points  to  27  «  25  +  2,  and 
that  of  the  second  to  32,  the  corresponding  number  of  revolutions  of 
the  vanes  is  accordingly:  =  32  -  5  +  2  =  162.  The  entire  instru- 
ment is  screwed  to  a  staff  having  a  tin  vane  attached^  to  admit  of  easy 

39* 
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ioiaierstoii  in  ihe  wafer,  and  of  being  kept  opposed  to  the  eurfest 
But  that  the  wheel  work  may  only  revolve  dufiiig  the  time  of  obserf** 
tioQ,  the  axis  is  connected  with  a  lever  GO^  wliieh  is  pressed  down 
bj  a  spring,  so  that  the  teeth  of  the  first  wheel  are  tbrown  into  geai 
with  the  screw  only  when  the  lever  is  drawn  up  by  a  ^ling. 

The  number  of  revolutions  of  a  wheel  in  a  certaio  tiioe,  for  exam* 
ple^  in  a  second,  is  not  exactly  proportional  to  the  velocity  of  the 
water^  hence  we  cannot  put  v  ™  &u,  where  u  is  the  number  of  rcTo- 
lutions,  t>  the  velocity,  and  a  a  number  deduced  from  experiments; 
but  rather:  t? « tj,  +  <ni|  or  more  correctly  i?  b  r«  +  *  ti  -^  ^  »**•,, 
or  still  more  correctly ; 

w  —  ft  «  +  ^/v^  +  ^  tt',  where  v^  is  the  velocity*  at  which  the  water  J 
is  no  longer  able  to  turn  the  wheel,  and  i»  and  4  are  oo^efficients  fmi  | 
experiment.  The  constants  t?^,  a  and  4*  are  to  be  deterroioed  for 
each  instrument  in  particular.  With  their  assistance  the  velocity  ts  , 
known  from  a  single  observation,  nevertheless  it  is  always  safer  W\ 
make  at  least  two,  and  to  substitute  the  mean  value  as  the  correct 
one. 

Examph,  If  far  a  viil-whc«]  r^,  es  Q4IO  fv^%  «  ^  0,4!^,  And  i  ==  O,  tlierv^fdre  r  s 
0,11  ^  Df4S  U|  and  we  lisve  by  itti  observatioii  witU  tbit  inatruRu^sil  rotuicl  Lbe  Dumber 
of  leraltltioiia  3IQ  In  SC/'^  tb«a  Uie  correspoDdirig  velocity  [•: 

e  —0,11  +  0,18  ,  Hi  «  0,11  +  l^e  =  1,37  fiset. 


Fi|.  311. 


Hfmark  \,  Tlie  constanta  t^  ■  and  I  depend  prttici patty  on  t!ie 
mngnitude  of  the  anfle  of  imf»»c^  i  «.,  on  llie  angle*  wliich  the  plane 
of  the  fniie  mnkei  with  the  direction  of  tootioo  of  the  wal«tf  and 
lliereforo,  alto,  with  th«  direcUoa  of  the  axis  of  the  wheel  To 
observe  with  tolemUe  acciuzicy  imall  velocitlta,  it  u  well  to  ba:ve 
a  largie  angle  of  imptiTse,  i  «.^  odo  of  70^.  For  the  rest,  it  u  deiifa^ 
hie  BO  have  vanea  of  diOerent  mxc^  and  with  diderent  ftngjes  of 
tmpidia,  and  to  use  the  vane  with  stnalL  angles  of  icnpube  §m 
great  velociiief^  aod  a  »rnftller  one  for  shallow  water. 

^trmark  2.  To  find  the  vetocity  of  the  surface  of  water,  a  cnn]] 
im  wheel  mny  be  U9ckI|  as  r6pf«senled  in  Fig.  517,  and  it»  undar 
part  al lowed  ui  dip  jDto  ilie  water.  The  tiumberof  \tA  revolutions 
Bjay  bci  deteriTiined  by  a  sytlem  of  wheels,  as  in  the  tacbotneier. 


§  379.  To  find  the  constant  or  co-eflScient  of  the  tachometer,  it  is 
necessary  to  set  this  instrument  in  a  stream,  whose  velocity  is  known, 
and  to  note  the  corresponding  number  of  revolutions.  Although  as 
many  observations  only  are  required,  as  there  are  constants,  it  is  still 
safer  to  have  as  many  observations  as  possible,  and  especially  for  very 
difierent  velocities,  because  we  may  then  apply  the  method  of  lenst 
squares,  and  thereby  eliminate  the  effect  of  accidental  errors  of  ob- 
servation. The  velocity  of  the  water  may  be  found  by  the  floating 
ball,  or  by  receiving  the  water  in  a  gauge  vessel,  and  dividing  the 
measured  discharge  by  the  transverse  section.  In  using  floating  balls, 
the  air  should  be  still,  and  the  tract  of  water  straight  and  uniform. 
The  tachometer  is  to  be  held  at  several  places  of  the  space  described 
by  the  floating  ball,  and  it  is  also  requisite  for  accuracy,  that  the 
diameter  of  the  ball  should  be  equal  to  that  of  the  tachometer. 

The  second  method  of  determination  has  several  advantages  iffheti 
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the  water  in  which  the  instruroeat  is  immersed  is  received  into  a 
gauge  vessel*  For  this  purpose,  and  especialjjr  for  adjusttag  the 
nydrometer,  it  is  well  if  the  engineer  can  erect  a  proper  hydraulic 
observatory >  consisting  of  a  vessel  of  efflux^  a  gauge  reservoir,  and  a 
channel  of  communication  betwten  the  two,  With  such  an  arrange* 
raent,  we  may  impart  to  the  water  any  arbitrary  velocity,  because  we 
can  not  only  regulate  the  entrance  into  the  channel,  but  also  the 
motion  by  means  of  boards  placed  in  at  pleasure.  During  ob- 
servations we  must  keep  the  tachometer  at  diSerent  parts  of  the 
transverse  section  of  the  channel,  measure  the  depth  of  this  section 
by  a  scale,  aad,  lastly,  gauge  tbe  water  running  through  in  a  de6mte 
time,  in  the  lower  reservoir  (§  372).  We  obtain  the  area  F  of  the 
transverse  profile  by  multiplication  of  the  mean  depth  with  the  mean 
breadth,  and  the  quantity  of  water  Q  is  found  from  the  mean  trans- 
verse section  G  of  the  gauge  measure,  and  the  height  (s)  of  the  quan- 

tity  which  has  flowed  in  during  the  time  by  the  formula  Q  ^  ^  ;  bat 
the  mean  velocity  of  the  water:  ii  3=  ^ 


^-  follows  from  Q  and  F, 
Fl 


The  corresponding  number  of  revolutions  u  of  the  wheel  is  the 
mean  of  all  the  revolutions  which  are  obtained  when  the  instrument 
is  inme rsed  at  diflerent  breadths  and  depths  of  the  measured  profile. 

If  from  a  series  of  experiments  we  have  found  the  mean  velocities 
Uj,  p^^  r^,  &c,,  and  the  corresponding  number  of  revolutions,  we  then 
obtain  by  substitution  in  the  formula  v  ^  v^^  +  a  u^  or  in  the  more 
correct  one:  t?  »  o«  +  \/v^^  +  ^«*  as  many  equations  of  condition 
for  the  constants  i?^,  a,  ^,  as  there  have  been  observations  made,  and 
we  may  from  these  find  the  constants,  if  these  equations  are  divided 
into  as  many  groups  as  there  are  unknown  constants^  and  these  added 
together  for  as  many  equations  of  condition  as  are  requisite  for  dcter- 
raining  «(,,  a,  and  also  ^  when  required, 

Himark.  If  w«  adopt  the  more  ^iinpte  Jbrmiila  with  Q  ooEiMantif  we  may  than,  ftn«r 

the  metbod  of  least  Bquarea,  put ; 

t  _»(y)'i('>-'Cq>)ifa).„^._3t(^)i(y)— i('»)»(i^ 

wbera  7  ^  _  nnd  y  ^  -t  And  the  lign  2  rcpreieaU  the  nim  of  idi  suoeaitive  iiml)&r 

p  V 

ralues,  for  eiainple,  i  {x)  . 

Eiamptf,  For  II  wnall  tochomeicr  ttie  ve  loci  tie*  are:  0463;  0»Q0&;  0,2  9S;  0,366; 
0,610  metret,  ilie  number  of  levoluiiona  per  iemnd:  0,^)0;  0,835  j  1,467;  IjiOS^  3,142 
rt^quiretl  to  deienntae  the  constants  dc^rres^tondrng  to  this  wheel.  FrOfa  tbe  fbfitiuls 
giveu  in  the  remHrk  it  foUows^  that : 


"i       %      % 


jW 


1S,740, 1  (y)  . 


0,600 


32,759 


0,163    '     a,2DS    '    "  '       '     ""         0,103 

I  (i*)  =  {-J—Y  +  {     ^     Y  +  .  .  =  82,846, 1  OT  —  105,223,  bd4 


I(^}, 


0,600 


0,835 


(0,103)"    *     (0.2O5J 


80,901, 
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100,gg3  .  1S,740  —  iD,96l  .  g3,75B  ^  iaO,5  ^  ^^^^^  ^^ 


82,t^46*  10S,223  — (80,961)^  2162 


M07, 


Fig*  5 IS. 


2102 
Lf  m  this  we  pyt  it  ^  OAt  we  th(?n  obtain  t 

V  =  O.fJfiO  +  0, 1 02  =  OJ  fli ;  ftiPthef ,  u  m 
P  s  0,ni30  +  0, 142  s=  0,  JOa  ;  nmhet,  v  = 
f  =  OpiJflO  -I-  0,249  =  t\;iiH*.  u  E=  1,8)05, 
r  &  O.OiMJ  4-  ^,^^'7  —  '^^^'" ;  In^tly  "  =^  3,142, 

thirerore^  the  calculated  valuer  ttgrr«  Tiefy  well  with  the  cibaerTeiJ- 

§  380*  Pifofs  Tuhe. — Other  hydrometers  are  not  so  satisfaeton^  as 
the  tachometer,  for  they  either  admit  of  less  accuracy,  or  they  are 
more  complicated  in  their  use.  The  most  simple  instrumetif  of  this 
kind  is  PitaVs  tube.  Id  its  simple^  form  it  consists  of  a  bent  glass 
tube  ^BC^  Fig.  51 8f  which  is  held  id  the  watef 
in  such  a  manner  that  its  lower  part  stands  bori* 
zon tally,  and  is  opposed  to  the  water.  By  the 
percussion  of  the  water,  a  column  of  water  is  sm^ 
tained  in  this  tube,  which  stands  above  the  lerd 
of  the  exterior  fluid  sutface^  and  the  elevation  DE 
of  this  column  is  greater,  the  greater  the  percus- 
sion or  the  velocity  of  the  water  geoerating  it;  this 
elevation  or  difference  of  level  may  hence  ^rve 
inversely  for  a  measure  of  the  velocity  of  the  water. 
Let  this  elevation  DE  above  the  external  surface 

of  water  =  Aj  and  the  velocity  ^  v^  then  A  k  ^ — ,  where  i^  is  a 

number  derived  from  experiment,  and  we  have  inversely,  r  «  ^  v^  25^ 
or  more  simply :  v  =  4  %/  A.  To  find  the  constant  4^ 
the  instrument  is  immersed  at  a  place  in  the  water 
where  the  velocity  v^  is  known  j  if  the  elevation  is  here 

=  A  J  we  then  have  the  constant  4  »  — =^,  which  is 

to  be  applied  in  other  cases,  where  the  velocity  is  to  he 
determined  with  this  instrument. 

To  facilitate  the  reading  off  of  the  height  A,  the  in* 
strument  consists  of  two  tubes,  as  shown  in  Fig.  519, 
and  from  the  one  a  small  tube  F  is  directed  against 
the  stream,  from  the  other  two  small  tubes  G  and  G^ 
at  right  angles  to  the  direction  of  the  stream,  both  tubes 
are  connected  with  a  single  cock  //,  by  which  the 
water  can  be  retained  in  them.  \^Tien  the  instrument 
is  drawn  out  of  the  water,  we  may  conveniently  read 
off  on  a  scale  attached  to  both  the  tubes,  the  difference 
CD  =  A  of  the  two  columns  of  water.  That  the  water 
in  the  tube  may  not  oscillate  much,  it  is  necessary  to 
make  the  e^tterior  orifices  of  the  tubes  narrow,  and  that 
the  closing  of  them  may  take  place  quickly  and  safely;  the  cock  is 
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provided  with  an  arm  and  an  eren  rod  HK^  which  terminates  above, 
near  the  handle  of  the  instruraent. 

§  381*  IfydroTmtric  Pendulum* — The  hjdrometric  pendulum  has 
been  used  in  preference  by  Ximenes,  Michelottij 
Gerstner  and  Eytelwein  for  the  measureinent  of 
the  velocity  of  running  wnter.  This  instrument 
consists  of  a  quadrant  ^B^  Fig,  520,  divided  into 
degrees  and  smaller  parts,  and  a  metallic  or  ivory 
ball  A"  of  from  two  to  three  inches  diameter,  sus- 
pended by  a  thread  from  the  centre  C\  the  velocity 
of  the  water  is  given  by  the  angle  ACE^  at  which 
the  thread  when  stretched  by  the  ball  deviates 
from  the  vertical  when  the  plane  of  the  instni- 
raent  m  brought  into  the  direction  of  the  stream, 
and  the  ball  submerged  in  the  water  As  the  angle  rarely  amounts 
to  forty  or  more  degrees,  this  instrument  has  often  the  form  of  a  right 
angled  triangle  given  to  it,  and  the  divisions  made  on  its  horizontal 
arm.  For  the  placing  of  the  index  or  zero  line  in  the  vertical,  it  is 
best  to  use  a  spirit  level  on  the  horizontal  arm  of  the  instrument,  or 
the  ball  itself  may  serve  for  this  purpose*  by  letting  it  be  suspended 
out  of  the  water,  and  the  instrument  revolve  until  the  thread  eoio- 
cidea  with  the  zero  line  of  the  division. 

For  velocities  under  four  feet  we  may  use  the  ivory  ball,  but  for 
greater  velocities  the  hollow  metal  ball.  On  account  of  the  constant 
undulations  of  the  ball  in  the  direction  of  the  motion  of  the  water,  as 
also  at  right  angles  to  the  direction  of  the  current,  the  reading  off  is 
somewhat  difficult,  and  leaves  a  good  deal  of  uncertainty,  for  which 
reason  this  instrument  cannot  be  relied  upon  for  the  more  exact 
numbers. 

The  dependence  between  the  angle  of  deviation  and  the  velocity 
of  the  water  may  be  determined  in  the  following  manner  when  the 
ball  is  not  very  deeply  immersed.  From  the  weight  G  of  the  ball 
and  from  the  impulse  of  the  water  P  ^  f^  fV',  increasing  simulta- 
neously with  the  square  of  the  velocity  v  and  the  section  of  the  ball 
F,  the  resultant  R^  whose  direction  the  thread  assumes,  follows,  and 
is  determined  by  the  angle  of  deviation  ^,  for  which  the  tang.  ^  » 

_  a  — — _,  hence  also  inversely  : 


9J^!l±,^ndv, 


^ 


G_ 


s/  iang,  iJ,  1,  e.  t?  =  4  v^  iang.  ^, 


if  4  represents  a  co^efficient  derived  from  experiment,  which  must  be 
obtained  before  use,  according  to  the  above-mentioned  instructions, 

§  382.  Rheometer, — The  remaining  hydrometers,  such  as  Lorgna's 
water  lever,  Xlmenes*s  water  vane,  Michelotti's  hydraulic  balance, 
Brtinning's  tachometer,  Poletti*s  rheometer,  are  more  complicated  in 
their  use,  and  not  altogether  to  be  relied  on.  The  principle  of  all 
these  instruments  is  the  same,  ihey  are  composed  of  a  surface  of  im- 
pulse and  a  balance,  and  the  last  serves  for  the  purpose  of  giving  the 
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Fig.  521. 


percussion  P  o(  the  water  against  the  former^  but  siuee  tbis  s  ^  Fv'^ 
we  then  have  inversely: 

1/  s     f =3  4  v'  P,  where  4  denotes  a  constant  deduced  from  ex- 

periment  dependent  on  the  mag^nitude  of  the  surface  of  impact  F. 
The  rheomtier^  which  was  lately  proposed  by  Poletti,  and  does  w 
materially  dilTer  from  the  hydroraetric  balan* 
of  Michelottif  consists  of  a  lever  ^B,  Fig,  52 
turning  about  a  fixed  axis  C,  and  an  arm  CD 
which  the  surface  of  impulse,  or  according  to 
Poletii,  a  mere  impulse-staff  is   screwed.     To 
maintain  equilibrium  with  the  percussion  of  the 
w^ater  against  the  surface^  the  boxes  sus|>eDd 
at  the  extremity  A  of  the  lever  are  loaded  wii 
weight  or  shot,  and  to  put  the  empty  balatice  i 
equilibrium   in   still    water,    a    counterpaise 
placed  at  B^  which  makes  up  the  outermost  ei 
of  the  arm  CS.    From  the  weight  put  on  O* 
impulse  P  is  found  by  means  of  the  arm  C^  = 
and  CF—  A  from  the  formula  PA  ==  G«,  whence," 


-  Gj  and 
A 


4^F  =  J^ 


AF 


=-  4  ^  G» 


where  4  is  a  constant  derived  from  experiment. 

lientark.  With  respeci  to  the  last  bytlmmcter,  ample  delm]«  will  be  found  in  Ey 
Weill  *  "  HDndbuehd«rM«*liiinikt>^!tier  Korper  uml  dcrHydraiilik;"  TunfaeT,  inC 
"  yandbtjch  der  Mechnmk/'  vol  'J;  in  Brunniag's  **TreiiiJfie  oq  ihe  velocity  of  i 
wftier^'  in  VenturoliB  •*  Elemetiti   di  Mecca riica  e  dldraulicav'    voL  2. 
Poletd'a  hydrometer^  we  must  refer  to  Djng|er'$  ^Polytecibiif  Journnl/'  yoL  20,  IS^S 
The  hydtomptei  described  in  Steven  son's  trestiie  on  Marine  Surveying  and  HyJ 
is  the  lacbomeier  of  Wotunano,  jff  Dmgltr'i  **  Journal,"  toL  65^  1S43* 


CHAPTER  IX. 


OH    THE    IMPULSE  AND    EESISTANCE    OF   FLt7tDS, 


§  383.  Impulse  and  Resistance  of  Water, — Water  or  any  other  fluid] 

imparts  a  shock  to  a  rigid  body,  when  it  meets  it  in  such  a  manner] 
that  its  condition  of  motion  is  thereby  altered.  The  resistance  which] 
water  opposes  to  the  motion  of  a  body,  does  not  essentially  diflfer  fromJ 
impulse.  The  investigntion  of  these  two  forms  the  third  principa' 
division  of  hydraulics.     We  distinguish  from  each  other: 

1.  The  impulse  of  an  isolated  stream. 

2.  The  impulse  of  a  limited  stream, 

3.  The  impulse  of  an  unlimited  stream, 


IMPACT   OF   ISOLATED   STBEAM5;- 
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Fig*  522* 


An  impulse  of  the  first  kind  takes  place  when  a  body,  for  ittstancet 
the  float  board  of  an  over-shot  water-wheel,  is  opposed  to  a  stream  of 
water  issuing  from  a  reservoir;  an  impulse  of  the  second  kind  occurs 
where  water,  in  a  canal  or  in  a  water-course,  impinges  against  a  body 
which  entirely  fills  up  its  transverse  section,  as  for  instance,  against 
the  float  board  of  an  under-shot  wheel ;  the  third  kind,  lastly,  presents 
itselfj  when  running  water  strikes  against  a  body  immersed  in  it, 
whose  transverse  section  is  only  a  very  small  part  of  that  of  the  cur* 
rent  of  water,  as,  for  instance^  against  the  float  boards  of  a  floating 
mill- wheel. 

We  must  distinguish  the  impulse  of  water  against  a  body  at  rest 
and  against  a  body  in  motion,  and  further,  the  impulse  against  a 
curved  and  against  a  plane  surface,  and  in  this  last  again,  between 
the  perpendicular  and  the  obliqu^impnlsc. 

Let  us  consider  at  once  the  general  case,  namely,  the  impulse  of 
an  isolated  stream  against  a  surface  of  rotation  which  moves  in  its 
proper  axis,  and  in  the  direction  of  motion  of  the  stream. 

§  384.  hnpaci  of  holaied  Streams, — Let  B^C^  Fig.  522,  be  a  sur* 
face  of  rotation,  ^X  its  axis,  and  FJi  a 
fluid  stream  meeting  it  in  this  direction. 
Let  the  velocity  of  the  water  ^  c,  that 
of  the  surface  =  v,  and  the  angle  BTX^ 
which  the  tangent  DT  at  the  extremity 
B  of  the  generating  curve  or  of  each  of 
the  filaments  of  water  BT  leaving  the 
surface,  includes  with  the  direction  of 
the  axis  BE  =i  a;  lastly,  let  us  further 
assume  that  the  water  in  ninning  oQ^ 
from  the  surface  loses  nothing  in  vis  viva 
by  friction.  The  water  strikes  against 
the  surface  with  the  relative  velocity  € — v^  and  hence  leaves  the  sur- 
face with  this,  and  therefore  quits  it  in  the  tangential  directions  TB^ 
TCf  &c.  From  the  tangential  velocity  BD  =  c —  «,  and  the  velocity 
of  the  axis  BE  i=  i?,  the  absolute  velocity  BG  =;  e^  of  the  water  after 
impinging  against  the  surface  is  found  by  the  known  formula: 
Cj«  v^  (e — vy  +  2(€ — v)  V  cos,  a  +  v\ 

But  now  a  quantity  of  water  Q  is  able  to  produce  by  virtue  of  its 

c^  *   *  * 

msviva  the  mechanical  efiect —  .  Qy,  if  its  velocity  c  is  fully  impart- 

ed;  accordingly  the  residuary  effect  of  the  water: 

c  * 
s  -1-  «  Qy;  consequently  the  mechanical  eflfect  distributed  over  the 

surface  is: 


[c'~(c—vf—'i  (c—v)  V 
^8 


i:»— c' 


Or- 

a—v'] 


Or 
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J  C  V — 2  V^ — 2  (C— tr)  t?  €0M.  a 


Qf.le, 


g 

and  the  force  or  the  impulse  of  the  water  in  the  direction  oT 
axis  ts: 

g 
If  the  surface  meets  the  water  with  the  Telocity  u,  we  then  hare : 


P=3  (1 COS.^), 


g 


Of, 


and  if  this  is  without  motion^  therefore,  ti  »  0,  the  impulse  or  hydmu- 
lie  pressure  of  the  axis  comes  out  ;^ 

P^n—eos,a)i,Qr. 
g 
lijbltowsfram  thu^  that  the  imptdie  g/  one  and  the  same  mau  i 
waier  under  otherwise  similar  circumstances  is  proportional  to  the  rela- 
tive velocity  c  ^v  of  the  water. 

From  the  area  Fof  the  transrerse  section  of  the  fluid  stream, M_ 
follows  that  the  quantity  discharged  is  Q  »  Fc\  hence 

e 

and  for  f?  K  0 ; 

g  . 

F^r  Oil  ifitnl  ff<mm>tne  section  of  the  stream^  the  impulse  agmmii 
ol  f§8i  mcrmas  therefore  as  the  square  of  the  velociiy  of  \ 

385-  Impulse  against  Plane  Surfaces. — The  impulse  of  one  ai 
the  same  fluid  stream  depends  priucipally  ou  the  an^Ie  «,  and^ 
which  the  water,  after  the  impulse,  leaves  the  axis ;  it  is  nothing  1 
this  angle  =  0;    and,  on  the  other  haud,  a  maximum,   namelj 

«  2  i£±!l  Q  y,  if  this  angle  is  ISO**,  therefore  its  cosine  ^  — 

g 
where  the  water,  as  represented  in  Fig.  523,  leaves  the  surface  m  a 


Fig.  633, 


Fig.  5i4- 


direction  opposite  to  that  in  which  it  impinges.     This  is  generattj 
greater  for  concave  surfaces  than  for  convex,  because  the  angle  is  there 


I 

I 

I 
I 


I 
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oblique,  therefore  the   cosine   negative  and    1  —  cos,  a  becomes 

1    +  COS,  », 

Most  frequently  the  surface,  as  represented  in  Fig.  524,  is  plane> 
and  hence  »  »  90**»  therefore  cos.  •  «=  0,  and  the  impulse 

p  =,  i  T—2^  -  Qy'f  for  a  surface  at  rest: 
g 

g  %  % 

7%€  normal  impulse  of  water  against  a  plane  surface  %$  therefore 


%r-\B- 


equivalent  to  the  weight  of  a  column  of  water  which  has  for  base  the 
transverse  section  F  of  the  stream^  and  for  altitude^  twice  the  height 

due  to  the  pelocittt  2  h^  2 -, 

% 

The  experiments  made  on  this  subject  by  Michelotti,  Vinee,  Langs- 
dorfj  Bi^ssut,  Morosi,  and  Bidone,  have  nearly  led  to  the  same  results 
when  the  transverse  section  of  the  impinged  surface  was  at  least  m% 
times  as  great  as  that  of  the  stream,  and  when  this  surface  was  twice 
as  far  from  the  plane  of  the  orifice  as  the  thickness  of  the  stream* 
The  apparatus  which  was  used 

for  this  purpose  consisted  of  a  "^"^    * 

lever,  similar  to  that  of  Poletti's 
rheoraeter,  which  received  upon 
one  side  the  impulse  of  the  water, 
and  whilst  its  other  side  w^as  kept 
in  equilibrium  by  weights.  The 
instrument  which  Bidone  made 
use  of  is  represented  in  Fig.  525. 
BC  is  the  surface  impinged  on 
by  the  stream  F^l^  G  is  the 
scale-pan  for  the  reception  of 
the  weights,  D  the  axis  of  rota- 
tion^  KL  counter- w^eights,* 

§  386,  Maximum  Effect  of  Impulse* — The  mechanical  effect  of 
impulse : 

depends  principally  on  the  Telocity  v  of  the  impinged  surface;  it  is, 

*  Tlje  lutest  and  mcNit  fxteiuive  eiperimenta  on  lii*  iiefcitssjorv  of  water  are  tliote 
of  BidonR.  £itl  **  Mrmorie  d»  la  Reaje  Accmk'inJa  4t?lJe  Srktt£e  di  Torino/'  vol  40, 
1S38.  Tliey  w«r«  peribrmed  with  a  velocity  of  at  leo^i  21  feet,  n-riJ  oa  brms  plstea 
of  from  2  te»  9  iaotK^s  tlinnjcitef.  Ifi  generalt  Biidoii£i  Ibitiiil  tlml  the  uotmn.]  impulse 
against  &  plime  surracc  wu  soifii^whnt  greater  tfapn  ^  Fky%fei  Uii>  vttiitttica  la  perhnpa 
to  be  Qttribuied  U>  aji  ftu^mmmtiiin  of  the  levafa^o  wbicb  k  pieduaed  by  tKt>  fa  Hit]  g 
bock  of  the  water.  JSk  £H»oti.eaiin  »  ^  Recherche^  ejip^rim.  aur  ka  loia  de  J&  r^aistnnce 
dm  fluidea/*  Whcm  the  impinged  turface  was  qaite  near  the  oriflce,  Bidone  found  that 
P  was  only  l^^  F  h^i  when,  ftirther,  the  turlhce  lind  a  tmnsret-Be  section  cqiial  to  tbmt 
of  the  Btrcam,  in  which  case  the  water  only  deviated  by  an  acute  angle  b^  ilietif  alW  Bu 
Bust  and  Langidorf,  P  W93  only  ^  F  ky.  L&sUy,  it  bat  been  defluced  by  Bidone  and 
othen  ibflt  the  impulde  u  m  ike  first  momenv  nearly  ai  grait  again  as  the  pemmneitt 
ImpulsflL 
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for  example^  nothings  not  only  for  t?  ^  r,  but  n\so  for  «  ^b  0;  hence 
there  is  a  vebcitj  for  which  the  effect  of  the  impulse  is  a  maxiisuiiL 
It  is  manifest  that  it  only  depends  on  (c — v)  v  beeooiin^  a  mairijiictm. 
If  we  con&ider  c  as  half  the  perimeter  of  a  rectatiglef  atid  w  mb  its  btiet 
we  have  then  its  height  «  c— i?  and  its  area  «  (e — r)  t?.  But  of  ill 
rectangles  the  square  is  that  which  has  for  a  giveD  perimeter  £  c  the 
greatest  area^  hence  also  {c — v)  v  is  a  maximum^  when  c — p  ^f, 

i.e.v  s  ~,  and  we  therefore  obiain  the  ma^diimm  value  of  ike  wtt- 

chanicai  ^ect  of  tke  impulse  whm  the  surface  moves  frmn  ii  with  ittlf 
the  velocity  of  the  water^  and  indeed 

Pv  =  {l—coi.  a)  .  J  .  |!  .  Qy  ^  (1-^*.  m)  .  I  Qhr. 

If  now  a  =  180**^  and  if,  therefore,  the  motion  of  the  water  be  re^ 
by  the  impulse,  we  then  have  the  effect  equal  to  2  ,  J  Qhy  =  QAy* 
if  a  =  90^  i,  €.  if  it  impinges  against  a  plane  surface,  this  eiaci  b 
then  only  J  QAy,  therefore,  in  the  last  case,  the  half  only  of  the  whole 
diftpo sable  effect,  or  that  which  corresponds  to  the  ms  xdva  of  the 
w*ater,  is  gained  or  brought  to  bear  upon  the  surface, 

Exan^ltt. — L  If  a  gtrettm  of  water,  of  40  squAie  inches  mmAver«e  seeikMi,  d«i^ 
quantity  of  5  cubic  feci  per  seijrtnd,  and  itrikes  nomiQUy  againfli  n  plttne    mafba^  t 
eicap^s  with  a  12  fe^t  teUwU^,  the  rfft^ct  of  impuEse  h  thent 

f  Lliii  -_  la)  ,  0,031  .  5  .  62.5  =  e  >  0,031  ,  342,5  sa  5i^lt  tbi^ 


g  \     40 

nnd  the  mecluiEiical  eflect  twougbt  to  bear  upon  the  surface  Pw 


^  Iba.    The  greateet  eflbct  h  for  v  ^^ ^  ^b 


4. 


5.  144 


corre^apoDcilDg  im pulse,  or  hydrauHe  pressure  ^ 


40 
St  .0,0155,  d^^J 


9 


9  feet,  And  indeed  : 


FJ^  Fig*  526,  of  i\4  squiire  inchea  section,  etrikes  witii  n  40  feet  vekicity  iigiKiitBt  an  im- 
rrmvabtei  con*^,  having  an  angle  of  ronvergetice  BJ€  ^  100^,  tt>en  »  the  h|^dnniii^  ^•m- 
aure  in  the  ciire<!tion  of  the  stream  : 

P«  (1  — wt.)  ±Qy^  (1  ^fl».  50°>40  .  0,031  *  -ll.  ,  40  .  62,5 
S 


144 


I  (1—0,54279)  .  K  24  , 


10000 


t  0,35721  .  1377,7  s  403  ,  13  ] 


Fig.  596. 


riff.6f7. 


§  387.  Impuhe  of  a  Limited  Stream. — If  we  add  borders  BD^  CE^ 
to  the  perimeter  of  a  plane  surface  BE^  Fig,  527,  which  project  froio 
the  side  impinged  upon  by  the  water,  then  will  the  water  deviate 
from  its  direction  at  an  obtuse  angle,  in  a  similar  maQQer  as  trom 
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concave  surfaces,  and  hence  the 


il^will  be 


Fig*  6S8. 


greater  than  for  plane 
surfaces/  The  effect  of  this  impulse  depends  priDcipally  on  the  height 
of  the  border  and  the  ratio  of  the  transverse  section  between  the 
stream  and  the  part  confined.  In  an  experiment,  where  the  stream 
was  1  inch  thick,  the  cylindrical  enclosure  3  inches  wide  and  Splines 
deep,  the  water  ran  ofT  almost  in  a  reversed  direction,  and  the  impuUe 

amounted  to  3,93  ^^  Fy;ia  every  other  case  this  force  was  less.   In 

consequence  of  the  friction  of  the  water  at  the  surface  and  the  sides, 

the  theoretical  maximum  value  never  reaches  4  —  F  y. 

In  the  impulse  of  a  limited  stream  FAB^  Fig.  528,  a  rising  at  the 
edges  takes  place;  this  rising  occu- 
pies only  a  portion  of  the  perimeter, 
and  extends  itself^  on  the  other  hand, 
simultaneously  to  the  impinged  surface 
and  the  fluid  stream.  The  impinging 
iffater  takes  the  direction  of  the  un- 
bordered  portion  of  the  perimeter^  and 
here,  therefore,  becomes  deflected  90 
degrees,  whence  the   formula  above 

found  for  the  isolated  stream  P  =  r      ^^  Q  y  holds  good ;  yet  this 

may  also  be  deduced  in  the  following  manner.  If  we  assume  that 
the  velocity  c  of  the  arriving  water  by  the  impulse  against  its  surface 
is  changed  into  the  velocity  v  of  the  surface,  we  may  then  also  assume 

that  a  loss  of  mechanical  effect  ^^     ^^  Q  y  (similar  to  that  in  §  337), 

expended  in  the  division  of  the  water,  is  connected  with  it.    But  now 

the  effect  due  to  the  vis  viva  of  the  arrivine  water  =  _=  Q  y  and  to  that 

of  the  water  going  on  2=  —  Q  y,  hence  it  follows  that  the  mechanical 
effect  imparted  to  the  surface  is: 

PV  =   [C^^ic-Vf-V-]  Jl  Qy  »    (£nil^   Qy.* 

§  388*  Oblique  ImpulMe* — In  oblique  impulse  against  a  plane  sur- 
face, we  must  distinguish  whether  the  water  flnws  away  in  one,  two, 
or  in  all  directions  in  the  plane.  If,  as  in  the  impact  of  limited 
water,  the  surface  ^^B^  Fig.  529,  is  confined  at  three  sides,  so  that 
the  water  can  run  off  only  in  one  direction,  we  have  then  the  hydraulic 
pressure  against  the  surface  in  the  direction  of  the  stream  P  «  (l^a*<  ») 

g 


*  This  formula  will  be  found  spplicsble  heteafler,  wben  we  come  to  tbe  ilieoij  of 

water-wlievU. 
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But  if  the  impinged  plane  BCf  Fig.  530,  is  only  bordered  on  two 
oppositely  situated  sides,  the  stream  then  divides  itself  into  two  ua» 
equal  portions;  the  greater  portion  Qj  takei  the  small  deflexion  c^ 
and  the  lesser  Q^,  the  greater  deflexion  180  —  •;  heoce^  the  wbule 
impube  in  the  direction  of  the  stream  is: 

P  =  (1  _  COS.  •)  ,  ^-^Zl  Q^  ^  +    {1    +    COM.  *)  ,    1^^    Qi  T    ^ 

g  g 

(~^)  r  [(1  —  ^os.  a)  Q,  +  (1  +  COS.  ^)  QJ. 

Now  the  eqailibrium  of  the  two  portions  of  the  stream  requires  that 
the  pressures 

(iSZl)  Y  (1  —  COS.  a)'Qj  and  ^^~^^  y  (1  +  em.  m)  Q^ 

between  them  should  be  equal ;  hence,  also : 

(I  — COS.  a)  Qj  ==  (1  +  COS.  a)  Q^j  or  since  Q^  +  Q^  ^  Q^ 
(1  —  CCS.  ^)  Q^  =  (1  +  COS.  ^){Q—  Q,)»  L  #., 

Q.  -  (ll+i?flJ!))  Q,  and  Q,=  (i^=|^")  Q, 
so  that  the  whole  impulse  tn  the  direction  of  the  stream  is  finally : 

Besides  the  parallel  impulse  P,  acting  in  the  direction  of  the  atream, 
we  distinguish,  further,  the  lateral  imptilse  S^  acting  at  right  Angles^ 
to  the  tlirection  of  the  stream,  and  the  tiortnal  impulse  J^T^  composed 
of  these  two,  and  at  right  angles  to  the  surface.     In  every  ciise  P 
s  JV  sin.  »^  and  5  ^  JV'  cos.  a ;  hence,  inversely^ 


( 


JiT^ 


c  — tJ 


m,  »  Qy  and  S  i 


sin,  2  ft  .  Qy, 


The  normal  impulse^  thereJoTe^  increases  as  the  sine^  the  paraltet 
impulse  as  the  square  of  the  sine  oftlie  angle  of  incidence^  and  the  UUt^ 
rat  impulse  as  double  the  same  angle*  Lastly,  if  the  inclined  surface 
impinged  on  is  not  bordered,  then  the  water  can  spread  orer  it  in  al! 
directions;  the  impulse  is  then  greater,  because  of  all  the  angles  by 
which  the  filaments  of  water  are  deflectedt  a  is  the  least;  and  hence, 
each  filament  which  does  not  move  in  the  normal  plane,  exerts  a 


I 


d 


greater  pressure  than  the  filament  in  this  plane. 
a  portion  Q^  corresponding  to  the  sectors  JlOB 
and  DOE^  Fig*  531 » is  deflected  by  the  angles 
a  and  180°  —  <^,  and  another  Qj,  correspond- 
ing to  the  sectors^ OU  and  BOE,  by  90^,  and 
that  both  portions  exert  a  parallel  impulsei  we 
may  then  put ; 


Let  ns  assume  tha 


Fig.  63  h 


P^ 


Qj  y  sin,  ^  + 


-  Qty*Qi«»-»^ 


g  g 

™  Q,,  and  Qj  +  Q^^Q;  hence  it  follows,  that 
Qj  (1  +  sin.  a^)  =  Q,  and  the  whole  parallel 
impulse  P  = 


^    /  1  -h  nn,  a*     1  +  Wfi,  o*        g 

Although  this  hypothesis  is  only  approxi- 
mately correct,  it  tolerably  well  agrees,  never- 
theless^  with  the  latest  experiments  of  Bidone, 

§  389*  Atiion  of  an  Unlimited  Slrmm. — If  a  body  moves  progres- 
sively in  an  unlimited  fluid,  or  if  a  body  is  put  into  a  fluid  which  is 
in  motion,  it  then  suffers  a  pressure  which  is  dependent  on  the  form 
and  dimensions  of  this  body,  as  well  as  on  the  density  and  on  the 
velocity  of  the  one  or  the  other  mass,  and  in  the  one  case  is  called  the 
remtance^  and  in  the  other  the  impuhe  of  the  fluid*  This  hydraulic 
pressure  arises  principally  from  the  inertia  of  the  water,  whose  con- 
ditioD  of  motion  is  altered  by  striking  against  the  solid  body,  and  also, 
further,  from  the  force  of  cohesion  of  the  particles  of  water,  which  are 
hereby  partially  separated  from  one  another,  or  pushed  aside.  If  a 
body  AC  moves  against  running  water,  Fig,  532,  it  pushes  away 


Fig.  532. 


Fiff>  533. 


^HHI 


before  it  a  certain  quantity  with  an  augmented  pressure.     Whilst  this 

mass  of  water,  by  the  further  advance  of  the  body,  always  increases 

on  the  one  side,  on  the  other  a  constant  flowing  away  lakes  place, 

while  the  particles  lying  near  the  anterior  surface  assume  a  motion 

in  the  direction  of  this  surface.     If  the  moving  mass  of  water  strikes 

against  a  body  at  rest,  Fig.  533,  then  is  there  likewise  an  increased 

pressure  produced  in  front  of  it,  which  causes  the  particles  before  the 

body  to  deviate  from  their  original  direction,  and  to  run  off  at  the 

surface  AB.     When  these  particles  have  reached  the  limits  of  the 

surface,  they  then  turn  and  flow  away  by  the  lateral  surfaces  until 

they  come  to  the  back,  when  they  then  again  immediately  unite,  but 

40* 
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assume  ta  eddftng  motion.  It  is  manifest  that  the  general  dt 
stances  of  motion  of  the  particles  surrounding  the  body  are  the  i 
in  the  impact  of  moving  water  as  in  the  resistance  of  a  body  tibonag 
in  water,  except  that  in  the  eddies  a  difference  so  far  takes  place, 
that  with  short  bodies  the  eddy  in  the  latter  ease  occupies  a  less  space 
than  in  the  tormen  In  both  cases  the  velocity  of  the  particles  in- 
creases  more  and  more  from  the  middle  of  the  anterior  surface  to  iu 
limits,  attnins  its  maximum  at  the  commencement  of  the  lateral  sur- 
faces, where,  for  the  most  part,  a  contraction  takes  place,  graduallj 
diminishes  in  the  water  which  passes  away  at  (he  sides,  and  lastly, 
attains  its  minimum  when  the  water  reaches  the  back  and  passes  into 
a  whirling  motion. 

^  390,  Theoti/  of  Impulse  and  Resistance. — The  normal  pn^ssure 
taries  at  different  points  of  the  body;  it  is  greatest  at  the  middle  of 
the  anterior,  and  least  at  the  middle  of  the  posterior  surface,  and,  next 
to  that,  at  the  parta  of  the  sides  nearest  this;  because,  in  respect  to 
the  body,  there  is  at  the  one  place  rather  a  flow  to,  and  at  the  others 
flow  from  these  surfaces.  If  the  body  be  symmetrical,  as  we  shall 
suppose  it  to  he,  with  respect  to  the  direction  of  motion,  then  the  ag- 
gregate pressures  in  this  direction  counteract  each  other,  and  hence 
only  the  pressures  in  the  direction  of  motion  are  to  be  taken  into  ac* 
count.  But  now  the  pressures  on  the  posterior  surface  axe  opposed 
to  those  on  the  anterior  ;  hence  the  resultant  impuise  or  resistance  ^  j 
the  water  may  he  equated  ta  the  diference  of  pressure  of  the  anterior  | 
and  posterior  surfaces. 

If  we  cannot  assign  the  amount  of  these  pressnresa  priori,  we  may, 
nevertheless,  from  the  great  similarity  of  the  circumstanees  to  the  im- 
pulse of  isolated  streams,  assume  that  at  least  the  general  law  for  the 
impulse  of  unlimited  water  does  not  differ  from  that  of  the  impulse  of 
isolated  streams.  If,  therefore,  F  is  the  area  of  a  surface,  which  is 
impinged  on  by  an  unlimited  current  whose  density  is  7,  with  a  velo- 
city V,  then  the  corresponding  impulse  or  hydrauljc  pftssure  m»y  be 

put  P  »«  f  _  Fjf  where  f  represents  a  number  deduced  (mm  expe- 

rioftent,  dependent  on  the  form  of  the  surface.  But  this  expres^on  Is 
not  only  applicable  to  action  against  the  anterior,  but  ali^o  to  tlB| 
against  the  posterior  surface,  only  that  in  this  last,  when  the  rail 
has  a  tendency  to  flow^  away,  it  consists  of  a  draught  or  negative  pres- 
sure. If  now  FA  Y  is  the  hydrostatic  pressure  (§  276)  against  the 
front  and  back  surface  of  a  body,  the  whole  pressure  against  the  front 

is:  Pj  =^  FAy  +  f, ,  ^  Fft  and  that  against  the  hack :  P.«  FAy 

o 

—  f ,  •  -~  Fy,  and  the  resultant  impulse  or  resistance  of  the  water  is 
2g  * 

then  found : 

p^p~ p,  =  (f , +r») •  i!!  Fr  =  r: |!  F y, if f,  +  ?,  =  ? .  tws 

general  formula  for  the  impulse  of  unlimited  water  is  applicable  to  the 
percussion  of  the  wind  or  to  the  resistance  of  the  air.     Besides  the 
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difference  of  aerodynamic  pressure  at  the  front  and  backt  there  is  fur- 
ther a  difference  of  aerostatic  pressure,  because  the  air  in  front,  in 
consequence  of  its  greater  elasticity,  has  a  greater  density  (7)  than  that 
at  the  back*  For  this  reason,  in  high  velocities^  as  those  of  cannon- 
balls,  the  co-efficient  of  the  resistance  of  air  is  greater  than  that  of 
water, 

Rtmark. — The  ftdlieflfofi  of  a  Cfrriain  qottntitf  of  tdi  or  water  to  the  bod^,  li  a  peculinf 

pbenoineiion  of  tho  impulse  or  resbtance  of  an  utilimitcd  luectium  (water  or  air),  wtKMte 
itiHueni^e  i&  particylarl/  remarkable  in  the  Tariabte  motiort  of  bodiei,  as,  for  exarnpLe,  in 
the  osciilationa  of  the  pendulum-  For  a  bail,  the  air  or  water  adbering  to  ibe  raoiring 
botly  ifl  equal  to  0,0  of  th^  volume  of  the  ImII.  For  a  priirmatic^  body  moved  in  ibe  direc- 
tion of  ita  axis^  the  ratio  of  this  volume  ^  Q,  13 -f- 0^705  ^^— >  where  I  ia  the  lengtb, 

and  F  tiio  traniverse  section  of  the  body.     The«e  relation*,  disoovened  bf  Ba  Buat^  have 
[         been  fhtly  ccmfirmed  bf  tbe  tater  observations  of  Be^sel^  Sabtne,  and  Btiilf. 

§  391*  Impulse  and  Resistance  against  Surfaces, — Tbe  co-efficient 
of  resistance  f,  or  the  number  with  which  the  height  due  to  the  velo- 
city is  to  be  multiplied  to  obtain  the  height  of  a  column  of  water  raea- 
'  suring  this  hydraulic  pressure,  varies  for  bodies  of  difierent  figures, 
*  and  only  for  plates  which  are  at  right  angles  to  the  direction  of  mo- 
tion is  it  nearly  a  definite  quantity.  According  to  the  experiments 
of  Du  Buat  and  those  of  Thibault,  we  may  put  f  ™  1,85  for  the  im- 
pulse of  air  or  w^ater  against  a  plane  surface  at  rest,  and,  on  the 
other  hand,  assume,  but  with  less  accuracy,  for  the  resistance  of  air 
or  water  against  a  surface  in  motion  f  =s  1,40»  In  both  cases, 
about  two-thirds  of  the  whole  effect  are  expended  on  the  front,  and 
one-third  on  the  hack.  The  resistance  which  the  air  opposes  to  a 
surface  revolving  in  a  circle,  has  been  found  by  Borda,  Mutton,  and 
Thibault  to  vary  a  good  deal,  but  may  be  expressed  by  a  mean  of 
C  «  1,5,  If  the  surface  does  not  stand  at  right  angles  to  the  direc- 
tion of  the  motion»  but  makes  with  it  an  acute  angle  a»  we  may 

then,  with  Duchemin,  substitute  for  f ,  --      ,  '■  \  with  tolerable  cor- 

1  +  sm.  sr 

rectness. 

The  impulse  and  resistance  of  unlimited  media  are  also  augmented 

when  the  surfaces  are  hollowed  out  or  have  projecting  edges  at  their 

perimeters,  but  we  have  arrived  at  no  general  results  on  this  subject. 

Exaft^.  If  the  wind  impinges  with  a  30  feet  velocritf  Qgaiait  a  firmly  fixed  wirid-mlli 
Wheelt  which  conaisu  of  fbnr  wings,  of  which  each  has  an  area  of  200  sqitate  feet  and 
75**  inchnation  lo  the  direction  of  tbe  wind,  then  ii  the  impinging  force  of  Iho  wind  in 
it»  directiofii  or  in  that  of  the  axis  of  the  whe^l : 

P  »  135  .  _P  (*^  '^^y     ,  E2f .  4  .  300  ,  0,081  =5  1,85  ,  0,965  ,  6,31  .  800  .  Oi)81 

I  +  (ttii.  75)'     Qff 
=  718^4  ft  Ibfl.,  when  iho  density  of  the  wind  iji  {from  §  301)  taken  at  0,081  lbs. 

Memark,  Views,  with  respect  to  the  imp  also  and  resiaiance  of  un  limited  fluid  a,  entuelr 
at  Tiriance  with  these,  are  pui  forward  in  the  aborc-mentioned  wofk  of  DtJtshemin.  It 
ii  there  main  mined,  for  instance,  that  the  impulse  and  rofliatance  against  ibe  front  sur- 

&oe  of  a  thin  plate  amonnH  io  Q  .  _  ^  A,  ood  is  not  negative  at  tbe  bock,  that  tlie 

imnubea^  0,136  ^  Fyt  <u^^  the  resistance  ^s  0J46  Fy.    It  would  ba  loo  eircuni* 

atantial  bere  to  give  a  deinil  of  tbe  reasons  wliy  the  auibor  cannot  agr«»e  with  the  view* 
of  Duchemin^  but  mote  with  refef«Kee  to  thifl  witl  be  foiind  in  PoiwsebtV  "  Innoductioa 
k  la  m^camqne  industriellei'^  Sd  editioOf  184U 
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§  392,  Impuhe  and  Risistance  to  Bodies, — The  impulse  and  resist, 
ance  of  water  to  prismatic  bodies,  whose  axis  coiocides  with  (lie 
direction  of  motion,  dimintsbes  when  the  length  of  the  body  i*  con- 
siderable. From  the  experimeDts  of  Du  Biiat  and  Duchetiiiii»  llie 
impulse  of  the  front  surface  is  invariable,  and  only  tha  effect  agiixiit 
ihe  back  surface  variable.  To  this  corresponds  the  co-efficient 
Cj  =  1,186,  for  the  total  effect,  however,  with  the  relative  lengfb 

;^  =  0,        1,        2,        3, 

f-1,86;  1,47  J  1,35  J  1,33. 
For  still  greater  ratios  between  the  length  /  and  the  mean  breadth 
^  Fo(  the  body^f  tliminishes,  owing  to  the  friction  of  the  water  at 
the  lateral  surfaces  of  the  body.  From  the  resistance  of  the  water, 
reverse  relations  take  place.  Here,  from  Du  Buat,  for  the  effect  on 
the  front  surface,  Z^^  I  invariably;  for  the  total  effect,  however, 
with 

-^-0,        1,        2.        3, 

f  =  1,25  ;  1»28;  1,31 ;  1,33,  »o  that,  for  a  prism 
which  is  3  times  as  long  as  broad,  the  impulse  is  the  same  as  the 
resistance* 

The  experiments  undertaken  by  Borda,  Hutton,  Vtnce,  Besaguil- 

liers^  Newton,  and  others,  with  angular  and  with  round  bodies,  leave       . 
still  much  uncertainty.     In  what  relates  to  spheres,  it  appears  that  ^1 
for  moderate  velocities  the  mean  co-efficient  for  motion  in  air  or  ^m 
water  =  0,6*     For  a  greater  velocity  and  for  motion  in  air,  accord* 
ing  to  Robins  and  Hutton,  for  the  velocities  ^J 

v=l,        5,        25,      100,    200,    300,    400,   500,    600  metr.M 
f  =  0,69;  0,63;  0,67;  0,71 ;  0,77;  0,88;  0,99;  1,04;  1,10. 
Duchemin  and  Piobert  have  given  particular  formulae  for  the  rate  of 
increase  of  these  co-efficients. 

For  the  impulse  of  water  against   a   sphere,  Eytelweia  found  | 
Z  =  0,7886.* 

£xafi^ff.  If,  tkcoording  to  Borda,  we  pot  the  msisuinae  and  impnet  at  right  angte?  tQ  ! 
the  tixh  of  a  eyiiadm  at  half  a^  great  (u  that  againit »  pamnelopiped  whk^b  haa  the  ( 
mme  dimen»<«nft,  we  then  obtain  for  the  r«aistance  t^  i  '  li-^  ==  *^|6^  ""i**  ^®  impact  J 
=s  J  .  1^47  ^  0,735.  If  we  apply  these  values  to  the  human  body»  whoae  KCttcm  has  J 
ail  afea  of  some  7  iqijare  feeU  we  then  fimi  for  the  resiitance  and  impulse  of  ait  ngftiOMt 
it,  the  valuei: 

P  K  0,64  .  0^155  .  7  .  0,081  ^  b  0,00.^3  v",  umI 

P  &  0,735  .  0,0155  ,  7  ,  0»08t  »•  =  0,00646  w^.  Hence  the  t^itaoce  oi  air  for  ^ 
velocity  of  6  feet  ii  only  0^00562  .  25  ^  0,1405  Ih^.;  and  the  oom«poDding  msdiaiiical 
effect  per  tecond  s  5  .  0,1405  :=  0,70  fl.  lbs.  ^  for  a  velocity  of  10  feet  thii  re«kluic«  ta 
font  dniM,  and  the  effect  expended  eight  timei  as  great,  and  for  a  velocity  of  l5  (feet. 
the  rewitsuice  is  9  limeft  and  the  elfect  27  limes  as  great  as  for  a  5  feet  velocilf.  If  a  ^ 
man,  with  a  5  feet  velocity,  moves  ngainst  wind  havin^j  a  50  feet  velocity,  be  haa  then 
a  re«iilance  0,00646  .  55*  s=  19,54  lbs,  to  overcome,  correaponcling  to  the  relative  Telo- 
city 50+  5  =  55  feet,  aad  thefebf  to  produce  the  mechaniofcl  efleot  of  16,54  .  ^^^,7 
fi  Ibi*  (Eogtiih,) 

•  Poncelet,  in  his  work  above  cited,  and  Duchemin  and  ThihauU  in  Ihek  "  Eecherches 
expArimeniales,"  have  treated  very  folly  of  these  circtitnstaiioes,  la  th«  Sioond  Part 
we  ifeall  trent  of  the  reaistanoo  to  flontitig  bodies,  cspeeiafly  to  sh)p%  &©*,  ftl  &lso  Ib^  im< 
pact  of  til e  wind  on  wheels,  &c. 
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J  I  393.  Motion  in  Reriiting  Media. — ^The  laws  of  the  motion  of  a 
y  in  a  resisting  medium  are  rather  complex,  because  we  have  here 
to  deal  with  a  variable  force,  t.  e.y  one  increasing  with  the  square  of 
the  Telocity.    Fitm  the  force  P^  which  urges  the  body  forward,  and 

from  the  resistance  P^^  C  .  —  Fy,  which  the  medium  opposes  to  the 
motion,  the  motive  force  is: 

but  since  the  mass  of  the  body  ■•  Jtf  «  _,  the  accelerating  force  is: 

g 

or  if  we  represent  — 2-  by  — r. 

p^Vl  —  f  (— )   I  ^  *"•    ^^  ^^  velocity  v  is  accelerated  in  the 

instant  of  time  r  by  s  a*  p  < ,  hence: 

»  a-  j  1  —  f  J— \   I    » gp  rp  and  inversely: 

Now  to  find  fli6  time  corresponding  to  a  g^ven  chan^  of  velocity, 
let  us  divide  the  difference  Vn — v^y  of  the  final  and  initial  velocity 

into  n  parts,  let  any  such  part  ^*      ^^  a.  «,  and  let  us  calculate  the 

n 

velocities: 

^I  ■■  <>0  +  •>  <>1  —  ^'o  +  2  «,  t>,  wm  f>    +  3  »,  *«., 

and  substitute  these  values  in  the  formula  of  Simpson.    In  this  man- 
ner, by  taking  four  parts  we  shall  obtain  the  time  sought 

Further,  the  small  space  described  in  any  instant  f  (§  19),  is  o  »■  vf, 
or  since  t^  1^9  ^—y  therefore, 

'  J" 

9  am — -  .  — — .    By  the  application  of  Simpson's  rule,  we 


Its 
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shall  now  iind  the  space  which  is  described  while  the  Telocitj*  v  pusea 
into  that  of  v„ 

2.    S  ex—-   . 


4». 


12^ 


U-fi 


\W) 


G)' 


2». 


4r, 


1— fl 


1-fl 


M(? 


)  '-'G; 


0" 


Of  course  the  accuracj  is  greater,  ivhea  we  take  eix»  eightt  or 
more  parts.  This  formula  takes  into  account  the  fanabtlitj  of  tlie 
co-efficients  of  resislaace,  ^^hich  in  considerable  TeJocities  is  oecet* 
«ary.  For  the  free  descent  of  bodies  in  air  or  water  P^  ss  G,  and  for 
motion  on  a  horizontal  plane  F^  «  0,  is  more  correctly  equal  to  the 
friction/  G.  Since  this  is  a  resistance,  we  have  then  to  introduce  it 
as  negative  into  the  calculation,  whence 

p  =  _(/.,  +  P,),  and;,  =  -  [l+  C  (^^j  ^g. 

As  it  cannot  be  a  question  here  of  an  increase,  but  only  of  a  diminn 
tion  of  velocity,  we  have  then  to  substitute  in  the  above  formula 
v^—v^  forn„  — tf^. 

In  the  case,  where  the  body  is  urged  by  a  force,  by  its  weight  fiir 
instance,  the  motion  approximates  more  and  more  to  a  uniforni  ooe^ 
so  that  after  the  lapse  of  a  certain  time,  it  may  be  considered  as  such^ 
although  not  so  in  reality*     The  accelerating  force  j?  ^  0,  when 


f  •  —  Fy  «  P,f  when,  therefore,  u  «     f  J 


'^g  A 


eit 
nu*  ™ 

I 


The  velocity  of  a  falling  body  approximates,  therefore,  to  this  lisnit 

more  and  more,  without  ever  actually  attaining  it. 

Mxample^  Flobert,  Moriri,  nnd  Dii!ioa  foundf  for  a  psraebute  whose  d^pth  i/mn  0^1 
th*t  of  the  dmmeter  of  its  oj>etji(ig  ^  =  li94  .  It31  s:»  2^66,  Heiioei  froin  what  Ueifhi 
in  PruMian  leet  will  a  maD,  of  150  J  La.  weight,  lie  iibte  to  deaoend  with  a  sitnifaj-  piuA- 
chute,  of  10  [h&.  wdght  and  60  square  feet  transverse  section,  vjtlinut  acquiring  a  grazier 
velocity  than  that  which  he  wotild  have  acquired  by  jumping  from  a  10  feet  bei^it, 
without  a  parachute  ?  The  In&t  velocity  is  v  ^  7^906  ^^lO  si  25  l^%  the  fotce  ia 
i»j  =E  C  s=  150  +  10  s=  l(iO  Ibs^  die  surface  F  «  00  iqiiiir«  foet,  the  denaiiy  ^  ^ 
OjOBS^,  and  the  co-efficient  of  resiAiance  (  =  2,66,  hence : 

J_  ^   &)  .  0,0859  ^  o^Qooaia^  and  ^.^^  2,66  .  0,000515  .  25*  s  0^S^2^    If, 
1^  0*A5  *  160  tt»* 

there!bre,  we  take  6  pATti,  we  then  obtain  fot  these : 

1   —   t   '   —   =5    0,97621-    0,90436  i    0,78593  j  0,61944-  0,40537; 


0,14315,  and  for 

«0;  4,268|  9.2i0i  I5,905j  26,910^  5l,393|  «imI  173,913:  Urotn 


I 


Tuie  the  mean  value  is: 
=  (1  ,Lk-f4  *4,2eS+2 


9,210  +  4  .  15,905+3  .26,910+4  ,  51,393+ 1 .  173,913)  _j_  3, 
om  thii  the  ipace  of  descent  soughi; 
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The  eorrftsponding  ^mc  of  tlftseem  iSsftiooe  the  mean  raJue  of  . 


i 

I 


I 


'-<5 


1,024  +  2  .  1,105+  4  .  1,272  +  3  .  1,614  +  4  .  3,467  +  I  ,  6,957)  . 

_E2_  .  1,747  —  l,4ftec. 
31.25 


(UO+4 

1.747, 1  t 
Rtmark.  For  a  oofiatiuit  oo^^dem  of  resbtanAe,  the  b%her  calculof  give*  iu 

C^y  try 


tS 


■(^)>! " 


(^^> 


2  f  f  — 5~r  ^  <»>o«  tl>«  *»»  of  *i»e  hfpcrbolk  iyttem  of  powers,  iml 
Z«  the  h/perboiio  logarithm. 

§  394»  ProjectUes, — We  have  already  inrestigated  the  molioa  of 
projectiles  in  vacuo  (§  38),  and  found  this  motion  to  be  parabolic;  we 
may  now  obtain  a  more  exact  knowledge  of  motion  in  a  resisting 
medium,  and  consider  that, 

for  instance,  of  a  shot.     In  Fi^,  534, 

no  case  is  the  path  ^GJV, 
Fig,  534,  of  a  body  passing 
through  the  air  a  symmetric 
curve;  the  portion  GJ^*  in 
which  the  body  descends  Is 
rather  shorter,  and,  therefore, 
less  inclined  than  the  portion 
j3G  in  which  the  body  as- 
cends,  because  the  resist- 
ance of  the  air  operating  in 
the  direction  of  motion  tends 
always  to  shorten  the  por- 
tions of  its  path  ^C,  CE, 
EGt  &c.,  more  and  more  ; 
if,  therefore,  the  first  portion 
of  the  pathviC,  for  motion  in  the  air  is  only  a  little  shorter  than  it 
would  be  in  vacuo,  the  last  portion  UV  is  considerably  shorter  in  the 
fifst  motion  than  it  is  in  the  last.  The  construction  of  the  path  in  a 
resisting  medium  by  means  of  circles  of  curvature  may  be  accom- 
plised  in  the  following  manner. 

From  the  initial  velocity  p^^  and  the  angle  of  elevation  BJJf  =  a^ 
it  foHows  that  the  /  JiBC  =90  —  »j,  and  sin,  ABC  =  cos,  a^^  from 
§  40  the  radius  of  curvature 

g COS,  «! 

hence  with  this  we  may  approximately  describe  the  portion  of  arc  J?C- 
If  now  we  assume  the  angle  subtended  at  the  centre  ^0^  C  =t  t*ii 
therefore  AC  =  *,  3—  fj  t,,  we  then  obtain  for  the  succeeding  particle 
of  space  CE  the  angle  of  inclination  »%  =  4"*^  —  t*j.  Let  further, 
Aj,  and  the  measure  of  the  retardation  due 


r 


the  height  of  fall  B 

to  the  air*s  resistance  C  .  ^  Fy  being 
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r .  ^  ,  £^  =  ^t? »,  therefore  f  .  - 

from  the  principle  of  vires  viva,  we  then  obtain  for  the  Telocity  t. 
at  the  imtial  point  of  the  second  portion  of  arc: 

■-(1  ^ —  i»ij)  _L  ^-^  Ap  and  heEce  v^  • 


J 


{l-^^)v-—2^h. 


2g         -  ^      M  1+j*, 

Since  now  the  height  of  fall  A,  —  J^*  —  J^  ih\  ,  it  follows  ihat; 


{l-/*'i) 


♦/ 


CQS>  <r, 


If  we  substitute  these  values  of  o,  and  t?,  in  the  equation: 

we  then  obtain  the  radius  of  cun-ature  0,C  »  O^  of 


gcai. 


the  succeeding  portion  of  arc  CE^  and  if  we  assume  an  amgle  of  re-J 
volution  COj  jE  =  tti  *t  again  fallows  from  this  that  the   angle  an 
inclination  in  the  vicinity  of  Eim^^  a^  f^,  and  the  velocity  at  this 
point  ^ 


/ 


/  1— Mr,t, 


CO*. 


l+^r,ta 

It  is  therefore  easy  to  see  haw  the  entire  path  of  the  projectile  maybe 
sucoessivety  composed  of  circular  arcs.  I 

Exafi^k.  A  oaet  iron  ball,  of  4  iticliea  ilinmelerr  is  shot  off  at  nn  angle  of  etevatioti  af 
§0^  with  a  vek)C(ty  of  1000  feet,  rei^uired  its  path,  i£  only  appTOximatelj,  accordiiif  to 
Prwiika  weights  and  metaaiite*.  Tin?  mdhm  of  cur vatuie  of  tha  flrat  porUoa  qf  ve 
tr,»  1000000      _  ^^.yg^  ^    ^^  1^^  demity  of  ibe  air «  0,085a,  aod 


tbat  of  caatin;}!)  = 


31,23  CW.50*' 
L  47Q  Jba^  w«  have  then  |a 


3.3.0,0SS9 


K€^000411fla 


.  ^;  now  for  t?  i=  1000,  f  =  0,B0,  hBHoe  /^  = 
theii  obtain  Ihe  veZociej  at  die  end  of  U: 


2G  4.470 

0,000370 1.   If  we  lake  an  arc  of  1  *  mdf,  wm 


p,s  1000    /i 


—0,0003701 .49783  ,  0,017453— (0,017453  - 


i50»>* 


1+0,0003701 .  49783 ,0,017453 
ss  7697  feet 
and  the  radiuB  of  cun«ture  for  a  second  portion  of  arc : 

For  *»  ^  760,7  feet,  ^  =  0,8 1,  therefore  ,u  =5  0,000333 1 .     If,  thcrefcre,  we  deacdb«  i 
the  last  rodiua,  ao  ivrc  ^=3  2*^,  the  veloiMiy  at  its  ending  point  wili  be 


I  7e9,7  J2 


— 0.335118  —  0,00^2831 


ss  &41^7  feet 


l,33&98 

Fof  a  third  arc  Q,,  tlio  radius  of  cuf vattire  r^^  137*57  f^t,  atid  if,  tbererora,  weaawnie 
{  ^  0J5,  we  ttUall  then  obtain  at  the  end  of  a  teni;tb  of  mie  of  4*  the  valooily  *^  sm 
30K,B5  feeu  The  mdiui  of  curvatm-e  for  a  fonrth  arc  may  be  likewi^  found  r^  ^ 
6960,5  by  aesuming  f  s=:  0^72,  and  we  shall  then  obtain  the  velocity  r^^  2S6,85  feec, 
at  the  end  of  an  arc  of  8*,  from  which  a  llilb  mdiys  of  curvature  r^  ==  32 5&  feel  may  b« 
catcalated,  Procoeding  in  thii  manner,  we  ahaU  obtain,  by  degreei,  the  collectiire  etei- 
meniA  for  the  construction  of  the  line  of  [irojeotion  in  question. 
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Abrupt  widening,  408 
Absolute  magnitude,  57 

resistance,  183 

Aooeleratkm  and  oombinatioa  of  Telocity,  41 
— — ,  normal,  47 
Action  and  re-action,  57 

of  an  unlimited  stream,  480 

Adhesion,  57 
Aflriibrm  bodies,  58 
A&odynamics,  58 
Aerostatics,  58 
Aggregation,  state  of,  56 
Air,  density  of  the,  346 

,  efflux  of  still,  428 

—  in  motion,  efflux  of,  431 

,  strata  of;  345 

Angle  of  friction  and  the  cone  of  friction, 

the,  148 
Angular  tubes,  396 
Areometer,  335 
Attwood's  machine,  241 
Axes,  free,  254 
Axis,  equilibrium  of  forces  about  an,  112 

,  pressure  on  the,  111 
Axle  and  wheel,  238 

friction,  156 

,  pointed,  165 

-^,  the  thickness  of,  213 
,  wheel  of  an,  142 


Balance,  hydrostatic,  334 
Ballistic  pendulum,  298 
Beams,  hollow,  196 

»  hollow  and  elliptical,  205 

,  rectangular,  193 

,  strongest,  203 

» the  strongest  form  of,  210 

Bodies,  afiriform,  58 

» centre  of  gravity  of,  98 

i  dynamics  of  solid,  58 

,  flexure  of,  188 

»  floating,  458 

•^^  free  descent  of,  30 

41 


Bodies,  impact  of  free,  279 

,  mechanics  of  solid,  58 

fluid,  58 


i  perfect  elastic,  279 

,  rotary,  295 

— ,  statics  of  afcifonn,  58 

i  statics  of  solid,  58 

i  strongest  form  of,  185 

Breaking  twist,  223 
Buoyancy,  322 
centre  of,  332 


Catenary,  135 

Centre  of  buoyancy,  332 

of  gravity,  88 

of  bodies,  98 

■         of  curved  snrfricee,  97 
— — ^—  of  plane  figures,  92 
of  lines,  90 


of  parallel  of  forces,  83 

—  of  peicossion,  299 

of  pressure,  311 

Centrifbgal  force,  245,  246 

of  extended  masses,  248 


Centripetal  force,  246 
Chains,  rigidity  of;  178 
Circular  lateral  orifices,  360 
-^—  pendulum,  265 
Coefficient  of  efflux,  367,  434 

through  rectangular  ori- 


fices, Tables  L  and  II.  from  Poncelet  and 
Lesbros,  370,  371 

•  Sat  circular  orifices, 


table  of  corrections  of  the,  378 

of  contraction,  365 

Co-efficient  of  velocities,  364 

— ^—  of  discharge  by  wiors,  373 

— ^—  of  resistance,  384 

.  table  of  efflux  and  velocity,  390 

of  friction,  147,  447 

of  friction.  Table  of  the,  394 

— —  of  the  friction  of  repose  and  mo- 
tion. Table  of;  151,  152 
^— ^  offeajstinee  of  ourvstuie  in  tubes, 
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under,  216 
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tnbets  397 

Curvilhiear  motion,  74 

Cycloid,  270 

(^doidal  pendulum,  271 

Of  linden,  197 

T  and  priami,  2S2 

Cylindriottl  tubi^B,  383 

D. 

D'ean,  jeta,  399 

Dectivity  of  water,  438 

Density,  &1 

"^    -  -  and  pre«eure,  velocity  ofeffliuci  353 

— ^ of  the  air,  347 

Depth  of  floatation,  3^5 
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Different  velocUies  tnthetftin«ver««  sectkm^ 

438 
Difchargmg  veaseU  in  motion,  302 
Dtvidiou  of  forces^  56 

—  of  mac^hanic^f  57 

Dookm  floating,  330 
Dynannicat  eitability,  120 
Dynamics  of  aerifurm  bndleSj  56 

of  fluid*,  58,  350 

^^— ^  of  rigid  boiUe«,  225 
■^^-*^—  of  solid  txxliefli  58 


Ed|te«t  points  and  knife*  l&tt 

Effect  of  unpf  rfetTt  dodlnetioilf  404 

£filuji,  350.  425 

,  co-effiment  of,  367,  4.14 

of  air  in  motioa,  431 

of  itill  air,  428 

of  water  in  luotioia,  379 
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f  velocity  of,  351 
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Elastic  body,  per^  atld  iinpdrfeci,  2711 

curve,  190 

imptt<?t,  2d  I,  288 

^^— ^  pendulum,  27@ 
Elaitidty  and  rigidity,  182 
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-,  modulus  of.  Ids 
-,  or  spring  fofoa,  61 


Elliptical  beamt,  hollow  and,  206 
Engibb,   FreDdi,  and  Gerrnatit 

aad  weights,  oumpat«tivi&  mbiet  oi;  rv« 
Equality  of  forces,  dl 
Equilibrium,  kinds  of,  ItO 
^^-^  of  bodies  rigi<lly  coftnei^red,  I  OH 

of  Ibroe^  aljout  an  axis*  112 

^^^^-  in  funicular  niachiUf%,  127 

of  water  in  vessels,  309 

with  other  bodle^  39 1 


and  pres«nfe  of  air,  33$ 


Exc«utric  impoot,  309 
Experintents  on  beams,  200 

on  fricikm,  149 

of  Renme,  150 


Eytelwein,201 


Fall  of  water,  438 
Flexure  of  bodies^  188 

,  retluction  of  the  tnoiTKivt  Oi^ 


Fbatabon,  depth  of,  325 

oblique,  332 

Floating  bodie^  458 
docks,  330 


Ftootis,  451 

Flow  through  tnbea,  436 

Fluidity,  304 

Fluid  Burft«5e,  the,  30e 

^^^  vein,,  contractiJon  of]  364 

Force,  50 

about  an  axi^  equiZtbrJofn  of^  I  m 

' ,  centre  of  parallel  ejf,  83 

— — ,  centripetal  aDdoentiifag^  ofestendod 

niuBseA,  'J  4  6 
,  oobesive,  57 

,  coni  position  at,  64 

,  directioo  of  a,  57 

T  division  of  a,  51,  57 

,  equality  of,  51 
i,  m  a  plaxte,  67 
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Force,  in  a  plane,  compotitioii  oC,  79 

,  in  space,  69, 83 

,  living,  62 

,  magnetic,  57 

,  measure  of,  63 

,  muscular,  57 

,  normal,  246 

,  of  inertia,  57 

,  of  heat,  57 

,  parallel  of,  81 

,  parallelogram  ot,  65 

— ,  resolution  of,  66 

,  simple  constant,  58 
Formulae  of  stability,  118 
Free  axes,  254 

descent  of  bodies,  Table  of,  30,  31 

French,  English,  and  German  measures  and 

weights,  comparative  tables  of^  xv. 
Friction,  axle,  156 

,  Table  of  oo  efficients  of,  (from 
Morin,)  156 
— — ,  co-efficient  oi;  147,447 

,  experiments  on,  149 

,  kinds  of,  146 

,  laws  of,  147 
— ,  of  cords,  170 

,  of  motion,  152 

,  of  repose,  Table  of  the  co-efficients 
of  the,  151 
1  pivot,  164 

,  resistance  of,  391 
,  rolling,  168 

,  the  angle  and  cone  of^  148 
Fiinioular  machines,  127 

,  polygon,  130 


Gases,  tension  of,  338 

Gay-Lussac's  law,  346 

Geodynamics,  58 

Gcomechanics,  58 

Geostatic^  58 

German,  English,  and  French  measures  and 

weights,  comparative  tables  of,  xv. 
Gerstner,  201 

Graphical  representation,  34 
Gravity,  specific,  55,  334 
Gravity,  57 

— ,  action  of,  along  constrained  paths, 
259 

,  centre  of,  88 

,  determination  of  the  centre  of,  89 

•  of  lines,  centre  of,  iX) 
— ^— »  of  plane  figures,  centre  ot,  02 
-^—  of  curved  sur&ces,  centre  of,  97 
Gauges,  453 
Guldinus's  properties,  107 

H. 

Hardness,  287 

Hollow  beams,  196 

-"^—  and  elliptical  beams,  205 


Horizontal  and  vertical  pressure,  319 
Hydraulic  pressure,  355 
Hydrostatics,  58 
Hydrodynamics,  58 

balance,  334 

Hydrometers,  335 
Hydrometry,  453 
Hydrometric  sail  wheel,  461 
Hydrometrical  pendulum,  464 


Impact,  doctrine  of,  228 
-»^—  of  isolated  streams,  467 
— — ,  elastic,  281 
— ,  exoentric,  302 

,  inelastic,  279,  288 

,  in  general,  278 

,  imperfectly  elastic,  290 

•,  oblique,  291 


Imperfectly  elastic  impact,  290 
Imperfect  contraction,  371,  387 

,efieetof;404 


Impulse,  maximum  effect  oCf  449 

— ^—  and  resistance,  theory  ot,  466,  474 

-^—  oblique,  471 

— ^—  of  a  limited  stream,  470 

— ^—  and  resistance  against  surfaces,  475 
to  bodies,  570 
of  water,  466 


Inclined  plane,  152,  259 

,  theory  of  the,  122 

Inelastic  impact,  279,  288 
Inert  masses,  reduction  of,  228 
Inertia,  52 

,  force  of,  57 

,  moment  of^  227 

,  radius  of;  230 

,  reduction  of  the  moment  o£,  229 

Influx,  velocity  of,  351 

and  etflux,  425 

Intensity  of  a  ibrce«  57 
Irregular  vessels,  424 


JeU  d'Eau,  399 


Kinds  of  support,  109 

of  equilibrium,  110 

of  friction,  146 

of  motion,  225 

Knife,  edges  of,  166 
Knots,  127 


Lateral  pressure,  310 
Laws  of  firiction,  147 

ofMariocie,841 

ofGiyliWiM, 
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Leretf  matlietnatieaif  113 

Motion,  variabie,  in  wicer.  41$          ^^^H 

,  ct}Tvilmear,  74                            ^^^^| 

Mouth  pi£X!e%  382                                  ^^^^| 
Muscular  foroe,  57                                ^^^^H 

U3/163 

^^^^H 

Livin|[  forceBf  n2 

^^M 

Liqyidi  of  different  derisiiiev,  337 

^^^^H 

f  ^liing  beyond  ilie  middle,  20S 

NodaA,  127                                           ^^^1 

Lock^  426 

Nonnal  acoelemtkinf  47                       ^^^^H 

Long  iqUs,  B94 

tbrcc  ±15                                    '^^^^1 

Notches  iti  a  side:,  4 10                         ^^^^H 

■ 

Numerical  valuef,  1@7                         ^^^^| 

V               Maddnesi  Anwoocl'«,  24 1 

^^H 

■                  ,  fyniculnr,  127 

^^^^H 

1                MAgneiJc  J%}t^,  57 

Ofaalisk  shaped  TeaKla^  fph eHml  azui/Ti^H 

■                 MuRomeief,  339 

Oblique  impact,  21U                                      ^1 

H                     MdrifiirM^H  Ifinir    ^41 

^_^_-i„,^^    -rtrtT                                                ^^^^^H 

^H                               iTlrt-T IvlU?  -9  JU Mr  ,   Oil  1 

floataiton,  332                           ^^^H 

^^^H           ■  -    -T  reduction  of  mert|  22S 

additional  tubes,  380                ^^^1 

^^^1         Masaeis  cenirifugitl  forces  of  exlended,  24  S 

impulse,  471                              ^^^^^ 

^^H         Mttthemiitical  pendulum^  263 

Oritlee,  triangular  lAteral^  359               ^^^^H 

^P                                             1-. — ^_     i  1  fJ 

MnterjaJ  penduJtim,  206 

_               f^iK^rtlnr  JAt^ral    ^UiQ                        ^^^^^^^H 

•              ■   VUVlfUil    l*il*i»tl|,  mWt                              ^^^^^^^^^h 

MaTier,  51 

Q»cii  lation ,  time  of,  266                         ^^^M 

Maximum  ami  minimum  of  contractiois,  374 

^^^^Hi 

^^^H 

Mean  velocity,  440 

Measure  of  forces,  53 

Mechanics,  5Q 
'                ^ •  fund^metiml  laws  of,  50 

A  r  ffiTfi"^  ({  S                                                                     ^^^M 

Paral  lelop  Iped  of  velwitles,  41,110             ^| 

nT  nnltrl  Iwlirin.  ^¥1 

,  reetanflo  of,  231                        ^_^H 

„^*i..ij  i„j^__    fto 

FaraUel  fonses,  S 1                                 ^^^^1 

—  of  air,  58 

,  centf^  of,  83                        ^^^H 

^ of  a  mate  rial  pomt,  58 

Fuaboln,  43                                          <^^H 

Median ical  edeL^t,  W 

Farabohc  mucion,  43                                ^^^H 

'- — — f  tran«mi«aJon  of,  73 

Particular  cases  of  impact,  282           ^^^^| 

Medm,  motion  in  resiadng,  477 

Partial  contraction,  375                           ^^^^| 

M^tHcenlre,  328,  332 

Pendulum,  hydiometrroal,  465             -^^^^H 

ModuluaofelasTkiity,  133 

Peodulum,  circular,  266                        ^^^H 

ofta                                                              ^^^^^^1 

^tii                                              ^^^^^^M 

Percussion,  ceatre  of^  2:99                      ^^^^^| 

Moment  of  iaienia,  rotation  and  ma«s,  225, 

Permanent  motion  of  water,  43^         ^^^^| 

227 

Perimeter,  438                                        ^^^H 

Morin's  experiments,  151 

Permanency,  439                                     ^^^^H 

Motion  in  resisting  media,  477 

Fhoronomy,  35                                    ^^^^H 

--^  Bcceleiatcd,  27 

Physical  lever,  1J3                                 ^^^H 

and  rest,  25 

Pi  f'zometer^  4 1 3                                    ^^^^| 

— — t  eompound,  37 

Pile  driving,  2fi5                                       <^^^l 

,  efflux  of  air  iot  431 

Pipef,  thickni^ss  of,  320                         ^^^H 

,  in  general,  curved,  46 

Fitot'a  tube,  464                                      ^^^^H 

,  kind  of,  25,  26,  225 

Pivot  friction,  164                                       -^^^B 

of  waieTj  pernianeiit,  439 

Plane  of  rupture,  209                                    ^H 

,  of  rotation,  226 

J  oompositloti  of  fowses  in  a,  70            ^H 

^  mean  velocity  of  a  variable,  35 

,  forces  in  a^  67                                      *^^ 

,  parabolic,  43 

,  incUued,  153,  S59                           ^^B 

^    ,  r^tiUnear,  225 

,  theory  of  the  ioctined,  132          ^^^^H 

,  rolUfiK,  263 

Pneumaticf^,  58                                         ^^^^| 

,  simple*,  25 

Points  and  knife  edges,  166                     ^^^^^| 

t         ,  uoiform,  26^445 

Pointed  tixles,  165                                   ^^^H 

' ^  UTiiftn-mly  van  able*  27 

Polygon,  funicular,  130                            "^^^^B 

,  variablej  in  paiticukr,  33 

Puncelet  and  LcAbma,  two  tables  €^T  oo-eli^| 

^^^  v-^ 

^^^^( 
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cientfl  of  efflux,  throagh  rectangular  ori- 
fices, 370,  371 

Pontoon,  a,  102 

Ponce  d'Eau,  456 

Pressore,  51 

,  horizontal  and  vertical,  319 

-  in  a  definite  direction,  315 

-  on  the  axis,  111 

-  of  bodies  on  one  another,  115 
-of oblique,  207 

-  of  efflux  under  decreasing,  432 

-  on  curved  surfaces,  317 
Pressures,  principles  of  equality  of,  305 

— — ^  and  density,  velocities  of  efflux,  353 

,  centre  of,  311 
— ^^—  of  water  in  vessels,  309 

,  hydraulic,  355 
— — ,  lateral,  310 
— —  on  the  bottom,  308 
Principle  of  equality  of  pressures,  305 
— —  of  the  vii  vaoj  62 
— ^— -  of  virtual  velocities,  85,  124 
Prismatic  vessels,  415 
Prisms  and  cylinders,  232 
Profile  in  river,  438 
Projectiles,  479 
Properties  of  Guldinus,  107 
Pulley,  the,  140 
Pyramidal-shaped  vessels,  wedge,  &c.,  420 


Badius  of  gyration  or  inertia,  230 

Rectangle  and  parallelepiped,  231 

Rectangular  beams,  193 

— ^— -  lateral  orifices,  368 

Rectilinear  motion,  225 

Reduction  of  the  moment  of  fiexure,  194 

— ^  of  inert  masses,  228 

—  of  the  moment  of  inertia,  229 
Regulators  of  efflux,  454 

Relative  strength,  183,  199 

Rennie's  experiments,  151 

Rest  and  motion,  25 

Resistance  and   impulse  against  surfaces, 

475 
■  to  compression,  183 

— —  to  torsion,  183 

,  impulse  and,  to  bodies,  476 
— — ,  co-efficient  of,  384 

—  of  friction,  391 
•^-^— — ^  and  rigidity,  145 
— ^—  of  water,  466 

,  theory  of  impulse,  &c^  474 
Resolution  of  velocities,  41 

—  of  forces,  66 

Restoring  power  of  floating  docks,  331 

Resultant,  64 

Rheometer,  465 

Rigid  bodies,  statics  of,  76 

Rigidity  of  chains,  178 

■  and  friction,  145 

■  of  cords,  179 

Rod,  the  moment  of  inertia  of,  230 


Rolling  motion,  263 

friction,  168 

— ^—  and  dragging  friction,  169 

Rotary  bodies,  295 

Running  water,  438 

Rupture,  plane  of,  209 

— ^—  by  compression,  214 

— ^— -  under  compression,  216 


Sail  wheel,  hydrometric,  461 

Section,  transverse,  different   velocities  in 

the,  438 
Segments,  236 
Short  tubes,  382 
Simple  constant  force,  58 
Slope  of  water,  438 
Space,  forces  in,  69,  84 
Specific  gravity,  55,  333 
Sphere  and  cone,  333 
Spherical  and  obelisk-shaped  vessels,  422 
Spring  force,  57 
Suite  of  aggregation,  56 
Stability,  116,328 

',  formulsB  of,  1 1 8 

>,  dynamical,  120 
of  fioatiiig  docks,  331 


Statical  moment,  78 
Statics  of  solid  bodies,  58 

of  rigid  bodies,  75 

offiuid,  58,  309 

of  aliform  bodies,  58 

Strata  of  air,  345 

Stream,  action  of  an  unlimited,  473 

Streams,  impact  and  isolated,  467 

,  impulse  of  a  limited,  470 

Strength  and  elasticity,  183 

—  modulus  of  working  load  and,  184 

the  moduli  of  elasticity  and  table, 

187. 

relative,  199 

modulus  of  relative,  201 


Strongest  form  of  body,  185 

beams,  203 

—  form,  beams  of  the,  210 
Support  of  kinds,  109 

T. 

Table  of  co-^fflcients  of  the  friction  of  re- 
pose, 151 

comparative,  of  English,  French  and 

German  measures  and  weights,  15 

•  of  motion,  152 


of  co-efficients  of  axle  friction  from 

Morin,  156 

1.,  the  moduli  of  elasticity  and  strength, 

187 

II.,  the  modulus  of  strengtli   for  the 

fiexure  of  bwlies,  20 1 

of  the  modulus  of  resistance  to  crush- 
ing, 215 
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Table  of  oo-efficients  of  efflux  thxoofl^  rect* 

angular  orifices,  370 
of  oo-efficieiits  of  efflux  ibr  wien,  372, 

373 
—  of  the  oo-effioitiiti  of  retistanoe  ibr 

trap  vaWeSi  410 

of  the  co-efficients  of  friction,  394 

•^-^  of  the  oo-efficients  of  the  resistance  of 

curvature  in  tubes,  398 
•^-^  of  the  oo-efficients  of  resistance  for  the 

passage  of  water  through  a  cock  in  a 

rectanguhir  tube,  406 
— — —  in  a  cylindrical  tube,  406 
■  through  throttle-Talves 

in  rectangular  and  cylindrical  tubes,  407 
showing  the  relations  of  the  motion  to 

the  time  in  the  free  descent  of  bodies, 

31 
of  corrections  of  the  co-efficients  of 

efflux  for  circular  and  rectangular  orifices, 

378 

for  the  Ponoelet  wiers. 
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— ^— — —  for  wiers  over  the  entire 

side,  or  without  any  lateral  contraction, 

381 
'—  of  correction  for  imperfect  contraction 

by  efflux  through  short  cylindrical  tubes, 

388 

of  the  co-efficients  of  efflux,  390 

Tachometer,  461 

Tension  of  gases,  338 

Theory  of  the  inclined  plane,  122 

of  impulse  and  resistance,  474 

wedge,  125 

Thickness  of  axles,  the,  213 

of  pipes,  320 

Time  of  oscillation,  266 

Toggle  joint,  note  on,  129 

Torsion,  219 

Traction,  61 

Transference  of  the  point  of  application,  76 

Transmission  of  mechanical  efifect,  73 

Transverse   section,  different  velocities  in 

the,  438 

the  best  form  of,  441 

Tredgold,  213 

Triangular  lateral  orifice,  359 

Tricardo,  129 

Trigonometric  expression,  4 1 

Tubes,  angular,  396 

— ,  conical,  389 

,  curved,  397 

,  cylindrical,  383 

,  flow  through,  436 

,  long,  394 

— ,  oblique  additional,  386 

,  of  Pitot,  4G4 

,  short,  382 

,  table  of  co-efficients  of  the  resistance 

of  curvature  in,  398 


Twist,  breaking,  323 

U. 

Uniform  motion,  26,  445 

Uniformly  accelerated  motioii,  28,  42 S 

variablA  motion,  27 

Unit  of  weight,  52 


Valves,  408 

-,  table  of  the  co^ffioieQts  of  resistance 


of  traps,  410 
Variable  nxxions  in  partksular,  33 

motion,  mean  velocity  of  a,  35, 448 

Velocities,  co-efficient  of,  364 

,  combination  of,  42 

,  composition  and  resolutioii  ofi  41 

in  the  transverse  section  difibreot, 


438 


«,  mean,  440 

-,  parallelogram  of  the,  38 

-,  parallebpipedon  ol^  41 

-,  principle  of  virtual,  85,  124 

-  of  efflux  and  influx,  351, 352 

-I  of  efflux,  pressure  and  density,  353 

-V  virtual,  85 


Vertkal  and  horizontal  pressure,  319 
Vessels,  compound,  411 

in  motion,  discharging,  362 

,  irregular,  424 

of  communication,  416 

J  prismatic,  415 

,  spherical  and  obelisk-shaped,  422 

-,  wedge  and  pyramidal-shaped,  428 


Virtual  velocities,  85 
Vis  viva,  62 

W. 

Water-inch,  456 

,  flow  of;  through  wiers,  372,  373 

in  motion,  efflux  of,  379 

,  permanent  motion  of,  439 

■  running,  438 

J  slope  of,  438 

Wedge  and  pyramidal-shaped  vessels,  420 

,  the,  154 

,  theory  of  the,  125 

Wheel,  and  axle,  the,  238 

,  hydrometric  sail,  461 

and  axle,  the,  142 

carriages,  note  on,  174 

Widening^  abrupt,  401 

Wiers,  372 

,  table  of  the  co-efficients  of  efflux,  for 

372,  373 

,  table  of  corrections  for  the  Poncelet, 

381 

,  over  the  entire  side,  table  of  correc- 
tions for,  381 
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EARATA. 

Pl^pe    30,  line    5  from  bottom,  >br  32,22  read  32,2. 

«•      31     «*      6  fir  15,625  read  16,1,  wad  fir  250  ffa<i  257,6. 

"        «*     "       8  ybr  0,016  rearf  0,0155. 

«        "      «     10  fiom  bottom,  ybr  241  r«M/241i. 

«      32    "      9  from  bottom,  Jfcr  0,480  ffa<i  0,465, /or  0,320  iwrf  0,310,  and /or  0,160 

read  0,155. 
"        «      «*     11  from  bottom,/or  0,032  read  0,031,  and  fir  0,480  rfa<f  0,465. 
**       38    *<      9  ybr  15f  feet  read  I5f  feet  Prussian  measure. 
******    23fiom  top, /or  Cif„£i/jrwirf  Ci/,<^/. 

«      55    «      5  /br  i25.  mu/  121,  /br  0,4083  rearf  0,4219,  also  fir  0,4083   rwwf 

0,4219,  and /or  705,54  read  729,04. 

**  73  **  4  from  top,  ybr  Fig.  40  reorf  Fig.  41,  and  in  line  5, /or  Fig.  4 1  «arf  Fig.  40. 

«  75  ««  3  ybr  (A — A^  3f  f»a/  (A  —A,}  G. 

**  **  **  6  /br  matt  rca<f  weight 

**  100  **  17  from  bottom, ybr  2^ y,  z.  mu/  x,  y,2,. 

«  153  **  9  from  bottom, /brGOlTrwirfGOQ. 

*«  163  **  14frombottom,ybr+ Q«i./?«a<f+f  QoM./?. 

«  184  **  lOfrom  bottom, /or  1  rearf^  and /brx£rearf  i-JB. 

**  189  **  n  ffoni  top,  fir  z^.F^8z,readz^.FSz^. 

**  257  «  13  from  top,  fir  cos.  «  read  otfg.  a. 

«  264  •*  2  from  top, /brGr«M/g. 

**  331  *  6  from  top,  fir  shoared  read  shored. 


394  «*  15  ftom  bottom,  /or  |  li|  1  |  2  |  reoif  |  U  [  Ij)  2  |. 

414  **         from  hoitom,  fir  01,274  read  0,1274. 

422  **  15frombottom, /or  As=r/,  asrearf  A  s=r,(aB. 

426  **  12  from  bottom,  fir  63,29  read  63,89. 
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